Jlekims 1

CiyuaiiHble cOOBITIS

Ounpeznesnenne 1.1 daemenmapHvim ucrodom (W dAemMeHMapHbM COdbIMUEeM) HASBIBAIOT JIIO-
6oii npocreiimuii (T.e. HeJIEJUMBIl B pAMKaX JaHHOI'O OIIbITA) UCXOJ[ OlbITa. MHOXKeCTBO BCeX 3eMeHTap-
HBIX HCXOJIOB Oy/ieM Ha3bIBATH NMPOCMPAHCMEOM INEMEHMAPHBLL UCTOO086.

Jpyrumu cjioBaMu, MHOYKECTBO UCXOJIOB OIBITa 00pa3yeT MPOCTPAHCTBO JIEMEHTAPHBIX UCXOI0B, €CJIN
BBIIIOJIHEHBI CJIEJIYIOIIE TPEOOBAHUS:

1) B pe3ysbrare ONBITA OIUH U3 UCXOJ0B 00SI3aTEJIbHO IIPOUCXOIUT;

2)10sBJIEHUE OJHOTO M3 UCXOZOB OIBITA UCKJIIOYAET HOSABJIECHUE OCTAIbHDIX;

3)B paMKax JaHHOI'O OIIbITA HEJIb3sl PA3IEJIUTD JIEMEHTAPHbII NCXO0 Ha 60Jiee MEJIKHME COCTABIISIONINE.

B naJibHeiineM mpoCTPaHCTBO 3JIEMEHTAPHBIX HCXOJO0B OyjeM 0003HaYaTh IPONUCHON OykBoil 2, a
caMU 3JIEMEHTapHbIe NCXOJbl — CTPOYHOM OyKBOI w, CHAOXKEHHOi, pu HeoOX0IMMOCTH, uHIeKkcamu. To,
9TO JIEMEeHT w NPUHAJIEXKUT (), 3amuchiBaoT B Buje w € {1, a Tor ¢akr, 910 MHOXKECTBO () cocTouT

U3 JIEMEHTOB W1, W32,...,Wn, ..., 1 TOJBKO U3 HUX, 3anuchbiBaioT B Buje () = {wi;ws;...;wp;...} Wi B
Buge @ ={w;, i=1,2,...,n,...}. B uactHocTu, ) MOXKeTr COlEPKATH KOHEYHOE YHUCJIO FJIEMEHTAPHBIX
HCXOJIOB.

PaCCMOTpI/IM OPpUMEDPDI, IIOACHAIOIINE ITOHATHE IIPOCTPAaHCTBa 3JIEMEHTaPHBIX NCXOI0B.

ITpumep 1.1 IlycThb OMBIT COCTOUT B OJHOKPATHOM MOAOpachiBaHUU MOHETHI. [Ipn MaTemMaTnaeckoMm orm-
CAHMU ITOrO OIBITA ECTECTBEHHO OTBJIEYbCsl OT HECYIIECTBEHHBIX BOZMOXKHOCTEN (HAIpUMED, MOHETa BCTa-
HeT Ha pebpO0) U OrPAHMYUTHCS TOJILKO JABYMS 9JIEMEHTADHBIMU MCXOJAMU: BblIajeHueM “rep6a”’ (MOxK-
HO 0603HAYUTH 3TOT mcxof I, wr wm wq) u BemagerneM “mudpsr’ (I, wy mwm ws). Takum obpaszom,
Q={T, 11}, Q ={wr,wy } wim Q= {w,ws}.

IMpu JBYKpaTHOM HOAOPACHIBAHUMA MOHETHI (MM  OJHOKPATHOM IOAODPACHIBAHUM JBYX MO-
HET) OPOCTPAHCTBO 3JIEMEHTAPHBIX HUCXOJ0B OyJET, O4YeBHIHO, comepxkarh 4 sjementa, T.e. ) =
{wrr, Wri, Wir, Wi}, T wrp — HOogBjeHue “rep6a’ ¥ OPU HEPBOM, W IPU BTOPOM IIOAOPACHIBAHUSIX,
7 T.JI.

IIpumep 1.2 Ilpu oxHOKpaTHOM GPOCAHUN UTPAJIBHON KOCTH BO3MOXKEH JIIOOOM U3 IIECTH 9JIeMEHTAPHBIX
HCXOMOB W1, ...,Ws, THe w;, 4 = 1,6, o3HadaeT MOABICHHE | OYKOB Ha BepXHEil I'DaHH KOCTH, T.e. () =
{wia 1= 1’ 6}

IIpu aByKparHOM OpOCAHMH UI'PAJBHON KOCTH KarKIbIA U3 IIECTH BO3MOYKHBIX MCXOIOB IIPHU IIEPBOM
OpOCcaHnI MOXKET COYETAaThC C KayK/bIM U3 IIIECTH HCXOJOB IIpH BropoM Gpocanni, T.e. = {w;;, i,j=
m}7 riae (,dij — HUCXO/L OIIblTa, IIPpU KOTOPOM CHa4daJla BbIIIaJIO i, a 3aTeM j OYKOB.

Herpyamo mojcdaurarh, 4TO MPOCTPAHCTBO JIEMEHTAPHBIX MCXOJO0B ) cozepKuT 36 3/eMEeHTapHBIX
HACXOJIOB.

ITpumep 1.3 IlycTh OnbBIT 3aKJIIOYAETCS B ONPEJIETIEHIH YUCIIa BBI30BOB, IOCTYIIUBINNAX HA Tele(OHHYIO
CTaHIIMIO B TeUEHUE 33JJaHHOIO ITPOMEXKYTKa BpeMeHHu. Pazymeercs, peajbHO 3TO UHUC/IO HE IPEBbIIIa-
€T HEKOTOPOro 3HadYeHus (OHPEIEIgeMOro, B YaCTHOCTH, POITYCKHON CIIOCOOHOCTBIO JIMHUL CBSI3H), HO,
ITOCKOJIBKY 9TO 3HAYEHHE MOXKET OBITH JIOCTATOYHO OOJIBIINM, B KAYeCTBE IIPOCTPAHCTBA JIEMEHTAPHBIX
UCXOJIOB MOYKHO [IPUHSATH MHOXKECTBO IEJIbIX HeoTpuliareabHbix unces, T.e. Q. ={0,1,...,n,...}.

IIpumep 1.4 IlpeamnosoXKuM, 9TO CTPEJOK MPOU3BOIUT €JUHCTBEHHBIN BLICTPEJ O IIJIOCKONW MUIICHH.
B stom ciayuae €2 ecTecTBEHHO OTOXKIECTBUTH C MHOXKECTBOM TOYEK Ha IJIOCKOCTHU WUJIM MHOYXKECTBOM IIap
(z;y) JefcTBUTENBHBIX YHCeN, Ije & — abCIucca, a y — OPAMHATA TOYKHU MONAJAHUS YA B MUIICHD B
HEKOTOPOii cucreme Koopauuar. Takum obpaszom, 2 = {(z;y) : —oco <z < 400, —00 < y < +00}.



CoObITust, geiicTBUdA HaJd HUMU

Bsenem monsaTue caydaitaoro cobwmus. IlockoabKy B masbHeieM OyaeM paccMaTPpUBATDL TOJMBKO CJIy-
JaiiHble COOBITHSI, TO, HAYWHASI C 9TOI'O0 MOMEHTa, Oy/eM Ha3bIBATh UX, KaK MPABUJIO, IIPOCTO COOBITUSIMHU.

Onpenenenue 1.2 JIwoboit HAOOP 2AEMEHMAPHHT UCTOJ06, WU, UHBIMU CJIOBAMHE, IIPOU3BOJIbLHOE IIOJI-
MHOXKECTBO NPOCTPAHCNGA INEMEHMAPHBHIT UCXOIOB, HA3BIBAIOT COOBIMUEM.

DJIeMeHTaPHbBIE UCXOJbI, KOTOPbIE SIBJIAIOTCS 3JIEMEHTAMHU PACCMATPUBAEMOIO MOJAMHOXKECTBA, (COOBI-
TUs), HA3BIBAIOT IAEMEHIMAPHBIMU UCTO0AMU, OAA2ONPUATCMEYIOULUMY JTAHHOMY COOBLIMUIO,
i 06pasyrouwumu 3To cobvimue.

CobbiTust 6yeM 00603HAYATH IMPOIUCHBIMYU JIATUHCKAME OYKBaMU, CHaOXKasl UX MPU HEOOXOIUMOCTH
nHaekcaMu, Harnpumep: A, By, C3 u T.1.

Cpa3sy ke oroBopumcs, 9To omnpejesenne 1.2 cobbiTust OyJeT yTOUHEHO B ciejyiomeM maparpade B
TOM CJIydae, Korja {) He siBJIsIeTCsl CIeTHBIM MHOYKECTBOM. 3/1€Ch YK€ MblI BBOJIUM Ompejesenue 1.2 1o 1ByM
[IPUYUHAM.

Bo-11epBbIX, OCHOBHas II€JIb HACTOSIIEro Naparpada — HaIVISIHO T0Ka3aTh, KaK (PU3NIECKOE IIOHA-
THE CJIy4aiiHOro coOBITUsI (POPMAJIU3YETCS B MATEMATHYECKUX IOHSITUSIX TEOPUU MHOXKECTB, U OIUCATH
omepaiuu HaJl COOLITHSIMA.

Bo-Bropbix, onpenesnerne 1.2 BIOJIHE YIOBJIETBOPUTEIHLHO MOYKHO IIPUMEHSATDH I PEHIEHUs IIPaK-
THUYECKHUX 33J[a4, B TO BPeMsl KaK CTPOroe OlpeJiejleHre COOBITUSI CJIY?KUT JIUIIb JJIsi TIOCTPOEHUS] TEO-
pUU BEPOSITHOCTEH KaK pas3fiesia COBPEMEHHON MATEMATUKN, OEPUPYIOIIEi JIOTHIeCKU Oe3yIPeIHbIMU, HO
CJIO?KHBIMH JIJI HEIIOATOTOBJIECHHOI'O YNTATEISI IOHATHSIMIA.

YacTo UCIOIb3YeTCs CIIeAYIONAs TEPMUHOIOIUS: TOBOPAT, 9TO COOBITHE A IIPOU30ULIO (MM HACTYIIH-
JIO), €CJIU B PE3YJIbTATe OIbITA MOABUJICS KAKOH-1u00 U3 3JIEMEHTAPHBIX UCXOI0B w € A.

IIpumep 1.5 B npumepe 1.2 6bLIO MOKA3aHO, 9TO IIPU OJHOKPATHOM GPOCAHUH UIPAIbLHOM KocTh () =
{w;, i=1,6}, re w; — 3/IeMEHTAPHbIN UCXOJI, 3AKJIOYAIONIUIACS B BBIAJIEHUN § OYKOB. PACCMOTPUM CJle-
JlyloInye cobblTusi: A — BbIaJieHne YeTHOro YHuc/a OUKOB; B — BbllajleHne He4eTHOro vucia oukos; C —
BBINIAJIEHNE YHUCJIA OYKOB, KparHoro TpeM. OueBnjno, uro A = {wo;wa;we}, B ={wi;ws;ws} un C =
{wsswe}.

Onpenenenue 1.3 CobbiTHe, COCTOsAIIEE U3 BCEX HJIEMEHTAPHBIX UCXOJIOB, T.€. COOBITHE, KOTOPOe 00s3a-
TEJILHO TIPOUCXOJUT B JIAHHOM OIIBITe, HA3BIBAIOT JOCMOBEPHBIM COOBIMUEM.

IocroBepHOe COOBITHE, KAK U IIPOCTPAHCTBO 3JIEMEHTaPHBLIX UCXOI0B, 0003HaYal0T OYKBOI (2.

Omnpenenenne 1.4 CobbiTie, He comepKaliee HA OJHOTO JIEMEHTAPHOTO MCXO/IA, T.€. CODBITHE, KOTOPOe
HUKOIJ[a He [IPOUCXOIUT BJIAHHOM OIIBITE, HA3BIBAIOT HEBO3MONHCHBIM CODBLIMUEM.

Hesosmoxknoe cobbiTe 6yaeM 0603Ha4aTh CUMBOJIOM ().

IIpumep 1.6 Ilpu Gpocanmm urpajabHOI KOCTH JOCTOBEPHOE COOBITHE MOXKHO OINMCATH, HAIPUMED, KaK
BBIITa [eHe XOTs ObI OJIHOI'O OYKa, & HEBO3MOXKHOE — KaK BbINAJIEHNE 7 OYKOB. F

Yacro ObIBaeT ITOJIE3HO HAIJISIIHO IIPEJICTABUTH COOBITUsSI B BHjle QUA2PAMMDBL
dlsaepa — Bewnna. 306pasuMm Bce IPOCTPAHCTBO JIEMEHTAPHBLIX HCXOJIOB IIPS- i
MOYTOJIBHUKOM. [Ipu 9TOM KaKIbIil 3/IEMEHTAPHBIA HMCXOJl W COOTBETCTBYET TOYKE
BHYTpHU IPSIMOYTOJIbHUKA, a KaxKjoe cobbiTrne A — HEKOTOPOMY MOJIMHOYKECTBY TO-
9eK ITOT0 IPSIMOYTOJIbHUKA. T PAKTOBKOI quarpaMmbl Ditnepa — Bernna moxer ciry- | ¢
JKUTH OIBIT ¢ HPOCAHMEM CJIydYaifHbIM 00Pa30M YACTUIIBI B MPSIMOYTOIBHUK. Toraa
3JIEMEHTAPHbINH UCXOJT W — ITO MOMAJaHAE YACTHUIIBI B TOUKY W MPSIMOYTOJBHUKA, &

Puc. 1.1.

cobbITre A — B 9aCTh IMPSIMOYTOJILHUKA, 33/1aBAEMYIO [TOJIMHOKECTBOM A.

Paccmorpum reriepsh onepayuu (deticmeus) Had cobbMuUAMU, KOTOPDIE, II0 CYIIECTBY, COBIAIAIOT
C OTEpAIUsIMU HAJT MTOJMHOKECTBAMU. DTU OTEpAInU OylIeM WJLIIOCTPUPOBATHL Ha JuarpaMMax Jitaepa
— Benna. Ha puc. 1.2-1.7 3amrpuxoBanbl 00J1aCTH, KOTOPbIE COOTBETCTBYIOT COOBITUSIM, SIBJISIIONTAMCS
pe3yJibTaTaMy TaKUX Ollepaliuii.

Ounpenenenune 1.5 Ilepeceuenuem (npoussedenuem) nsyx cobvimuti A u B

Ha3bBalOT cobbiTre C, MPOUCXOMAINEE TOTJA U TOJIBKO TOT/A, KOTJA OJHOBPEMEHHO

poucxoAsaT 0ba cobbiTust A u B, T.e. COOBITHE, COCTOMAIIEE M3 TEX U TOJBKO TEX

3JIEMEHTAPHBIX MCXOJ0B, KOTOPbIE IIPUHAJJIEXKAT U cOObITUI0O A, 1 cobbiTUo B.
[Tepeceuenue cobbiTuii A 1 B 3almChIBaIOT CJIEAYIOMUM 00Pa30M:

C=ANBkB, A C=AB. Puc. 1.2.



Omnpenenenne 1.6 Cobvimus A u B Ha3bIBAIOT HECOBMECTIHbBIMU, WU Henepe-
CERAIOUUMUCS, €CIIN UX TIEPECeIeHre ABJISETCH HEBO3MOXKHBIM COOBITHEM, T. €. €CJId
AN B ={. B nporusHOM Cllydae cOGbMUSA HASBIBAIOT COBMECTIIHBLMU, I Nepece-
KAOUWUMUCA.

Puc. 1.3.

Ounpenesnenne 1.7 Obsedurnenuem (cymmoti) nsyx cobvimuti A u B HasbBaior
cobbitre C; MPOUCXOJISIINEE TOTJIA U TOJBKO TOTJIA, KOTJA IIPOUCXOJUT XOTsI ObI OJIHO U3
cobbITuit A i B, T. e. cobbitue C', COCTOSIINEE U3 TEX JIEMEHTAPHBIX UCXOJI0B, KOTOPbIE

NIPUHAJJIEXKAT XOTsI OBl OJHOMY U3 HOAMHOXKeCTB A miu B.

O6beaunenne cobbiTnii A 1 B 3anKiCBhIBAIOT B BUIE

Puc. 1.4.
C=AUB, IRV C=A+B.

AHaJIOrYHO OIpPEeIAIOT HOHATHS [IPOU3BEIEHUS U CyMMBI COOBITUI It JTI060r0 KOHEYHOI'O0 YHC/Ia CO-
ObITHIT 1 [Tayke NI OECKOHEUHBIX MOC/eI0BaTeIbHOCTE cobbiTuii. Tak, coobITHe

AAy. A, ... = ﬁlAn

COCTOUT U3 JIEMEHTAPHBIX UCXOJOB, PUHAJIEKAIINX BCceM cobbitusiM A, , n € N, a cobbrrue
oo
AjUAU...UA,U... = UlAn
n=

COCTOUT U3 JIEMEHTAPHBIX UCXOJ0B, IPUHAIJICXKAIUX XOTsI ObI OHOMY 13 cobbrtuit A,, n € N. B wactHo-
cru, cobvimuas Ay, A, ..., A, Ha3BIBAIOT NONAPHO HECOBMECTNIHBIMU (HENEPECEKAIOULUMUCS ), €CIIU
A;Aj =0 s mobeIx i, = 1,n, i # j, 1 HECOBMECTHBIMU (HENEPECEKAIOULUMUCS) 6 COBOKYNHO-
cmu, ectn A1As. .. A, = 0.

Omnpenenenne 1.8 Pasnocmwbio 1Byx cobvimuti A nu B masbBaior cobbitue C,
ITPOUCXOJISIIIEE TOTJIA U TOJBKO TOTJIA, KOTJIA TPOUCXOAUT COObITHE A, HO HE TIPOUCXO-
JuT cobbiTre B, T.e. cobbiTre C, COCTOsIIIEe U3 TEX JIEMEHTAPHBIX UCXO0B, KOTOPHIE
npunajiexxar A, Ho He npuHajiexar B. Pasnocts cobbituii A u B 3anmceiBaior B
BHJIE:

C=A\B.

N
N
N

Onpenenenue 1.9 Jonoanenuem cobvimus A (o6brano 06ozHavaoT A) Ha3b-
BalOT COOBITHE, IIPOUCKOJSINEe TOrIa U TOJIBKO TOrJa, KOI/Ia He IIPOUCXOIUT COOBI-
te A. (Ipyruvu crosavm, A =\ A). CobuiTie A Ha3BIBAIOT TaKKe cobvimuem,
NPOMUBONOAOHCHBLM COOBITHIO A.

Ecsin mexkoropoe coObITHE 3aIIHCAHO B BHJIE HECKOJIBKHUX JIEHCTBUIl HAJ Pa3/Ind-
HBIMHU COOBITHSIME, TO CHAYAJa II€PEXOIAT K JIOIOJHEHHSIM, & 3aTeM yMHOXKAIOT H,
HAKOHEII, CKJIAJIbIBAIOT U BBIYUTAIOT (CJIeBa HAIpaBo) coObiTust. Tak, dbopmysa

N

i

C= AleBl U A3§2 \ B3

9KBUBAJIEHTHA (HOpMYyJITe

C= { l:Al(ZQ)B]] U [Ag(?z)] } \ Bs.

Crenyer OTMETUTD, YTO BCE NEHCTBUS HAJT COOBITUSIMU MOYKHO IOJIYYUTH C TIOMOIIBIO TOJIBKO JIBYX JIeH-
cTBUIT — 0ObEMHEHUS U JIONOJHeH sl (WU nepecedenus u gonosaHenus ). OCHOBAHUEM [Ijisi 9TOIO YyTBEpP-
JKJIHNSA CTy’KaT 3aKOHBI Je Moprana, a Taxxke coorHomenne A\ B = AB.

Kpowme nepednciieHHbIX BBINIE JEHCTBUI Ha | COOBITUSIMEA HAM B JIQJbHEHIIEM MOHAI00NTCS MOHATHE
BKJIIOUEHMUSI.

Omnpenenenne 1.10 Coboitie A BKioueHO B cobbiTHe B, uTo 3anuceiBaior A C B,
ecJiu 1osiBjieHne cobbiTust A 00s3aTeIbHO BleYeT 3a coDOM HaCTyIjIeHre coobiTrs B
(, mum KaxK I 27IeMEeHTAPHBIA UCXOJ w, IPUHAIIeXKAIMHA A, 06s3aTeIbHO IPUHA/T-

B
JIEZKUT U cOObITHIO B.
dcwo, uro Britouernue A C B sxBuBasienTHO paBeHcTBY AB = A. Vcnonb3yior u
obparHoe noHATHE: cobbITHe B BRiodaer cobbitie A (B D A), eciin A C B.
Puc. 1.7.



IIpumep 1.7 Paccmorpum rexumdeckoe ycrpoiictso (TVY), cocrosinee uz m sie-

MeHTOB. B Teopun HaeKHOCTH IPUHSATO TOBOPUTD, ITO JJIEMEHTHI COEIMHEHbBI TIOCTIE-
JoBaTesbHO, ecan TY npekpaiaer GyHKINOHIPOBATH IIPUA OTKAa3e JI0D0I0 dJieMeH-
Ta, U COeUHEHDI TapaJlJIeJIbHO, €C/Ii TIpeKkparienne GyHknuonnposanns TY HACTy-
[aeT TOJILKO IIPU OTKA3€ BCEX 1M 9JIEMEHTOB. YCJIOBHOE M300parKeHre IapaJlieIbHOIO
¥ TIOCJIEIOBATETHHOTO COEIMHEHU Tpe/icTaB/ieHo Ha puc. 1.8 u 1.9 cooTBeTCTBEHHO.
O6o3uaunm A cobbiTre, o3Hadaromee otkas TV, a A; — cobbITHE, 03HAYAIOIIEE OTKA3

i-ro snementa (i = 1,m). Torga cobbitust A 1 A; CBSI3aHBI COOTHOIIEHUSIMA

A=AU..UA, u A=A N...NA, Puc. 1.8.

JUISL TIOCJIEIOBATEIBHOTO COCMUHEHNsI U IapaJjijieIbHOTO COCIUHEHHMsT COOTBETCTBEHHO. OYeBUIHO, UTO
IIPH NapaJLIeIbHOM COEIMHEHUU 9JIEMEHTOB coOblTue A BKIIIOUEHO B KazKJoe TTH 2} {m}F
cobwiTue A;, i =1,m, a upu mocaeg0BaTeIbHOM COeIUHEHIH, HA000POT, 1000
cobbirre A;, i = 1,m, BritoueHo B cobbitre A.  #

Puc. 1.9.

[IpuBeieM OCHOBHBIE CBOWCTBA ONEpPAIUil HAJI COOBITUSIMU, CIIPABEJJINBOCTE KOTOPHIX HETPY/IHO MPO-
BEPUTH, [I0JIL3YACH JuarpaMMaMu Jiijiepa — Benna (npogesaiiTe 570 caMOCTOSITEIBHO).

1. KommyTaruBHOCTE CyMMBI U IipousBeienus:: AU B = BU A, AB = BA.

2. AcconmarusHocTh cyMMBI 1 niponsseserns: AUBUC = AU(BUC(C), (AB)C = A(BCQC).

3. HucrpubyrusHocts oTHOCHTENbHO cyioxkenus: (AU B)C = AC U BC.

4. MuctpubyTUBHOCTH OTHOCUTENHHO YMHOXKEHUsI (HOBOE CBOMCTBO, HE BBIIOJIHLIONIEECH JIJIS IUCEI):
ABUC =(AuC)(BUCQC).

5. Brmouenne A B B, T.e. A C B, Bieuer 3a coboii Bkiouenue B B A, T.e. AD B.

6. CoBmaJienue JIBORHOIO OMOJHEHHS C UCXOIHBIM cobbITHeM: A = A.

7. CoBuajieHue CyMMBI 1 IPOU3BE/IEHUsI OJIMHAKOBBIX COOBITHIT ¢ caMUM COOBITHEM AUA=AA=A.
8. 3axonwv. de Mopzana: AUB=AB, AB=AUB.

3ameuanue 1.1 3akonsl jge Moprana BepHBI s JIFOOOT0 KOHETHOTO YUC/Ia COOBITHIA:

AJUAU...UA,=A1 A5 ... A,
A1 Ay . A, =A1UAU...UA,.

Curma-ajredbpa coobITuii

B npenpiaymem naparpade Mbl HA3BaJIA COOBITHEM JI0D0E IOAMHOXKECTBO NPOCMPAHCMEN INEMEHTMADPHOLL
uczxodos ). Takoe orpejiesieHne JOIMyCTUMO, e §) sIBJISIeTCsl KOHEYHBIM UJTH CIYETHBIM MHOXKeCTBOM. OKa-
3BIBAETCS, OJHAKO, UYTO B CJydae HECIETHOIO MHOXKECTBA 9JIEMEHTAPHBIX MCXOJIOB YK€ HeJIb3sl IIOCTPOUTD
JIOTMYECKH HEIIPOTUBOPEUMBYIO TEOPUIO, Ha3bIBasi COOBITHEM ITPOU3BOJIBHOE IIOIMHOYKECTBO MHOMXKECTBA
Q. TloaToMy COOBITUSIME B 9TOM CJIydae HA3BIBAIOT HE JIFOObIE MTOJMHOXKECTBA DJIEMEHTAPHBIX MCXOJOB, a
TOJIBKO TIOAMHOXKECTBA 13 {2, MPUHAJJIEXKAINE HEKOTOPOMY KJIaccy 9. DTOT KIacC B TEOPUH MHOXKECTB
[PHUHATO HA3bIBATH CUI'MAa-aJrebpoii cobbiTuii (nuimyr o-ajarebpa).

C TOYKH 3peHus 3/IPABOrO CMBICJIA COObIMUE — FTO TO, ITO MBI HAOIIOIAEM IIOCJIE TPOBE/IEHUS OIIBITA.
B uacrHOCTH, €ciii MOKHO IIOCJIE OIIBITA YCTAHOBUTH, ITPOM3OILIN WU HeT coObiTust A u B, TO MOXHO
TaK¥Ke CKa3aTh, IPOU3ONLIA WM HeT cobbitua A u B, ob6sedunenue, nepecenenue u pasnocms cobvimuti
A u B. Takum obpasom, o- ajrebpa coObITUN 00si3aHA OBITH KJIACCOM MOJMHOYXKECTB, 3aMKHYTBIM OT-
HOCHTEJILHO MPUBEJEHHBIX OIepaIiii HaJT TOJMHOKECTBAMHE, T.€. YKa3aHHbIE OMEPAIUN HaJl JIEMEHTaMHI
(mozMHOXKECTBAMU) JAHHOIO KJIAcca IPUBOJAT K djeMeHTaM (IOIMHOXKECTBAM) TOIO YK€ KJIacca.

Hajaum Terepb cTporoe onpejiesienne o-aaredpbl COOBITHIL.

Onpenenenne 1.11 Cuema-anzebpoti (o-anzebpoti) cobbituii B HA30BEM HEIYCTYIO CHCTEMY HOJI-
MHOXKECTB IIPOCTPAHCTBA 3JIEMEHTAPHBIX UCXOHOB {), YIOBIETBOPLAIONLYIO CJIELYIONMM ABYM YCIOBHUSIM.

1. Ecan momMuozkectBo A mpuHaieskuT B, To monoanenue A mpuHaiexuT B.

2. Ecsin mopmuoxkecTBa A1, As, ..., Ay, ... npuHayiexkar B, 1o ux oobeaunenne A1 UAsU...UA, U...
n ux nepecedyenue A, As ... A, ... npuHagiexur B.

Iockonbky Q= AUA u ) = Q, To docmoseproe cobvimue 2 u necosmooicroe cobvimue () mpuHaeskaT
B.

B ciaydae KOHEYHOrO WM CYETHOTO IIPOCTPAHCTBA JIEMEHTAPHBIX MCXOA0B {) B KayecTBe o-ajrebpbl
COOBITUI OOBIYHO PACCMATPUBAIT MHOYKECTBO BCEX IOAMHOMKECTB 2.

3ameuanue 1.2 Eciu B ycjaoBum 2 cYe€THOE MHOYXKECTBO COOBITHII 3aMEHUTH Ha KOHEYHOE, TO TOJIyIUM
ompeiesieHne aa2ebpbr cobvimuti. JIobast o-aarebpa coObITH 00S3aTEBHO SIBJISETCsT AIredpoit coObI-
tuit. ObpaTHOE yTBEpKIEHNE, BOODIIE TOBOPsI, HE BEPHO.



IIpumep 1.8 IlycTb ombIT COCTOMT B MOAOPACHLIBAHUU OJUH pa3 TETPadIpa, KaxKjas IpaHb KOTOPOTO
IOMeYeHa OJHUM u3 unces 1, 2, 3 u 4.

OueBUIHO, 9TO IPOCTPAHCTBO YJAEMEHTAPHBIX UCXOI0B {) B 9TOM ombiTe uMeeT B ) = {w;wa;ws;wy },
rie w; — IaJeHne TeTpas3apa Ha IPaHb ¢ 9UCJIOM 4, i = 1,4.

ITockonbKy B paccMaTpHUBaeMOM OIBITE MOXKET IIPOUCXOIUTD OJIHO U3 CJIELYIONIUX COOBITHUIL:

0,
{wi}, {wa}, {ws}, {wa},
{wi,wa}, {wr,ws}, {wi,wa}, {w2,ws}, {wa,wa}, {ws,wa},
{wi,wa, w3}, {wi,wa,wa}, {wr,ws,ws}, {wa,ws,wa},
Q= {w1,ws,ws,ws },

To anrebpa cOOBITHIT GyIeT COofepsKaTh Bce MoAMHOXKecTBa (), Brmodas () (mocrosepHoe cobbrthe) u ()
(HeBO3MOXKHOE COOBITHE).



Jlekims 2

BepogTHocTh

ToBopst 0 cobviMuUAT, MBI C PA3JIMIHON CTENEHBIO YBEPEHHOCTH OTHOCHMCH K BO3MOYXKHOCTH UX HACTYILIE-
nust. Tak, ¢ 6obIIe#l yBEPEHHOCTHIO MOXKHO yTBEPKAATh, ITO IIPU OJHOKPATHOM ITO0PACHIBAHAN MOHETHI
BBIIAJET “Tepd’, YeMm Ipu OJHOKPATHOM OPOCAHUU UTPAJIBHON KocTu — 6 oukoB. ['oBopsT, 4TO TIEpBOE CO-
ObITHE OOJIee BEPOSITHO, YeM BTOPOE.

Yro ke Takoe eepoamuocmyd codbiTua? Hanmpammupaercst KaxK oMy COOLITHIO A IIOCTaBUTH B COOTBET-
crBue uncio P(A), koropoe GyeT siBIATbCA MEePOii BOBMOXKHOCTH ero osgBJenus. Eciau upunars P(Q) =1,
a P(()) =0 (xorst MOXKHO GBIJIO B3STh APYTYI0 €IUHUILY M3MEPEHUs1), TO TOTJA JJIs JHO0ro cobbrrust A
ecTecTBeHHO oxkuuarh, uro 0 < P(A4) < 1.

Omnpeiesieane BEPOATHOCTA KaK MEPBI BO3SMOYKHOCTH TOSIBJIEHUS COOBITHS B COBPEMEHHON MAaTEeMaTUKE
BBOJINTCS Ha OCHOBaHWM akcuoM. Ho, pexk e 14eM nepeifiTn K aKCHOMATHIECKOMY OIPEJIEIEHNIO, OCTAHO-
BUMCA Ha HECKOJIBKHUX ):prFI/IX OHpe)le.HeHI/IﬂX, KOTOpre I/ICTOpI/IquKI/I BO3HUKJIN paHbHIe. OHI/I, C O)IHOI‘/JI
CTOPOHBI, MOZBOJISIOT JIyHIe MOHSATh CMBICJ AaKCHOMATHIECKOTO ONPEJEJICHHs, a ¢ JPYroil — BO MHOTHX
CIay9asX SBIAAIOTCA pabounM MHCTPYMEHTOM JIJIS PEIEHNs IPAKTUYIECKUX 3ajad. [IpuBeseM nx, caemyst
XPOHOJIOTUYIECKOMY TIOPSIJIKY MOSIBJIEHUS.

Kiaccugeckoe orpeaeJsjiecHrue BEepPOsATHOCTHU

B kaccudeckoM ONpeieIeHnd BepOSITHOCTH UCXOJAT U3 TOTO, U9TO NPOCMPAHCMEO IAEMEHMAPHBLL UCTO-
do6 ) Co/lepKUT KOHETHOE UYUCJIO JIEMEHTaPHBIX MCXO0B, IIPUYEM BCe OHU PABHOBO3MOXKHBI. [loHsiTHe
PaBHOBO3MOXKHOCTHU TOSICHUM CJIEYFOIITIM 0OpPa30M.

DduaemeHmapHble UCTOIbL B HEKOTOPOM OIBITE HA3BIBAIOT PAGHOB03MOHCHBLMU, ECITTH B CUJILY YCIO-
BUIi TPOBEJICHUSI OIBITA MOXKHO CIMTATD, IYTO HU OJIUH U3 HUX HE SIBJISIETCA OOBHEKTUBHO 00JIee BOBMOXKHBIM,
geM gpyrue. OmbIT, yI0BIETBOPSIIONIMIA YCJIOBUIO PABHOBO3MOXKHOCTH 3JIEMEHTAPHBIX MCXOJ0B, YaCTO Ha-
3BIBAIOT TaKkKe “Kaaccudeckol cremol’ .

IIycts N — obIniee 9ucjio paBHOBO3MOXKHBIX 3JIEMEHTapHBIX UCXOI0B B {2, a Ny — 4Yucio asemeHnmap-
HOLE uex0008, 0bpasyrowur cobvimue A (WM, KaK TOBOPST, 6.4020NPUAMCMEYOWUL COOBITUIO A.

Onpenenenue 2.1 Bepoamnocmbio cobbimus A Ha3bIBAIOT OTHOIIEHHE dncia N 4 0J1arolnpusTcTBY-
IOIINX COOBITHIO A 3JIeMEHTaAPHBIX UCXOJIOB K 00IeMy dnciay N paBHOBO3MOXKHBIX 3JIEMEHTAPHBIX HCXO/I0B,
T.€.

Na
P(A) = 4,
N
JlanHoe ompejieieHue BepOSITHOCTH COOLITUSI NPUHATO HA3LIBATH KAACCUMECKUM OnpedescHuem

8epoaMHOCU.
3aMeTuM, YTO HAPSLY ¢ HA3BAHUEM “KJIACCHIECKas cxeMa’ HCIIOJIB3YIOT TAKXKe HA3BAHUS * CITy Qi HbIHI
BBIOOD”, “pPaBHOBEPOATHDIN BHIOOP” U T.JI.

IIpumep 2.1 U3 ypusl, copepxkamnieit k = 10 Gespix u [ = 20 4epHbIX MAapoB (IIapbl OTIMYAIOTCS JIUIIb
IIBETOM ), HAyTa]] BBIHUMAIOT OnuH 1map. Tpebyercs Haiitu BepositHOCTh P(A) cobpitus A, 3aksodarorie-
rocsi B TOM, 9TO U3 yPHBI U3BJjiedeH OeJiblil map.

JlJ1st pertiennst TOCTABJICHHON 339l 3aMETHM, UTO YHUCI0 IJIEMEHTAPHBIX MCXOJOB B JTAHHOM OIIBITE
cOBIIaIaeT ¢ o0ImM ducsaom mapos B ypHe N = k4| = 30, npudueM BCe UCXO/bI PABHOBO3MOXKHBI, 8 IUCJIO
GsaronpustcTByommx coobiTuio A ucxomos Ny = k = 10. ITosToMy B COOTBETCTBHH C OIIPejieJIEHUEM

k 1
KJIaccu4ueckoii Beposirnoctu P(A) - #

k4l 3

Ucnonp3ys Kiaccudueckoe OIpejiesieHne BEPOATHOCTH COOBITHA, JOKAXKEM CJIE/IYIONINE CBOHCTBA.

CsoiicTBo 2.1 Jlas a06020 cobvmun A eeposimuocmo ydosaemeopsem nepasencmey P(A) > 0.
JIOKABATEJILCTBO. CBoiicTBO 04eBHIHO, Tak Kak orHomieHne N4 /N He MOXKeT ObITh OTPUIATEJHLHBIM.



CsoiicTBo 2.2 Jlas docmoseprozo cobvimus Q (komopoe codepoicum ece N asemenmaproi ucrodos)
P(Q)=1.

Csotictio 2.3 Ecau cobwmus A u B necosmecmuwv, (AB =0), mo P(A+ B) =P(A) +P(B).

JOKABATEJIBLCTBO. [leiicTrBuTe/IbHO, eciu cOOBITUIO A OJ1arompusTcTBYIOT N1 UCXOJO0B, a coObITHi0 B —
Ny ucxosoB, T0 B cujty HecoBMmectnoct A u B cobbituio A + B 6naronpusterByior N1 + No uCX0I0B.

CiietoBaTEIBHO,
Ni+N>» Ni  N»
P(A+B)= ——=—+—=P(A4)+P(B).
(A+B)="1E32 - T4 22— p(4) 4 P(B)
OxasbIBaeTcsl, UTO 3TH TPU CBOMCTBA SBJIAIOTCS OCHOBHBIMU. VI3 HUX KaK CJIEJICTBUST MOYKHO ITOJIyIUTh
JIpyrue noJjesnble cBoiicra (oapobHee oM OyLyT PACCMOTPEHBI HUXKE), HAIIPUMED:

P(A)=1-P(A); P(0) = 0;
P(A) <P(B), ecmm ACB.

He,D;OCTa,TOK KJIACCHYIECKOr'o ompeaesieHud 3aKJII09aeTCd B TOM, 9YTO OHO IIPUMEHUMO TOJIBKO K IIPDO-
CTPpaHCTBaM 3JIEMEHTAaPHBIX NCXOI0B, COCTOAIIINUM U3 KOHETHOI'O YHCJIa PAaBHOBO3MOZKHBIX MCXOIO0B. Orum
onpezaeseHneM HeJIb3d BOCIIOJIb30BaTbCA JazKe B TeX C/IydadX, KOI'Ja IIPOCTPaHCTBO 3JIEMEHTapPHBIX UCXO-
JI0OB KOHEYHO, HO CpeJI UCXO/I0B €CTb bosee IpearIo9YTUuTe/IbHbIC UJIN MeHee IIpeJIIO0OYTUTEe/IbHbIE.

FeOMeTpI/I‘-IeCKOG oripeaeJsienHne BepodATHOCTHN

TeomeTputeckoe omnpejiesienne BeposgTHOCTH 0000IAET KJIACCHYECKOE Ha CIyUail 6eCKOMEeUH020 MHOdICE-
cmea snemenmaprur ucxrodos ) Torma, xKorma () mpencTaBiseT cOOOU MOAMHOYKECTBO MpocTpaHcTBa R
(amcmosoit mpsvoit), R? (mmockoctn), R™ (n-MepHOTO eBK/IAI0BA MTPOCTPAHCTBA).

B upocrpancTtBe R B KadecTBe MOJMHOXKECTB Oy/ieM PacCMaTPUBATE JIUIIb NPOMENCYMKY WIH UX
00beIMHEHNs], T.€. IIOJIMHOYKECTBA, KOTOphble MMeIOT JauHy. B mpocrpancTse R?2 — Te IIOIMHOXKECTBA,
KOTOpBIE UMEIOT ILJIOMIA/Ib, U T.JI.

ITox, mepoit p(A) nommuozkecTBa A GyZieM IIOHUMATH €r0 JJIMHY, WJIOMab uin 00beM (0000IIeHHbII
00beM) B 3aBHCHMOCTH OT TOTO, KAKOMY TpOCTpancTBy npuHateskut 2: B R, B R? umm s R? (R™). Byaem
TaKXKe CIATATh, UYTO [IPOCTPAHCTBO JIEMEHTAPHBIX MCXOJI0B ) MMeeT KOHEYHYIO Mepy, & BO3MOXKHOCTH
HoMaIaHus “cIydaifHo OPOIIeHHONH TOYKH B JIF0OO0E MTOJIMHOXKECTBO §) IIPOIOPIMOHAJIBHA MepPe 9TOr0 MOJI-
MHOXKECTBa U HE 3aBUCHUT OT €r0 PACIIOJIOXKeHus u (POPMBI. B 9TOM cjydae roBOpsT, YTO PacCMaTPUBAETCS
“reomerpuyeckasl cxema’ WM “TOUYKY Haymady Opocaior B obsactb ().

Ounpenesnenne 2.2 Beposmnocmsbio cobvimus A naspiBaror uncyio P(A), paBHOe OTHOIIIEHHIO MePbI
MHOXKecTBa A K Mepe MHOXKecTBa {2

P(A)’;Eé;,

rue u(A) — mepa mHOXKecTBa, A.

JlaHHOE OIpeiesIeHre BEPOATHOCTU COOBITUS IIPUHSATO HA3BIBATH 2E0MEMPUUECKUM ONPEdeneHUEM
8epoamHocmu.

3aMeTuM, 9TO B JIUTEPATYPE BEPOSITHOCTH COOBITUST A, OIPEIEJIEHHYIO BBIINIE, HA OCHOBE 280MEeMpu-
weckol Cremol, 3aCTO HA3BIBAIOT 2e0MEMPUHECKOT 8EPOAMHOCNBIO.

TeomeTpuveckasi BEpPOSITHOCTD, OUYEBHJHO, COXPAHSIET OTMEUEHHbIE paHee cBoiicTBa BepositHOCTH P(A)
B YCJIOBUAX KJIACCHYECKON CXEMBI.

ITpumep 2.2 Pomeo n JIKyabeTTa JOMOBOPHIACH BCTPETUTHCS B OMPEJIETCHHOM MECTe MEXKJIy JIBEHa-
JIIATHIO YacaMd U 9acoM jiHsd. HeobXomuMo HAWTH BepOsITHOCTH BCTPEYU, €CJIA TPHUXOJ] KaXK/I0T0 U3 HUX
B TeUYEHNE YKA3aHHOT'O JYaca IPOUCXOIUT HAyIady, IPUYeM U3BeCTHO, 94T0 Pomeo ket JIKyIbeTTy POBHO
20 munyT, a /Kynberra Pomeo — 5 MunyT.

st pereHust 38129 BOCIIOIB3YEMCsl Te€OMETPUIECKON CXeMOW BEPOSTHOCTH. y
O6o3HaunM MOMEHT Ipuxoja Pomeo yepes x, a JIxKysberThl yepes y. Torma Jiroboi 60
9JIEMEHTAPHBIN MCXOJl W B JIAHHOI 3aJ1ate MOXKHO OTOXKJIECTBUTH C HEKOTOPOW TOU-
Kot (x; y) Ha miockoctu XOy. Beibepem 3a Hadaso orcyera 12 4acos, a 3a eJUHUILY
u3MepeHnsi | MUHYTY U ITOCTPOUM Ha II0CKOCTH Xy MPOCTPAHCTBO IJIEMEHTAPHBIX
ucxozoB 2. OueBuHO, 4TO 310 OyIeT KBaapaT co croponoii 60 (cm. puc. 2.1). Cobb-
tne A (Pomeo n JIxKynbeTTa BCTPETATCSI) TPOU30HET TOTIA, KOT/Ia PA3HOCTD Y — &
ue npesbicuT t1 = 20, a Pa3HOCTb T — Yy HE HPEBBICUT t9 = 5, T.e. yCJOBHE BCTPEUN
OIIPE/IeIIeT CUCTEMY HEPABEHCTB

20




y—ax < 20;
T —1y <o,

O6acte A 371eMeHTapHBIX UCXOJOB, OJIArOIPUSTCTBYOIINX 3TOMY COOBITHIO, HA puc. 2.1 3amTpuxoBaHa.
Ee mwromans S4 paBua momaayu kBajpaTa 6€3 JIByX YIVIOBBIX TPEYTOJbHUKOB, T.€.

12 Ry
SA:602—(60 2“) _ (60 2t2) = 1287.5.

~ Sa 12875
T Sq 3600

Torma, cormacuo onpezenenuto 2.2, zaxomum P(A) =~ 0,36.

Crarucruyeckoe oripeeJieHne BepOoAdATHOCTH

B ocHoBe craTucTrdeckoro ompesesieHnsi BEPOATHOCTH JIEYKUT OOIIUil TIPUHITUIL, B COOTBETCTBUHU C KOTO-
PBIM METOJ/bI TEOPHUHU BEPOSATHOCTEH MPUMEHUMBI TOJIHKO K TAKHM HCIIBITAHUSIM, KOTOPBbIE MOTYT OBITBH,
110 KpaifHeil Mepe TEOPETUYIECKH, IOBTOPEHBI DECKOHEYHOE YUCJIO Pa3, U IPU ITOM MMEET MECTO CBOWCTBO
YCmMOoUMUBOCTNU YaACMOM, TIOSIBJIEHUS] CBSI3AHHBIX C STUMU MCIBITAHUSIMU coObITUi (cM. BBemenue).

[TycTh mpomsBeIeHO N MOBTOPEHMI OMbITA, MPUYEM B 14 M3 HUX MMOSBUIOCH cobbiTne A. O6o3HaunM
rA =na/n Habmoneanyo yactory cobbitus A. IIpakTuka NOKa3bIBAET, YTO B T€X IKCIEPUMEHTAX, JJId
KOTOPBIX TPUMEHUMBI METO/IbI TEOPUH BEPOSITHOCTEH, YacTOTa COOBITHST A C yBEJIMYEHUEM YHCJIA OIBITOB
n crabuIu3upyeTcs, T.e. CTPEMUTCS K HEKOTOPOMY IIpejiesty (J0IycKas HEKOTOPYIO BOJIBHOCTH PEUH).

Onpepnesnenue 2.3 Bepoamnocmuio cobvimus A HaseiBaioT (smnupudeckuii) npegern P(A), k koro-
POMYy CTPEMUTCA 9aCTOTa T A CO6I)ITI/I$I A IpY HEOTPaAHWUICHHOM YBECJINYCHUN YUCJIa 7 OIIBLITOB.

Jlammoe orpejiesieHue BEPOATHOCTH COOBITUSI IIPUHSATO HA3BIBATD CMAMUCTMUYECKUM OnpedeneHu-
em 8epoAMHOCTU.

MozKHO MOKa3aTh, 9TO IPHU CTATUCTUIECKOM OIPEIEIEHIN BEPOATHOCTH COOBITUS COXPAHAIOTCH CBO-
CTBa BEPOATHOCTU COOBITHS, CIIPABEIJIMBBIE B YCIOBUAX KJIACCHIECKON CXEMBI, T.€.

1) P(A) > 0;
2) P() =1;
3) P(A+ B) =P(A)+P(B), eciu AB =9,

C mpakTHYIecKOW TOYKHU 3PEHUs] CTATHCTHYIECKOE OIpeJie/ieHre BEePOSTHOCTH SIBJISIETCs Hanbosee pa-
3yMHBbIM. OJIHAKO C MO3UIUU TEOPHUH BEPOSITHOCTEN KakK pasiiejia COBPEMEHHON MaTeMATUKU HEI0CTATOK
CTATUCTUYECKOIO OIIPeJIeJIeHUsl OYEBHIEH: HeJIb3s IMPOBECTH OECKOHEYHOE YMCJIO IOBTOPEHUN OIIBbITa, &
[IpY KOHEYHOM YHCJI€ TIOBTOPEHUN HAOJIOJEHHAS 9acTOTa, €CTECTBEHHO, Oy/IeT pa3sHON MPHU pas3ImIHOM
9UCJe IIOBTOPEHUI.

3aMeTuM, 9TO CBSI3b MEXKJIY KJIACCHIECKUM M CTATHCTUIECKUM OINPEJIEIEHUSIME ObLIA BBISIBJICHA €Il
B IIEPHOJ] CTAHOBJIEHUS] TEOPUU BEPOSTHOCTEH KaK TEOPUHU a3apPTHBIX UIP. DBIJIO yCTAHOBJIEHO, YTO IIPU
KOPPEKTHOM UCIOJIb30BAHUH KJIACCHIECKOTO OIIPEIe/IEHUs] BEPOSITHOCTD COOBITHI MPaKTUIEeCKU COBITAIAET
C WX 9aCTOTAMU MPH OOJIBIIOM YUC/IE€ TIOBTOPEHUIN SKCIIEPUMEHTA.

W xoTst UrpoKOB MHTEpPECOBaja 9acTOTa OIPE/EJIEHHBIX COOBITHil, perleHne 3a/ad, MOJIyIeHHOe Ha
OCHOBE KJIACCHIECKOT0 OIIPE/IEJIEHUS] BEPOSATHOCTH, UX BIIOJIHE yCTpanBaJio. VIHbIME cj10BaMu, JaKe HTPOKH
a3apTHBIX WI'D 3HAJM O COBIIQJIEHUM CTATUCTUIECKOIO OIPENEeNIeHUs ¢ APYTUME (KJIaCCHYECKHM U ero
0600ITIEHneM — IeOMEeTPHIECKUM ).

CobCcTBEHHO TOBOPS, 33184 OIIPE/IETICHNS] CBA3HM BEPOSTHOCTH C YaCTOTOI HE MOTEPsyia aKTYaJIbHOCTH
¥ B HAINK JIHU, KOT/Ia B TEOPUU BEPOSTHOCTEN MOBCEMECTHO UCIIOJIb3yeTCsd aKCHOMATUIECKOE OIIPEIeICHIE
BeposTHOocTell Kosmoroposa (cum. 2.3). DT0 IpUBEJIO K [OSBJICHUIO U IMUPOKOMY BHEJIPEHUIO B IIPAKTUKY
ODIITMPHOTrO pasjieia TEOPUU BEPOSATHOCTEN — MATEMATUIeCKON CTATHUCTHKH.

AkcuomMmaTuieckKoe olrpe/elieHrne BEPOsITHOCTA

st TOro 4To0blI IOHSITH CMBICT GKCUOMAMUYECKO20 ONPEICAEHUS 8EPOATMHOCITNUY, PACCMOTPUM
KAQCCUMECKYIO CTEMY).

B 3TOM cirydae BepOATHOCTD JTIOOOTO 2AeMeHmaphozo ucroda w;, i = 1, N, P(w;) = 1/N.

Beposammnocmo oboro cobvimus A npu arom pasha P(A) = N4 /N, rue N4 — qucio ucrodos, baazo-
npusmemeyouur cobvimuo A.

BeposTaocts P(A) MOKHO 3anucarb TakzKe B CJIELYIONIEM BUJIe

P(A) = 3 Plwy),

w; €A



IJie CyMMHUPOBaHUE BEJIETCs IO BCEM 3HAYEHUAM MHJIEKCA i, IPU KOTOPBIX 3JeMEHTapHbIe MCXOJbl w; 00-
pasyior cobbitue A.

O1HaKO 337aTh BEPOSITHOCTL COOBITHS II0 TAKOMY IPHHIUILY Y2Ke B CIIydae 2e0Mempuieckoli creml
HEJIB351, TAK KAK IIPH 9TOM BEPOSITHOCTD JIIOOOTO JIEMEHTAPHOTO COOBITHST DABHA, HYJIIO.

[TosTOMY CJIe/IyeT JIaTh ONpE/Ie/IeHuE BEPOSTHOCTH COOBITUS JJIst JTIOOOT0 TPOCTPAHCTEA 3JIEMEHTAPHBIX
nCxoMoB (), He CBA3AHHOE C BEPOATHOCTSIMH SJIEMEHTAPHBIX UCXOJOB, & YIUTHIBAIOIIEE T€ CBOUCTBA BEPO-
SITHOCTH COOBITHII, KOTOPbIE MMEIOT MECTO JJId BCEX IPEABLIYIINX ONPEIeJCHHIl BEPOATHOCTH COOLITUS
(Kaaccumeckozo, 2eOMEMPUUECK020, CMATNUCTIUYECKOZ0).

Hamomunm, uro sTrMu cBoiicTBamu siBsstiorest caenytonmme: 1) P(A) > 0; 2) P(Q)=1;3) P(41 + ...+
Ap) =P(A1)+ - +P(An), ecitu cobvoimus Ay, ..., Ap NONGPHO HECOBMECTIHYL.

NnenHO 9TH TPU CBOICTBA JIEKAT B OCHOBE AKCHOMATHYIECKOTO OIIPEIeJIeHHsT BEPOATHOCTH. IIpu 910M
CBOHCTBO 3 MOCTYJIMPYETCS JJIs CyMMBI CI€THOTO MHOZKECTBA, MOMIAPHO HECOBMECTHBIX COOBITHIA.

Onpenenenne 2.4 Ilycrs kaxpomy cobbituio A (T.e. HOAMHOXKECTBY A IPOCTPAHCTBA 3JIEMEHTAPHBIX
ncxooB (), mpuHaIexaleMy o-aazebpe B) moctabieHo B coorsercTre dncyao P(A). Yucnosyo GyHK-
o P (3agannyio na o-anrebpe 9B) HA3LIBAIOT 8EPOAMHOCTIBLIO (UAU BEPOATNHOCTHOU MePOTi),
€CJI OHA, YJIOBJIETBOPSIET CJICIYIONMM aKCAOMAM:

Axcuoma 1 (axcuoma neompuuameavrocmu): P(A) > 0;

Axkcuoma 2 (akcuoma nopmuposarrocmu): P(Q) = 1;

Axkcuoma 3 (pacwupernas aKCuoOMae CAOAHCEHUSA): JJTsl JTIOOBIX NOIIAPHO HECOBMECTHBIX COOBITHI
Ay,...,A,,... CIpaBeJINBO PABEHCTBO

P(A +...+ A +..)=PA)+...+P(4,) +...
3uauenue P(A) HasbBator 8eposmuocmsio cobvimus A.
Wuorza BMecTo akcuoMbl 3 yA00HO UCHOIB30BATD ABE APYIHE AKCHOMBIL.

Axcuoma 3’ (axcuoma caoscenus): st JIOOBIX NONAPHO HENEPecekaUUTCs cobuimui Ay, . . .,
A,, cupaBeJInBO PABEHCTBO

P(AL +...+ Ap) =P(A}) +...+ P(Ay).

Axcuoma 4 (aKCuUOMaA HENPEPBIEHOCTNU): €CIIU TIOCIIE0BATEIBHOCTh COOBITHH A1, ..., Ay, ...
rakoBa, 410 A, C Apy1, n€N; u AjU...UA,U...= A, to lim P(A,)=P(A4).
n—oo

Mozxno JI0Ka3aThb, 9YTO aKCUOMBI 3’ nids COBOKYITHOCTU PaBHOCHUJIBHBI aKCHOME 3.

3ameuanune 2.1 Ecju npocTpaHCTBO 371eMEHTAPHBIX UCXO0B ) sIBJISIeTCS] KOHEYHBIM HJIH CUETHBIM MHO-
JKECTBOM, TO KaXKJIOMY 3JIEMEHTApHOMY HMCXOIy w; € §2, 4= 1,2,..., MOYXKHO MOCTaBUTH B COOTBETCTBUE

qucso P(w;) = p; = 0 Tak, 910
o0
Z Pw;) = Zpi =1
w; €EQ i=1

Torma myist o6oro cobbirus A C € B cuity akcuoMbl 3 BepoaTHOCTh P(A) paBHa cymMe BeposiTHOCTEl
P(w;) BCex Tex syieMeHTapHBIX UCXOJIOB, KOTOPBIE BXOIAT B cOObITHE A, T.€.

P(A)= ) P(wi).
w;EA

Takum 06pa3oM, MbI OIIPEIETNIN BEPOATHOCTD JI000T0 COOBITUS, UCIOIB3Y S BEPOSATHOCTH dJIEMEHTAP-
HBIX MCXOIOB. 3aMETHM, YTO BEPOSTHOCTH 3JIEMEHTAPHBIX MCXOJIOB MOXKHO 33J1aBATh COBEPIIEHHO ITPO-
MU3BOJIBHO, JIUINb Obl OHU OB HEOTPHUIATEIHLHBIMA W B CyMMe COCTABJISLIN eauHully. VIMeHHO B 9TOM U
COCTOUT UJiesi AKCHOMATUIECKOTO OIPEJIEIeHNsT BEPOSTHOCTH. 7

B cnenmyrormieit Teopeme JIOKayKeM yTBEPKJIEHUsI, OMMMCHIBAIOININE PsIJI TTOJE3HBIX CBOWCTB BEPOSITHOCTH.

Teopema 2.1 Bepoammocmbv ydo6aemeopsaem cAedyouwum ce0TUCmEaM.

1. Bepoammuocmb npomusonoaoscrozo cobwmus P(A) =1—P(A).

2. Beposmmocmo neeoamodrcrozo cobvimus P(B) = 0.

3. Ecau A C B, mo P(A) < P(B) (“boavwemy” cobvimusa coomeememeyem 60AvUaAA BEPOATNHOCTIY ).
4. Beposmmocmo saxarouena mescdy 0 u 1: 0 < P(A) < 1.

5. Bepoammuocmo obsedunenusn deyx cobmmuii P(AUB) =P(A)+P(B)—P(AB).

6. Bepoamnocmv obsedunerun A106020 KOHEUHO20 HUCAA COOBIMUTL

+P(A1AsAz) + ...+ (—1)"TIP(A1 Ay, .. A,).



JTOKABATEJBCTBO. Iockombky = A+ A, To, coriacHo pacmupeHnHoii axcuome cioxkenusi, P(Q) =
P(A)+P(A), oTKyza ¢ y9eToM aKCHOMBI HOPMHPOBAHHOCTH TOJTydaeM yTBepuKienne 1.

YrBepxkaeHue 2 BoiTekaeT 3 pasencrsa A = A+ () m pacmmpeHHOIT AKCHOMBI CJIOZKEHUS.

ITycrs A C B. Torma B= A+ (B\ A). B coorBercTBHI ¢ PACHIIPEHHOI akcHOMOil ciioxkenus P(B) =
P(A)+P(B\ A). Orciona u u3 akCHOMBI HEOTPHIATEIHHOCTH IPUXOJUM K YTBEPXKICHUIO 3.

B wacTHOCTH, TaK Kak Beerga A C {2, TO ¢ y9eTOM AKCHOMBI HEOTPUIATEILHOCTH MOy IaeM yTBEPK Ie-
Hue 4.

IMockonbky AUB = A+ (B\ A), B=(B\ A)+ AB, 10, UCIIOJIb3ysl PACHIUPEHHYIO AKCUOMY CJIO-
skennst, HaxomuMm P(AU B) =P(A) +P(B\ A) u P(B) =P(B\ A) + P(AB). IloacraBiss B nepsoe u3
HOCJIEHNAX JBYX PaBeHCTB BeposTHOCTh P(B '\ A), BBIpaskeHHYI0 M3 BTOPOIO PAaBEHCTBA, MPUXOIUM K
YTBEPZKJIEHUIO J.

YrBepkeHne 6 MOXKHO JOKA3aTh C MOMOIIBI0 METOJa MAaTeMAaTHIeCKOH MHJYKIUHU 1o n. Tak, Jyist
Tpex cobbrruii A, B u C

P(AUBUC) =P(A) +P(BUC) — P(A(BUC)) = P(A) + P(B) + P(C) — P(BC) — P(ABU AC) =
= P(A) +P(B) +P(C) — P(BC) — P(AB) — P(AC) + P(ABC).

st teThIpex u 6oJiee COOBITUM ITO YTBEPXKICHNE TPOBEPHTE CAMOCTOATETHHO.

3ameuanue 2.2 YTBep:xkeHus 5 1 6 HASBIBAIOT MEOPEMAMU CAOHCEHUS BEPOAMHOCTET [Tl IBYX
U JIJIS 1, COOBITUI COOTBETCTBEHHO.

[IpuBenem nmpuMep, MOKA3BIBAIOININI, IYTO €3 yUIeTa TOro, YTO COOBIMUA COBMECTIIHDLE, MOXKHO IPUIATH
K HEIPaBUJILHOMY PE3YJIbTaTy.

ITpumep 2.3 OubiT COCTOMT B JBYKPATHOM IOJAOPACHIBAHUNA CUMMETPUYHON MOHeThI. HaiijeMm BeposiT-
HOCTB COOBITHS A, O3HAYAIOIIEro MosBIeHNe “repba”’ XoTs 661 oauH pa3. OboszHaunM A; nossiaenue “repba”’
npu i-M nojadpacoiBanuu, i = 1,2. dcuo, uro A = Ay U As, 1 B COOTBETCTBUU C KJIACCUYECKON CXeMOii Be-
positHocT P(A;) =P(A43) = 7 Eciin #He yuurbiBaTh, yT0 A7 m Ay — cOBMECTHBIE COOBITHSI, TO MOXKHO
MOy IUTD “pe3yabTar’
1 1
P(A)=P(A;)+P(Ay) = 3t5= 1,

MIPOTUBOPEYAIHA 3IPABOMY CMBICITY, TIOCKOJIBKY SICHO, 9TO cobumue A He siBisiercst docmoseprvim. 1lpu-

MEHs1 TeOPpEMY CJIOZKEHUS JIJIfI JIBYX COBMECTHBIX COOBITHI 1 yauTbiBad paBEHCTBO P(Al Ag) = E, HaXOJUM

P(A) = P(A1) +P(43) ~ (4 4z) = 5 +

|
N
i

Ounpexnesnenne 2.5 Tpoiiky (€, B, P), cocrosiiyo u3 OpocTpaHCTBa 3JIEMEHTAPHBIX UCXOI0B ), ¢ o-
ayredbpoit cobbiTHil B 1 onpenesieHHO Ha B BeposgTHOCTH P, HA3BIBAIOT 8EPOAMHOCTNHBIM NLPOCTPAH-
cmeom.

Takum 06pa30M, IIOHATHE BEPOATHOCTHOI'O IIPOCTPAHCTBaA O6’b€ﬂI/IHHeT XOpOoHIo n3BeCTHLIE (I)I/I3I/I‘{€CKI/I€
IIOHATUA: UCXO OIIbITA, CO6I)ITI/I€7 BEPOATHOCTD COOBITHSI.
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Jleknnus 3

YcioBHad BEPOATHOCTD

Pacemorpum cobwmus A m B, cBsI3aHHBIE C OJHUM W TE€M K€ ONBITOM. 1lycTh M3 KaKUX-TO UCTOYHUKOB
HaM CTaJI0 U3BECTHO, YTO cOObITHE B HACTyIMJIO, HO HE U3BECTHO, KAKON KOHKDPETHO U3 IAEMEHMAPHBILT
ucrodos, cocmasastouur cobvimue B, mpousorien. YTo MOXKHO CKa3aTh B 9TOM CJIydae O 6ePOAMHOCIA
cobomus A?

BepositHocTh cOOBITHSI A, BBIYHCJIEHHYIO B IPEJIIOJIOXKEHUU, YTO COObITHE B IIPOU30ILIO0, PUHATO
HA3BIBATb YCA08HOT 8epoamHocmbio n obosHauats P(A|B).

[TousiTre ycC/IOBHO#I BEPOSITHOCTH WUT'PAET BarKHEHINyK pOJIb B COBPEMEHHOI TeOpHH BEPOSITHOCTEI.
VcsioBHAST BEPOSTHOCTD MO3BOJISIET YIUTHIBATD JIOMOJHATEIHHYIO HH(MOPMAIMIO TIPU OIPE/IEIEHUU BEPO-
SITHOCTH COOBITHS. B psijie ciydaeB mpu MOMOIIY YCJIOBHON BEPOSITHOCTH MOXKHO CYITIECTBEHHO YIIPOCTUTH
BBIUNCJIEHNE BEPOSITHOCTH. [OHSITHIO yCIIOBHOIM BEPOSTHOCTH U TOCBSIIEHA HACTOSINAS JIEKITHS.

Onpenenenue ycJaoBHOII BEPOSITHOCTH

IIpeamonokuM cHavasa, 9TO Mbl HAXOIUMCS B paMKaxX Kaaccuueckol cxemol. 1lycrs cobwmuam A u B
onazonpuamemsyiom Nao u Np ossemenmapruvir ucrodog coorBercTBeHHO. IlocMoTpuM, 9TO JgaeT Ham
nmMeromasics uadopMmarus o coobitun B. IlockosnbKy cobbitre B mpon3o0Iio, TO JOCTOBEPHO M3BECTHO,
9TO B PE3yJIbTATE ONbITA MOSIBUJICSA OMUH u3 Np 3JIEMEHTAPHBIX WCXOJOB, COCTABJISIOMUX coObiTHEe B.
3Ha4YuT, Ternephb yKe IPU OIPEJICJIEHUN CTEIeHN BO3MOYKHOCTH COObITHsI A HEODXOJUMO BBIOMPATH TOJIb-
KO u3 Np BO3MOXKHBIX HCXOJIOB, IIPUYEM COOBITHIO A OJIaronpusirCrByioT Nop HMCXOJOB, IIPU KOTOPBIX
MIPOUCXOSAT U cobbiTre A, u cobbiTre B, win, ApyruMu cjioBamu, npoucxogut coobitue AB. Ilpu srom
no-rpexkHeMy OyzeMm cuuTarh Bce Np BXOASIUX B coObiTHe B mcxomoB paBHOBeposTHBIMEU. [loaTomy
ycaosnyto eepoamuocms P(A|B) cobbirus A npu ycioBun cobbitust B B paMKax KJIACCUIECKOR cxe-
MBI BEPOSITHOCTH €CTECTBEHHO ONPEJIEIUTh KaK OTHOIIeHne ducyia Nop UCXO/IOB, OJIaronpusaTCTBY IOMINX
COBMECTHOMY OCYIIIECTBJIEHUIO cOObITUil A u B, K dncily Npg UCX010B, 6JIArONPUSITCTBYOIINX COOBITHIO
B, e P(AB) = Nag
Np

Eciu renepb moie/MTh 9UCIUTETb> U 3HAMEHATEb [TOJTyYeHHOTO BhIpaykeHus Ha obiiee aucio N ajte-
Nap/N P(AB)
Np/N — P(B)

Ha ocHoBanum n3/10’KEHHOTO BBIIIE MOYKHO JATh CJIEIYIONIee OIpeIeIeHue.

MEHTAPHBIX UCXOMOB, TO npujeM K dhopmyse P(A|B) =

Onpegesienne 3.1 Yeaoenoli seposmmocmavio cobbitusa A npu yciaosun (HacTyIieHHH) coObITus B
Ha3bIBAIOT OTHOIIIEHIE BEPOSITHOCTH nepecevenus cobvimui A u B K BeposiTHOCTH COOBITHS B:

P(AB)

P(AIB) = "7

(3.1)

ITpu srom npejuonarator, aro P(B) # 0.

B cBs13u ¢ mosiBiienneM TepMumHa, “yCIOBHAST BEPOSITHOCTE  OyIeM BEPOATHOCTH COOBITHS HA3BIBATD
TaKkXke 6e3Yca08HOT 8EPOAMHOCTHIO COOLITHSI.
Pacemorpum Teneps ycosayto BepositHocTh P(A|B) kax dyHKIuO cobbrThst A.

Teopema 3.1 Veaosnas eepoammuocmo P(A|B) obaadaem scemu c8oticmeamu 6€3ycio8Hol GEPOAMHO-
cmu P(A).
JIOKABATEJIBCTBO. /[ns JOKa3aTesbCTBa JOCTATOYHO IIOKA3aTh, 4TO YCJIOBHAs BeposaTHOCTb P(A|B)
yAoBieTBopsier akcuomaM 1, 2 u 3 (em. 2.3).

W3 onpenesnenus 3.1 ciestyer, 9TO yCIOBHAS BEPOSITHOCTD, V/IOBJIETBOPSIET AKCHOME HEOTPHUIATEIHHO-
CTH, TaK KaK IUCJIATENb JPOOH SIBJIAETCS HEOTPUIATEIBHBIM YHUC/IOM, & 3HAMEHATEIb — IIOJIOKATEILHBIM
“IHCJIOM.
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P(QB P(B
IMockonbry Q2B = B, 10 P(Q|B) = P((B)) = PEB; =1, T. e. yCJIOBHAasA BEPOATHOCTH YZOBJIECTBOPAET

aKCHOMe HOPMUPOBAHHOCTH.
Hakownen, myctb Aq,...,Ay,... — nonapho wenepecexarouuecsa cobvmus. Torma

(Ai+...4+A,+..)B=AB+...4+ A,B+...

P@h+m“+Aﬂ+“wB):P«A1+ué&§n+ujB):
_P(AB)+...+P(4,B) +...

P(B)

=P(A{|B)+...+P(4,|B)+...,

rae B IIOCJ/IEJHEM DPAaBEHCTBE HCIIOJIb30BaHO CBOWCTBO YMHOXKEHNA CXOJANICTOCA DPAJla Ha IMOCTOAHHYIO.
CJIQ,Z[OBaTeJIbHO, yCJI0BHaA BEPOATHOCTD YIOBJICTBOPAECT pacwupem—toﬂ AKCUOME CAOHCEHUSA 3.

Cwmbicst Teopembl 3.1 3aKJII0YAETCsT B TOM, 9TO YCJIOBHAsI BEPOSITHOCTD IIPECTABIISIET CO00 6e3yC/IoB-
HYIO BEPOSITHOCTB, 3aJaHHYI0 HA HOBOM NPOCMPAHCMEE 11 NEMEHMAPHVIL UCT0006, COBIAJAIOMIEM C
cobpiTeM B.

ITpumep 3.1 PaccMOoTpuM OIBIT C OJHOKPATHBIM OPOCAHWEM WIPAJbHON KOCTU, HO HE OOBIYHOI, a C
paCKpaIlleHHbIMY IPpaHsMU: TpaHu ¢ nudpavu 1, 3 u 6 OKpallleHbl KpaCHbIM, a rpanu ¢ Iudpamu 2, 4 u
5 — GestbiM 1BeTOM. BBeieM cobbiTust: A1 — BBIAJIEHNE HEYETHOTO YUC/Ia 0UYKOB; Ay — BB EHIE Y€THOTO
quciia O9KOB; B — mosiBiieHne rpanu KpacHOro 1sera. VIHTYUTHBHO $ICHO, 9TO €CJIM IIPOM3OIIIO COObITHE
B, 10 yciioBHas BEpOATHOCTH cOObITUs A1 GOJIbIlIe, YeM YCJIOBHAS BEPOSTHOCTH COOBITUSL A, IIOCKOIBKY
HA KPaCHBIX I'DAHSIX HEYETHBIX YHCEJ B JIiBa pas3a OoJibIlle, YeM YETHBIX. 3aMETHM, UTO 0Oe3yCJIOBHBIE
BEPOATHOCTU COOBITUI Ay M Ay P ITOM OJMHAKOBBI U PABHLI, OUEBUIHO, 1/2.
Haiinem ycioBubie BepositHOCTH coObiTuit A1 u As tipu ycjioBun cobbitust B. OdeBuiHO, 9TO
Nap 2 1 _ Na,p 1 3 1

P(A1B) = N "5-3 P(AyB) = =g P(B) =" =-.

CiietoBaTeibHO, B CHITy Onpejiesienns 3.1 yCIIOBHOI BEpOSITHOCTH UMeeM

PLB) = =5 PAalB)= 75 = 5.

9TO MOJITBEPK/IAET HAIlle TPEIITOJI0XKEHNE.

FeOMeTqueCKaﬂ nHTepIlIpeTanusd YCHOBHOﬁ BEPOATHOCTHU

ITpu NPakTUIECKOM BBIYHUCICHUN YCJIOBHOM BEPOSTHOCTH COOBITHsI A 1IpU yCjio-
BUH, 94TO COObITUE B IPOU30ILIO, 9aCTO yA0OHO TPAKTOBATH YCJIOBHYIO BEPOATHOCTD
Kak 6e3yCJIOBHYIO, HO 33JaHHYIO HE HA UCXOJHOM IIPOCTPAHCTBE () 9JIeMEHTAPHBIX UC-
XOZIOB, & Ha HOBOM TPOCTPAHCTBe ()] = B 3/leMeHTapHBIX UCXOMIOB. JleficTBUTeNBHO,
HCIIONIB3YsI 260MEMPUUECKOE ONPEJEAEHUE BEPOATMHOCTU, TIOTyIaeM Jisi 6e3yCIIoB-
HOI ¥ yCJI0BHOU BepositHOCTEl cobbitus A (Ha puc. 3.1 3amrpuxoBannas 00/1aCTh
cooTBeTcTBYeT coObITHI0 AB): Puc. 3.1.

~ Sa Saa P(A|B) = Sap/Sa  Sap _ Saa,
=228 = = = .

SQ SQ SB/SQ SB Sﬂl
3neck S4, Sq u T.A. 0603HAUYAIOT cooTBeTCTBEHHO Itomaau A, ) u 1. Takum 06pa3oM, BbIparKeHue
st P(A|B) 6yner coBnagars ¢ BeipaxkenuneM it P(A), BBIYHCIEHHBIM B COOTBETCTBHU CO CLEMOL 2€0-
MEMPUMECKOTE 6EPOATNHOCTIU, €CIIU UCXOJTHOE MMPOCTPAHCTBO §) 3JIeMEHTAaPHBIX UCXOJIOB 3aMEHUTH HOBBIM

npocTpancTsoMm {2y = B.

P(4)

ITpumep 3.2 U3 ypubl, B KOTOPOit a = 7 Oestbix u b = 3 4epHBIX MIAPOB, HAyra/] 6€3 BO3BPAIIEHUs N3BJIe-
KaoT JBa mapa. [IycTh coObiTre A; COCTOMT B TOM, UTO NEPBbIA WU3BJACYEHHBIA M3 YPHBI MIAD ABJISETCHA
GesibiM, a Ay — GestbiM siBaIsieTcst BTOpoii map. Tpebyercs: Hatitun P(As|A7).
IIpusenem pemenne 3Toi 33191 ABYMs CIIOCOGAMMU.
Ilepeorit crioco6. B coOTBETCTBAM € ONpeiesieHueM yCIOBHOH BEPOSTHOCTH MMeeM (OITyCKasl MOsICHe-
HUsA):
P(A142) _C7/CF, _ 2

PURIA) =0y T e, T E
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Bropoit criocob. Ilepeiiiem K HOBOMY ITpOCTPaHCTBY {21 3j1eMeHTapHbIX UCXOJ0B. Tak Kak cobbiTre Aj
TPOU3O0IILIO, TO 3TO O3HAYAET, YTO B HOBOM ITPOCTPAHCTBE 3JIEMEHTAPHBIX MCXO/IOB BCET'O PABHOBO3MOXKHBIX

ncxonoB Ng, =a+b—1=9, a cobbrruio Ay GmarompusarcTByer mpu 3ToM Ny, = a — 1 = 6 uCxXomoB.

6 2
Caenosarensro, P(Ag|Aq) = 5=3

CI)opMyJIa YMHO2KeHNnA Bep0ﬂTHOCTefI

TIpu perenun pazIMdHbIX 33189 BEPOSITHOCTHOTO XapaAKTEPa 4acTO WHTEPECYoIIee HAC cobbimue A MOXK-
HO TOCTATOYHO IIPOCTO BHIPA3HTHL 9epe3 HEKOTOpbIe coObitud A, As, ..., A, ¢ momompio onepayuti 06s-
edunerusn wim nepeceverus. Beou A= Ay As... Ay, 10 1uia Haxoxaenus: éeposmuocmu P(A) cobprrus A
OOBIMHO yJI00HO MCIOJIB30BATD CJIELYIONLYIO TEOPEMY.

Teopema 3.2 (Teopema yMHOX»KeHUs1 BeposiTHOcTel) ITycmo cobvimue A= A1Ay... A, (m. e. A —
nepeceuenue cobvmut Ay, As, ..., An) uP(A) > 0. Toeda cnpasedauso paserncmso

P(A) =P(A1)P(A3|A1)P(A3|A1As)...P(A,|A1As. .. Apy),

Ha3v6aemoe PopMYAoT YMHOIHCEHUS BepoamHocmed.

JOKA3ATENBCTBO. Ilockonbky P(A) =P(A1A42...A,) >0, a A1Ay... Ay D A1As. . A, (k=1,n—1),
Tou P(A) =P(A1A;... Ag) > 0. YauTsiBasi 370 HEPABEHCTBO, COMVIACHO ONpe/ieseHuIo 3.1 yca06Hol eepo-
AMHOCTNU, UMEEM

P(A1Ay... Ay)

(A1As... Apq)

Ymuoxkast 0b6e yacTu 3roro papercTsa Ha P(A1As ... A, _1), mosydaem

P(Au|A1ds.. Aur) = 5

P(A1A5...A,) =P(A1As... A, _1)P(A,]|A145. .. Ay_q).
Ananornuno Haxomum P(A1As.. A1) =P(A1A4s... Ay 2)P(An_1]A1As. .. A, _5). Torpa
P(A1Ay... A,) =P(A1As. .. Ay _9)P(Ap_1]|A1A40.. . Ay_2) X P(A,|A1As. . Ay q).
TIpomoiKkas 3Ty nponeaypy, noiaydaeMm hopMyily yMHOXKEHUS BEPOATHOCTEN.

IIpumep 3.3 Ha cemn kaprouxax mammcans! 6ykssI, obpasyiomue caoso “COJIOBEI”. Kaprouku nepe-
MENIUBAIOT U U3 HUX HAyTaJl [TOCJIe0BATEILHO M3BJIEKAIOT U BBIKJIA/IBIBAIOT CJIEBA HAIIPABO TPU KAPTOUIKH.
Haiizem BeposTHOCTH TOrO, 9TO 1OJydnTcst cioBo “BOJI” (cobbitue A).

Bsemem cobbiTusi: A7 — Ha IepBOil BLIOpaHHON KapTouke HammcaHa Oyksa “B”; As — ma BTOpoOit
kaprouke — OykBa “O”; A3 — Ha Tperbeil Kaprouke — Oyksa “JI”. Torma cobbitue A ecth niepecede-

Hue cobbituit A1, As u As. CilenoBaresibHO, B COOTBETCTBUH € (POPMYJION yMHOXKEHHSI BEPOSITHOCTEI
P(A)=P(A1A5A3) =P(A1)P(A3]A1)P(A3|A1As). CormacHo kaaccuueckomy onpedeneruro 2.1 seposmmo-

emu, umeeM P(A;) =

~—T

Ecmu cobbitne A; mpows3oInnio, TO Ha IIECTH OCTABIIUXCA KapToukax Oyksa “O” BcTpedaeTcss JBa

2 1
pasa, Mo3ToMy yCJoBHasi BepositHOCTb P(Az]A;) = 6= 3 Ananornuno onpenensiem P(As|A;145) = 5

1
Oxonuarensro nosydaem P(A) =P(A14243)=— - - - =1~ 0,0095.

HezaBucumble u 3aBuUCUMBbIE COOBITHUS

U3 paccMOTpPEHHBIX BBIIIE IPUMEDPOB BUIHO, UTO Ycaoshas seposmuocmy P(A|B) cobwmus A npu ycio-
BUH, YTO cOObITHE B IPOM30ILIO, MOXKET KaK COBHAIATh C be3ycaoshotll eeposmuocmvio P(A), rak u He
COBIIAJATD, T.€. HACTYILIEHHE COOBITHS B MOYXKeT BIUSITH WIH He BIUATH HA GEPOAMMHOCTG cobvimus A.
TlosTOMY €CTECTBEHHO CTeleHb CB3U (MU CTElNeHb 3aBUCUMOCTH) cobbituil A u B oueHuBaTh IryTeMm
COTIOCTABJIEHHS UX YCJIOBHBIX BepostHocTeilt P(A|B), P(B|A) ¢ 6e3ycIOBHBIMI.

Omnpenenenne 3.2 Cobvwmus A u B, nMerolue HEHYJIEBYIO BEPOSITHOCTh, HA3BIBAIOT HE3A6UCUMbBL-
MU, €CJIN YCJIOBHAS BEPOSITHOCTL A 1ipu ycsioBuu B coBmajiaeT ¢ 6€3yCa0BHOM BEPOATHOCTHIO A Min ecyin
YCJIOBHAsI BEPOSTHOCTH B nipu ycjioBun A coBnajgaer ¢ 6e3yCjaoBHOM BEPOSITHOCTHIO B, T.e.

P(A|B) =P(4) (3.2)

nJjIm

P(B|A) =P(B), (3.3)

B IPOTUBHOM CJIy4ae cobvymus A 1 B Ha3BIBAIOT 3A6UCUMDBLMU.
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Teopema 3.3 Cobvimus A u B, umerouue HEHYAESYI BEPOATNHOCTIIL, ABAMIOTCA HE3ABUCUMBLMU 0200,

U MoAbKo moada, Koz2da
P(AB)=P(A)P(B). (3.4)

JIOKABATEJIBCTBO. Ilycrs Boinosreno paserctso (3.3). BocosbzoBasiuch Gopmyaots ymmootcerus ee-
posmmocmeds Uit IBYX COOBITHIA, TIOTYIUM

P(AB) =P(A)P(B|A) =P(A)P(B).

K anajioru4noMy BBIBOJY HPUXOJMM U B CJIydae BBIIOJHEHUs PABEHCTBA (3.2), T.e. U3 yCJOBUSA HE3ABU-
cuMmocTa cobbITuii caemnyer (3.4).

O6patrno, mycTb BoioaHeHo paBeHcTso (3.4). Torua, cornacho onpesenenuro 3.1 ycjaoBHOM BepOATHO-
cru,

PUIE) = ) =PL)  w P(BIA) = ) ()

T.e. B ity omnpefiesienust 3.2 cobbitust A u B He3aBUCHMBI.

Taxum 00pa3oM, B Ka4eCTBe IKBUBAJEHTHOTO OIIPE/IETEHUS HE3ABUCUMOCTH JABYX COOBITUI, MMEIOIINX
HEHYJIEBYIO BEPOATHOCTb, MOXKET CJIYy2KUTh CJIeJIyIolee ollpesesieHue.

Onpepnesienne 3.3 Cobbitusi A u B HA3BIBAIOT HE3ABUCUMBIME, €CJIH BBIIOJIHSIETCS PABEHCTBO (3.4).

OTrMernM, 9TO MOCTIEHUM OIIPE/IETICHIEM MOYKHO ITOJIb30BATHCH JIa’Ke B TOM CJIydae, KOIJIa BEPOSTHO-
ctu cobbiTnit A mau B paBHBI HYJIIO.

3ameuanue 3.1 U3 teopemsbr 3.3 cieiyer, 910 ecjid B OHpeJeIeHNN 3.2 HE3ABUCUMOCTH BBIITOIHIETCS
o71HO m3 paseHCTB (3.2) mim (3.3), TO BBINONHSETCS aBTOMATHYECKH U JPYroe, T.e. B ONpeIeseHnn 3.2
JIOCTATOYHO IOTPEOOBATH BBIIIOJIHEHUS JIIOOOTIO OJHOI'O U3 HUX.

ITpumep 3.4 U3 kosomer KapT, comepxkaiieit n = 36 KapT, HayraJl U3BJIeKalOT onHy Kapry. ObozHagnMm
qepe3 A cobbITHE, COOTBETCTBYIOIIEE TOMY, 9TO U3BJI€YEHHA KapTa OyIeT TUKOBOI MacTH, a B — cobbiTue,
COOTBETCTBYOIIEE MOsABIEHNIO “naMbl’. OIpeaesnM, ABJISIOTCS JIM 3aBUCUMbIMU coObITust A n B.

[Tocsie BeramcIEHU Oy YaeM

9 1 4 1 1 P(AB) 1/36 1
PA=—=-, PB)=—=>, P(AB)=—, PBlA)=-—"t="L2_"_pnB
T.€. BBIIOJHSAETCH PaBEHCTBO (3.2), 1 mosToMy coObiTust A 1 B He3aBucuMbl. OTMETHM, 9YTO B COOTBETCTBHI
1 1
¢ 3amevanueM 3.1, umeer Mecto u pasencrso (3.3) P(A|B) = 4;;’2 =1= P(A). CrenoBaresbHO, COOBITHS

A u B He3aBUCUMBL.  #

Wsmenum Teneps ycsioBUs OIBITA, JOMOJIHUTENBHO J00aBUB B Kooy, pomycruMm, N = 100 “mycToix”

kapr (6e3 pucynka). amenurcs ju orser? Vmeem P(B) = — = 30 T 0e3yCIOBHASA BEPOATHOCTD

136
P(AB 1/136 1
cobbiTust B ymenbmmtack. OnHako yeaosHas BeposTHocTh P(B|A) = P(AB) _1/136 1 He U3MEeHWJIACh,

P(A)  9/136 9

T.¢ cobpITusr A 1 B crajy 3aBUCUMBIMUA.

Teopema 3.4 Ecau cobomusa A u B ne3asucumoie, Mo He3a46UCUMbBLMU MAKHCE ABAAOMCA NAPLL COObL-
muii A u B, A u B, A u B, ecau 6epoamnocmu coomeemcmeyiouus cobumuti Henyaeavie.
JIOKA3ATEJILCTBO. B cmny reopembr 3.1 m mHezaBucumoctun cobbituit A u B umeewm: P(Z|B) =1-
P(A|B) =1- P(A) = P(Z), 9TO O3HAYAET HE3ABHCHMOCTH cobbiThit A m B. HezaBHeMMOCTH OCTATLHBIX
map COOBITUII MOXKHO JOKA3aTh AHAJOIUTIHO.

Onpenenenue 3.4 Cobvimus Ai,As,..., A, Ha3BIBAIOT HE3ABUCUMDBIMU 6 COBOKYNHOCMU, €CJII
BEPOSITHOCTH MeEPecedeHus OObIX JBYX PA3JUIHBIX coObimull paBHA TPOU3BEICHUIO BEPOATHOCTEH 9TUX
COOBITHIT; BEPOSITHOCTD IIE€PECEYeHUsi JTIOOBIX TPeX COOBITHI paBHA MIPOM3BEICHUIO WX BEPOSTHOCTEM;. . .;
BEPOSITHOCTD TTEPECETEHNsT BCEX COOBITHI paBHA MPOU3BEICHUIO UX BEPOSTTHOCTEIX.

s cobbrruit Ap, As, ..., Ay, HE3ABUCUMBIX B COBOKYITHOCTH, MMEET MECTO YTBEPKICHHUE, aHAJTOTTI-
HOE YTBEPXKJIEHUIO TeOpeMBI 3.4.

Teopema 3.5 Ecau cobwmusa A1, Az, ..., A, HeE3a68UCUMBL 6 COBOKYMHOCTIU, O U  COOBIMUSA
Ay, As, ..., Ay He3a8UCUMbBL 8 COBOKYNHOCTU. — #
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Ecsm Tosbko siobbie JABa CcoOBITHS U3 ILaHHOfI COBOKYITHOCTHU fABJIAIOTCA HE3aBUCUMbBIMU, TO I'OBOPAT O
nonaproli He3asucumMocmu cobbvymutl U3 STOH COBOKYITHOCTH.

Taxk ke Kak I B ClIy4dae IByX (306I)ITI/II‘/'I7 MO2KHO IIOKa3aTh, YTO Ha BEPOATHOCTD KazKI0I'O U3 HE3aBHUCH-
MBIX B COBOKYITHOCTH COOBITUH HE OKA3BIBAET BJINAHNE IIOABJICHNE NJIN HEIIOABJICHE OCTAJIbHBIX COOBITHUIA.

3ameuanue 3.2 B cuiy onpejeseHns HE3aBUCUMOCTU COOBITHII B COBOKYIIHOCTU (HOPMYAG YMHO-
orcenus  eeposmmocmeli IS HE3aBUCAMBIX B COBOKYIHOCTH coObituii mmeer Buy P(A145...A,) =

P(A1)P(A2)...P(A,). #

W3 mezaBucuMoOCTH COOBITHII C HEHYJIEBBIMU BEPOSITHOCTSIMU B COBOKYITHOCTH, COLJIACHO Teopeme 3.3,
cJlelyeT WX TonapHas He3aBUCHMOCTh. OHAKO M3 MOMAPHON HE3aBUCUMOCTH, BOOOIIE TOBOPS, HE3ABUCH-
MOCTb B COBOKYITHOCTU HE CJIEJIyeT, YTO JeMOHCTPHUPYET CJIeAyIomuil Ipumep.

ITpumep 3.5 OubiT COCTOUT B OJHOKPATHOM IOAOPACBIBAHUU TETPA3/Ipa, IPAHM KOTOPOIO “IIPOHYyMEPO-
BaHbI” CJCIYIOMUM 00pa30oM: Ha Tpex rpaHsax croar nudpbl 1, 2 u 3 coorsercrBenno (ogHa mudpa Ha
KaXKJIOi U3 HUX), & Ha 9eTBepTOoii npucyTcTByoT Bee nudpnt 1, 2 u 3.
Bsemem cobwrtns A; — majieHme TeTpasApa Ha TpaHb, Ha KOTOPOH IpHCyTCTByeT mudpa i, i = 1,3.
[Tokaxkem, uro cobbitusi Ay, Ay u As ONApHO HE3ABUCHUMBI, HO 3aBUCUMBI B COBOKYITHOCTH.
CoryiacHO KJIaCCUYIECKOMY OIIPEJIETICHUIO BEPOSITHOCTH, [TOJIYIaeM
2 1 — P(A4142) 1/4 1

PAi)=7=5 =13 Plhld)=—prre=571=5

1 _
Amnamormuano P(4;]4;) = 5 upH Jo0bIX 4,7 = 1,3, i # j, T.e. cobbrtust Ay, As u Az ABIAIOTCS TOTIAPHO

nesapucumbiMu. OnHako, Hanpumep, P(A;|A2A3) = W = 1;1 =1#P(41), 1. e. cobbiTus Aj,
243

Ao u A3 3aBUCHMBI B COBOKYITHOCTH.  #

3ameTuM, 4TO, KOIJa TOBOPSIT O HE3ABUCUMOCTH COOBITHI A1, ..., A,, MOApa3yMeBalOT UMEHHO HE3a-
BHUCHMOCTh COOBITHIT B COBOKYITHOCTH, B OTJIMYME OT MONAPHON HE3aBUCUMOCTU COOBITUH A1, ..., A,.

Sanumem GOPMYITy I BEPOSATHOCTH 065edutenus He3aBUCUMBIX cobvimud. [lyctb A= A1 U...UA,,.
Torma B coorBeTcTBHU C 3axonom de Mopeana A= A;...A,. Ecmu cobbitust Ay, ..., A, He3aBHCHUMBIE,
TO, COrJIACHO TeopeMe 3.5, cobbitua Ay, ..., A, Tak»Ke He3aBHCHMbIC U, 3HAYMNT, P(Z) = P(Zl) ...P(Zn).
Orciofla OKOHYATENHHO TOIydaeM (POPMYAY st 8EPOAMHOCTIU 005E0UHEHUSL HE3ABUCUMDBLL CO-
bvimui:

P(AjU...UA,)=1-P(A,U...UA,)=1-P(A;N...NA,) =
—1-P(A})...P(A,) =1—[1—P(A))]...[1-P(4,)].

3ameuanue 3.3 (0 CBA3M MEXKAY COBMECTHBIMU UM 3aBUCUMBbIMU cOObITUsIME). MexK 1y HOHITH-
MU “HECOBMECTHBIE 1 “He3aBUCUMbBIE” COOBITHUST UMEETCS CJIEIYIONIasi CBI3b:
1) eciu A u B — nmecosmectrble cobbitust (u P(A) # 0, u P(B) #0), To 0HE 063aTeBHO 3aBUCUMBIE;
2) eciiu A u B — coBMeCTHBIE COOBITHUS, TO OHH MOTYT OBbITH ¥ 3aBUCHUMBIMU U HE3QBUCUMBIMU;
3) eciiu A u B — 3aBucumble COOBITHUS, TO OHU MOTYT ObITh M COBMECTHBIMU U HECOBMECTHBIMU. 7
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Jlekims 4

dopmyJia IOJIHOIT BEpPOATHOCTN.
®Oopmyaa baiieca. Cxema bepnysnim

D®opmyJia MTOJTHOI BEPOSITHOCTHU

[TpeamonokuM, ITO B pe3yJIbTATE OMBITAa MOYKET MIPOU3OUTH OFHO U3 N cobvwwmuti Hy, Ho, ..., H,, KoTOpbIE
V/IOBJIETBOPSIOT CJIEAYIONIAM JIBYM YCJIOBUSIM:

1) oHE SIBJISIIOTCSI NONAPHO Hecoemecmuvimuy, T.e. H; H; = () upm 1 # j;

2) x0Tt GBI OHO U3 HUX O0AZATENHHO JOJKHO IIPOU30NTH B PE3YJIbTATE OLBITA, APYTUMU CJIOBAMU, UX
obsedunenue ectb docmosephoe cobwimue, T.e. Hy U...U H, = .

Onpenenenue 4.1 Cobsirust Hy,Hs,. .., H, yIoBaeTBOpsomye yCaOBUAM 1 U 2, HA3BIBAIOT 2Unome-
aamu.

3aMeTnM, 9TO eCJId COOBITHS YIOBJIETBOPSIIOT BTOPOMY U3 JIBYX YKA3AHHBIX
TpebOBaHUIA, TO UX COBOKYITHOCTD HA3BIBAIOT TLOAHOU 2PYNnnot cobvumut.
Takum 0O6pa3oM, TUIIOTE3BI — ITO MOMAPHO HECOBMECTHBIE COOBITHsI, 00Opa3y-
OIIFe TIOJHYIO TPYIILY COOBITHIA.

[IycTh TakKe MMeeTCsT HEKOTOPOE COObITHE A M U3BECTHBI GEPOAMHOCIIY

runore3 P(Hy), ..., P(H,,), KOTOpbIE IIPEIIIOIArailoTCsl HeHYIEBBIMU, U YCAOG-

noe eepoammocmu P(A|Hq), ..., P(A|H,) cobbitus A Ipu BBIIOIHEHUE STHX

runoTe3. 3ajada COCTONT B BLIYUCIEHAN 0€3YCA0BHOT 6EPOATMHOCTIU COOBITHS

A. 15t pemeHus 9TO| 3a/a49K UCHOJIb3YIOT CIIELYIONIYIO TEOPEMY. Puc. 4.1.
Teopema 4.1 IIycmo das nexkomopoezo cobvumus A u eunomesd Hy, ..., H, ussecmuos P(Hy), ..., P(Hy),
Kkomopue nosostcumenvuoy, u P(A|Hy), ..., P(A|H,). Toeda 6esycioenyro seposmmocms P(A) onpedens-

10m no Gopmy.ie
P(A) =P(H,)P(A|Hy)+ ...+ P(H,)P(A|H,), (4.1)

KOMOPYI0 Ha3veaom Gopmyasot nosHol 8ePoATMHOCTU.
JOKABATEJBLCTBO. IIpeacraBum cobbitue A B Buje

A=AQ=A(H, +...+ H,) = AH, + ...+ AH,

(na puc. 4.1 obmacth, coorBercTByROMmAast cobbiThio A, 3amrpuxosana). C y4eroM TOro, 4to COOBITHS
AH;, i =1,n, HECOBMECTHBI, UMEEM

P(A)=P(AH;)+...+P(AH,).
B coorBercTBUT C HOPMYAOT YMHOHCEHUSA BEPOAMHOCTET TTOITYIAEM
P(AH,)=P(H,)P(A|H,), ..., P(AH,,) =P(H,)P(A|H,).

ITosToMm
' P(A)=P(H,)P(A|H,)+...+P(H,)P(AH,).

QDopmMyJia OJTHON BEPOSTHOCTH IIPH BCEil CBOEI MTPOCTOTE UTPAET BECHMA CYIIECTBEHHYIO POJIb B TEOPUU
BEPOATHOCTEH.

ITpumep 4.1 IlyTHUK J0J2KEH [IONACTh U3 IIYHKTa B B IyHKT A B COOTBETCTBUU CO CXEMOIi JOPOT U300~
pazkennoit na puc. 4.2. Boibop J1000it joporu B JI000M MyHKTE paBHOBO3MOxKeH. Halijem BeposiTHOCTH
coObITUsT A — JOCTHKEHUsI Iy THUKOM HAMEYEHHON IeJIH.
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Jlng Toro 9rTobbI mONacTh B MYHKT A, MyTHUK JOJIXKEH MPOWTH OJUH
n3 IMpOMeKyTOUYHbIX yHKTOB Hp, Hy mim Hs. Beemem rumoressr H;, rre A
H; o3navaeT, 9TO MyTHUK BBIOpAJ B MyHKTe B TyTh, BEJymUil B MyHKT
H;, 1=1,2,3. fcuo, uro cobbiTust H; HECOBMeCTHbIE W OJHO M3 HUX OOsI-

B
3aTeJILHO IIPOMCXO/IUT, IPHYEM B CHJIy PABHOBO3MOXKHOCTH BBIOOPA, JIOPOT U3
B s H; P(H;) = 3 Ocraercst BeIMUCIIUTH yCJoBHBIE BepositHocTu P(A|H;),
H.
KOTOpBIE JIETKO HalTH, eC/IM PacCMaTPUBATh HOBOE NMPOCTPAHCIMEO IACMEH- ’
MapHvT ucTodos, COOTBETCTRYIONIEe BHIOpanHoil Tumorese H;. Puc. 4.2.

HaHpI/IMep, 1I0ABJICHUE H1 O3Ha4vaeT, 9TO €CThb /JIBa PaBHOBO3MOXKHBIX UCXO/1a (I/I3 IIYHKTa Hl BbIXOJAT

JiBe JIOPOTHW), U3 KOTOPBIX JIMIIL OJUH Osiaronpugarcreyer cobpituio A, r.e. P(A|Hp) = 3 Amnayornano

1
naxozuM, uro P(A|Hs) = 1" P(A|H3) = 0.

Corytacuo dopmyite 4.1 MOTHO BEPOSITHOCTH, TIOJTYIaeM

1 /1 1
P(A)=<--{-+-+0)=0,25.

3aMerumM, UTO JaHHAs 33/a9a MOXKET MMETh TEXHUYIECKYI0 MHTEPIIPETAINIO: CETh JOPOT — 3TO CETh
KaHaJIOB nepegadn undopmanuu, a P(A) — BeposTHOCTD mepesadn COOBIIEHNUs 110 TaKOM ceTu.

®opmyna Baiteca

IIycTh mo-ipexkHEMY HEKOTOpOe cobvimue A MOXKeT IIPOU30UTH C OXHUM u3 cobbituii Hy, ..., H,, obpa-
BYIOIIIX NOAHYIO 2PYNNY NONAPHO HECOBMECTVHUT coObMUL, HA3BIBAEMBIX, KaK YK€ OTMEYasIoCh, 2Uno-
mesamu. [Ipeanonozkum, 9To ussecTHol eepoamuocmu runores P(Hy),...,P(H,) (P(H;) >0,i=1,n) n
9TO B pe3ysbTaTe OlbliTa coOblTHEe A MPOM30IITIOo, T.e. MOJIydeHa JONoJHnTeIbHas uHbopMmanust. Cropa-
MMABAETCSA, KaK “HM3MEHSITCS BEPOSATHOCTH TUIIOTE3, T.€. UeMy OYIyT PABHBI YCAOBHBIE BEPOAMMHOCTU
P(H1|A),...,P(H,|A), eciu u3BecrHbl Takxke ycjoBHble BepostHoctu P(A|H4),...,P(A|H,) cobbirus
A? Inst orBeTa Ha 9TOT BOIIPOC HCHOJIB3YIOT CJIELYIOILYIO TEOPEMY.

Teopema 4.2 IlTycmo das nexomopozo cobwmus A, P(A)>0, u eunomes Hy,...,H, wu3ssecm-
nwoe P(Hy),...,P(H,) (P(H;)>0, i=1,n) u P(A|Hy),...,P(A|H,). Tozda ycaoenasn eeposmmocmo
P(H;|A), i=1,n, eunomeswv. H; npu ycaosuu cobvimusa A onpedessemces gpopmynoti Batieca

PUHilA) = P(Hl)P(A|1§1(;{i).laﬁ|jlj(ﬁfn)P(A|Hn)' (42)
JIOKABATEJILCTBO. CorsacHo ompejiesiennto 3.1 ycsioBroit Bepostaoctu, P(H;|A) = |3|()/(1::1§z) Bripaxkast
Tereps 1o gopmyae ymmoocenus sepoamnocmet P(AH;) aepes P(A|H;) u P(H;), nonyaaem P(AH;) =
P(H;)P(A|H;). llosromy P(H;|A) = W

IMoxpcrasiss Bmecro BepositaocTr P(A) ee 3HaYeHME, BBIYUCIEHHOE B COOTBETCTBUHU ¢ hopmy.aoti (4.1)
NOAHOT 6EPOAMHOCTIAU, IPUXOAUM K yTBEPXKICHUIO TEOPEMBL.

®opmysa Baiteca HAXOAUT MUPOKOE TIPHMEHEHHE B MATEMATHYECKON CTATHCTHUKE, TEOPUM IPUHSITUS
pelleHnii U UX IPUJIOKEHUIX. 3aMETUM, 4To 8eposmuocmu P(Hy), ..., P(H, ) o6braHo Ha3bIBAIOT anpu-
opHutmu (T.e. TOJyIeHHBIME “J10 ombiTa” ), a yciaoBHble 8epoamuocmu P(Hy|A), ..., P(H,|A) — ano-
cmepuopHsMy (T.e. IOJSYIEHHBIME “TIOCJIE OIbITa”).

ITpumep 4.2 Bpau mociie ocMoTpa 60JIBHONO CYUTAET, YTO BO3MOXKHO OJIHO U3 JBYX 3a00JIeBaHUil, KOTO-
pble MbI 3amudpyeM HOMepaMu 1 1 2, IpuYeM CTeleHb CBOel YBEPEHHOCTH B OTHOIIEHUH [MPAaBUJIBHOCTH
qmaruosa o onenmBaeT kak 40 % u 60 % coorsercTBeHHO. [T yTOYHEHUS JUATHO3a GOJBLHOTO HAIIPAB-
JISTIOT Ha aHAJIN3, UCXOJ KOTOPOTO JAaeT TOJOXKUTENbHYIO peaknuio npu 3abonesarann 1 B 90 % ciydaes n
npu 3abosiesannu 2 — B 20 % ciaydaes. AHAIU3 a1 OJOXKATEILHYIO peakiyio. Kak m3MeHnTcsa MHeHue
Bpada I0CJjIe 3Toro?

ObozuaunM depe3 A cobbITHE, O3HAYAOIIEE, YTO AHAJIMS J1aJl OJIOXKUTEILHYIO peakinto. KcrectBeHHO
BBECTH CJie[Iyrolnue runoressl: H; — nMeer mecto 3abosieBanue 1; Hy — nmeer mecto 3abosieBanue 2. U3
YCJIOBHI 38/Ia91 SICHO, UTO allpHOPHBIE BepogTHOCTH runore3 pasubl: P(Hy) = 0,4 u P(Hy) = 0,6, a ycios-
HbIe BeposTHOCTU cOObITUs A ipu Hasm4anu rutiore3 Hy u Ho pasabt 0,9 u 0,2 coorBercTBenHo. Mcmomn3ys

0,4-0,9
dopmyay Baiieca, naxoqum P(H;|A) = 040970602 0,75. Urax, Bpad ¢ GoJibiieil yBepeHHOCTHIO

npusHaeT Hajau4ue 3abosieBanust 1.
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Cxema Bepnyiim

IloBTOpHBIE UCTIBITAHUST — ITO MOCJIEIOBATEIHLHOE TPOBEICHUE N Pa3 OJHOTO W TOT'O YK€ OIBITA WJIU OJHO-
BPEMEHHOE IIPOBEJIEHIE 1l OJIMHAKOBBIX ONBITOB. Hampumep, npu KOHTPOJIE YPOBHS HA/IE?KHOCTH IIPUOOPA
MOTrYT JTOO MIPOBOJIUTH 7 UCIIBITAHUI C OIHUM U TE€M Ke IIPUOOPOM, €CJTU TIOC/IE OTKA3a MMOJTHOCTHIO BOCCTA~
HAaBJINBAIOT €r0 UCXOJHBIE CBOMCTBA, JUOO CTABUTH HA UCIIBITAHUS 7 ONBITHBIX 00PA3I0B 3TOro npubdbopa,
KOTOPbIE CYUTAIOT UAECHTUYHBIMU.

Onpeznenenne 4.2 Cremoti Bepryaau (nim nocaedo8amesbHOCMbI0 He3A8UCUMBLE 00UHAKO-
8bLT UCBUMAHUY, NI BUHOMUAABHOT CTEeMOU, UCIBITAHNIT) HA3BIBAIOT [10C/IEA0BATEILHOCTD HCIIbI-
TaHWIA, YIOBJIETBOPSIONIYIO CJICIYIONAM YCJIOBUSIM:

1) npu Kark/IOM HCIBITAHUU PA3JIMYaioT JIUIIb JBa UcToda: MOSBIIEHUE HEKOTOPOro cobvimus A, Ha-
3BIBAEMOTr'O “ycIexoM”, b0 MOsIBICHIE ero donoanenus A, Ha3bBaeMoro “Heymadeii’;

2) MCHBITAHUS SABJSIOTCH HE3A6UCUMbBLMU, T.€. BEPOATHOCTD yCIeXa B k-M HUCIILITAHUN HE 3aBUCUT OT
HCXOJMIOB BCEX UCIBITAHUIA 10 k-T0;

3) seposmuocmy ycexa BO BCeX UCIHBbITAHUX IIOCTOsHHA U paBHa P(A) = p.

BeposTHOCTb HEyIauu B KaXKJI0OM UCHbITaHuu 00o3Hauum ¢, T.e. P(A)=1—p=q.

IIpuBemem mpuMepbl peabHBIX HCHLITAHUIT, KOTOpbIe B TON WM WHOW CTEMEeHM “BIUCHIBAIOTCS B
paMKu cOpMYIMPOBAHHON MOJIE/IU UCIIbITAHUI 110 cxeme BepHysuiu.

1. TocsenoBaresbaoe NOAOPACHIBAHKEE 1 PA3 CUMMETPUYHON MOHETHI (3[€Ch YCIIEXOM SIBJISIETCS [10SIB-
JieHne “repba’ ¢ BEPOSITHOCTBIO p = 1/2) mim mocsieioBaTesibHOe 6pocaHne n pa3 UrpaJbHON KOCTH (3/1eCh
YCIIEXOM MOXKHO CYUTATh, HAIIPUMED, HOSBJICHUE [IIECTEPKU € BEPOATHOCTBIO p = 1/6). D1u jBe peasbHble
CXeMBI UCIIBITAHUI SBJISIFOTCSI IPUMEPOM HJIeaJIbHOIO COOTBETCTBUSI CXeMe UCIIbITaHuil BepHyJuim.

2. Tlocsie1oBATEIHHOCTD 1 BBICTPEJIOB CTPEJIKE IO MUIIEHN MOXKHO JIUIIb TPUOJINKEHHO PACcCMaTpU-
BaTh KaK CXeMY UCIIbITAHUN BepHY/IIHN, TaK KAK HE3ABUCUMOCTD PE3YJIBTATOB CTPEILObI MOYKET HAPYIIATh-
cst OO M3-3a “IPUCTPEKN’ CIOPTCMEHA, JIMDO BCJIEACTBUM €r0 YTOMJISEMOCTH.

3. Ucnprranust n u3neuii B TedeHne 3aJaHHOTO CPOKA IIPU KOHTPOJIE YPOBHSI UX HAJIE’KHOCTH, KaK Ipa-
BHJIO, XOPOIIIO COIVIACYIOTCS C MOJEJIBIO UCIIBITAHMI TI0 cxeMe BepHyJiIu, eciu Ha UCIBITAHNS IOCTABJIEHbBI
UIEHTUIHBIE 0OPA3IIHI.

[Ipu paccmorpennn cxembl UCIBITAHUI BepHYJLIM OCHOBHOI 3a/1adeil siBJISIETCST HAXOXKJEHUE BEPOSIT-
HOCTH CcOOLITHA Ay, COCTOSAIIETO B TOM, YTO B 1 HCHBITAHUAX yCIIeX HACTYIUT PoBHO k pas, k = 0,n. s
PeIlleHns STO 3a/a41 NCIIOIB3YIOT CJIEYIONIYI0 TeopeMy, 0003Hadasi BeposTHOCTh P(Ay) depes Py, (k).

Teopema 4.3 Bepoamnocmo P, (k) mozo, wmo 6 n ucnomanusz no cxeme Bephyanu npoudotidem posro
k ycnexos, onpedeasemcs popmynaoti Bepryaau

Pu(k) = Cipbq*, k=0n. (4.3)

JOKABATE/ILCTBO. Pe3yabrar KazKI0ro onbiTa MOYKHO 3alIUCATh B BUjIe TiocienoBareabaoct ¥ HH... Y,
cocrosieir 3 n 6ykB “Y” u “H”, npudem Oyksa “Y”’ Ha i-M MecTe O3HAYAET, YTO B i-M HCIBITAHUN
npousoresn ycuex, a “‘H” — neymaga. [Ipocmpancmeo ssemenmaproir ucxodos §) cocrout u3 2" MCXOJOB,
KaZKJbI N3 KOTOPBIX OTOXKIECTBJIACTCA C OIPEIeJICHHON

nocsrestoBaTessbHocThi0 Y HH... V. Kax oMy sanementapromy ucxony w =Y HH...V MoxkHO mocTaBUThH B
coorBercrBue BepoaTHocTh P(w) = P(VHH...V). B cuny vezasucumoctu ucnbiranuit coobrrus ¥, H H,....V
ABJIAIOTCA HE3aBUCHUMBIMHU B COBOKYITHOCTHU, U IIOTOMY IIO TeOpeMe YMHO2KEHUA BepOHTHOCTeﬁ nmMeemM
P(w) =piq""% i=0,n, ecim B n mcubITaHEAX ycrex “Y” mmes mecto i pas, a meycnex “H”, cremo-
BaTEJIbHO, L — 1 Pa3.

CobbiTne Aj MpOUCXOIUT BCAKUN pa3, KOIJia PEeaJn3yeTcs 3JeMEHTAPHBIN UCXOJ w, B KOTOPOM i = k.
BeposTHOCTD J1I060r0 TAKOTO 3JeMEHTAPHOTO uexoa pasna pFg™ k.

Yucsio TaKUX UCXOJI0OB COBIAJAET C YHCJIOM CIIOCOOOB, KOTOPBIMU MOXKHO paccTaBuTb k OykB “¥Y”’ Ha
N MecTax, He YUHTHIBAs HOPSAIOK, B KOTOPOM HX PACCTaB/IAOT. YHCI0 Takux crocobos pasuo CF.

Tax kak Ay ectb o0beauHeHre (CyMMa) BCEX YKA3AHHBIX JIEMEHTAPHBIX MCXOJO0B, TO OKOHYATEIHLHO
nostydaeM Jitst BepositHoctu P(Ay) = P, (k) dopmymy (4.3).

Dopmyay (4.3) HA3LIBAIOT TaKKE HUHOMUAADBHOTL, TAK KAK ee IIpaBag 9acTh IIPEJICTaBjsierT coboil
(k + 1)-it wren dbopmysbl 6unoma HeioTona.

1= (p+q)"=Co"+Cip'q" +...+ ChpFg"F + ..+ Clp™.

Ha6op Bepositnocteit Py, (k), k= 0,n, HaspiBalor 6uUHOMUGABHBLM PACTIPEJENneHUEM GEPOATIHOCTET.
U3 dopmysibr Beprysin BEITEKAIOT ABa CJIEICTBUSA.
1. BepositHocTs 1osiBiienust ycnexa (cobbitusi A) B n ucubltanusx He 6osee k1 pas u He MeHee ko pa3
paBHAa:

ka
Plky <k <k} = Z Crpkgn=F, (4.4)
k=k1
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DTO clIelyeT U3 TOro, ITO cobbimus Aj TPU PA3HBIX k sIBJISIIOTCS HECOBMECTHBIMU.
2. B wacrrom ciyuae pu k1 =1 u ko =n u3 (4.4) nosygaem GopmyLy Jjist BBIYUCICHUSA BEPOITHOCTH
XOTs1 OBI OIHOTO yCIT€Xa B 1 UCIIBITAHUSIX:

Plk>1l=1—¢". (4.5)

IIpumep 4.3 Monery (cummerpuunyio) mogdpacsiBaioT 1= 10 pa3. OupeeuM BEPOSTHOCTD BbLIIAJIE-
Hus “repba’: a) POBHO IATH pa3; 0) He GoJiee IATH pas; B) XOTst Obl OJUH pas3.

1\ 252
B coorserctsun ¢ dopmyitoit (4.3) Beprysm mveem: a) Py (5) = CY, <2) =094 = 0,246;

1

0 1 2 3 4 5 10
10+ Cio +Cip + Cip + Cip + Cyp _ 638 ~0,623; B) P{k}l}_1—<2> ~0,999.

1024 1024

6) Plk<si—C

ITpumep 4.4 BepositHOoCTh BBIUTpBINA HA OauH Jorepelinbii Omrer paBHa 0,01. Ompemeanm, CKOJIBKO
OMIETOB HYKHO KYIHUTH, 9TOOBI BEPOATHOCTH XOTsI OBl OJHOTO BBIMTPBINIA B JIOTEpee ObLIa HE MeHee
3ajtaHHOrO 3HadYeHust P, = 0,9.

[IycTb kymieno n 6usreros. IIpeanosioxkum, 94To obIIee 9uC/IO OUIIETOB, PA3bIIPHIBAIONIUXCS B JIOTEpee
BeJIMKO (BO MHOTO pas 6GoJibllie KyIUIEHHBIX OmiteToB). IIpu 9TOM MOXKHO CUMTATh, YTO KaXKJbIH Guier
BBINTPBIBAET HE3ABUCUMO OT OCTAJbHBIX ¢ BepositHocThbio p = 0,01. Torma BeposgTHOCTD MTOITYyUnTh K BBHI-
UI'DBIIIHBIX OMJIETOB MOXKHO OIIPEJeJIUTh, UCI0Jb3ys (popMyiny Beprysm. B gacraocrn, cornacuo (4.5),
nuMeeM ipu ¢ = 1 —p:

Plkz1}=1-¢"=1-(1-p)" =2 P,

OTKY/da IIOJIydJaeM

In(1-P;) In0,1
> = =~ 230.
In(1—p) 1n0,99

Takum o6pasom, Hy>KHO KynuTh He MeHee 230 JjioTepeiiHbIX OUIeTOB.
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Jlekims 5

O 1HOMEpHBIE caydYaliHble BeJIMYNHbI

OHpe,Z[eJIeHI/Ie cnyqaﬁﬂoﬁ BeJINYNHDBI

CaydJaiiHoit BeJIMINHON €CTECTBEHHO HA3BIBATH UHUCIOBYIO BEJUYNHY, 3HAUEHHE KOTOPOU 3aBUCUT OT TO-
1o, KaKOW MMEHHO IAEMEHMAPHbIT UCT00 TPOU3O0INE B PE3YIbTATE IKCIIEPUMEHTA CO CJIYUANHBIM HUCXO-
JoM. MHOXKeCTBO BCeX 3HAYEHUI, KOTOPbIE CIyvaiiHas BEJUYUNHA MOXKET MPUHUMATH, HA3BIBAIOT MHO-
HCECTNBOM BO3MOHCHBLL 3HAUEHUU ITOI CAYHATUHOU 8eAUNUHDL.

CiieoBaTe IbHO, JJIsl 33/aHUs] CJIyYaiHON BEJMYUHBI HEOOXOANMO KaXKJIOMY 3JI€MEHTAPHOMY HCXOILY
MOCTaBUTh B COOTBETCTBUE YNCJIO — 3HaUEHUEe, KOTOPOe IPUMeT CIydaiiHad BeJIMYnHA, €CJIA B Pe3yabTaTe
HCIBITAHNASA IIPOU30IIeT UMEHHO 9TOT UCXO/I.

Paccmorpum mpumepsr.

IIpumep 5.1 B ombiTe ¢ OMHOKPATHBIM OpOCAHWEM UTPATLHOM KOCTH CIYIANHON BETUINHON sIBJISIETCS
qncsio X BBINABIINX OYKOB. MHOXKECTBO BO3MOXKHBIX 3HAYECHUI CIydIaiiHON BeJTMIHBI X MMEET BH]

{z1 =120 =2;...;26 = 6}.

Eciin BCIOMHUTD, KaK BBITVISIIAT NPOCTMPAHCMEO INEMEHMAPHBIT UCTOJ08 B ITOM OIBITE, TO OyIeT 09€BU/I-
HO CJIEJIYIONee COOTBETCTBHE MEXKJy SJEMEHTAPHBIMU UCXOJIAMU W W 3HAYECHUSIMU CJIYYalHONW BEJTUINHBI

X:

w = W W2 ... W
| U |
X =1 2 .. 6.

WNupivMu citoBaMu, KarXKJIOMy JIEMEHTAPHOMY HUCXOIY w;, ¢ = 1,6, CTABUTCSA B COOTBETCTBHUE UHCJIO ©.

ITpumep 5.2 Monery momdpachBalOT A0 MEPBOTO mosiBieHus “repba”’. B aroMm ombiTe MOXKHO BBeCTH,
HaIpUMep, TaKue CIIydailuble BeJIUIuHbl: X — YncJIo OpocaHuii 0 MePBOro MosABIeHUs ‘repba’ ¢ MHOXKe-
CTBOM BO3MOKHBIX 3Hauenuii {1;2;3;...} u' Y — qucsio “undp”, BHIIABIIIX JI0 IIEPBOrO HOsiBJIEHNUs “repba’”,
¢ MHOXKECTBOM BO3MOXKHBIX 3Hadenuit {0;1;2;...} (sacuo, uro X =Y +1). B namsoM onbiTe IPOCTPAHCTBO
9JIEMEHTAPHBIX UCXOA0B {2 MOYKHO OTOXKJECTBUTH C MHOYKECTBOM

{01 T . 10T

npudeM djiemenTapaoMy ucxomy LI...III" craBurcst B coorBercTBre yucjao m + 1 wiau m, rae m — Yucio
noBTopeHuit 6ykBol “I17.

IIpumep 5.3 Ha miockwmit sKpaH majaeT JacTUIa. BygemM cauTarh, 9TO HaM M3BECTHA BEPOSATHOCTDH IO~
HaJIaHusl YaCTHIBI B J1000€e (M3MepuMoe, T.€. MMEIOIIee IJIOMa/b) MHOXKECTBO Ha KpaHe. Cirydaiinbivu
BeJIMYMHAMA B JAHHOM CJIydae OyayT, HAmpumep, paccrosiaue X OT IEHTPA IKPAHA 0 TOYKHU MAJICHUS,
KBaJIpaT 3TOro paccTosuus Y = X2, yroa Z B NOJIAPHON cUCTeMe KOODJIUHAT M T.J.  #

Onpenenenne 5.1 Ckanspryio dyukimio X (w), 3aJaHHyI0 Ha IPOCTPAHCTBE JIEMEHTAPHBIX MCXOJ0B,
HA3BIBAIOT CAYUAUHOU 8eAUNUHOU, eciiu J1ist J06oro & € R MHOXKECTBO UCXOIO0B, J1jist KOTOPBIX X (w) <
z, .. {w: X (w) < x} — ABIsgeTca COOBITHEM.

DyHKIUA pacipe/ieJieHus CjaydaiiHOil BeJIMIUHbI

st mccnenoBannsl BEPOSATHOCTHBIX CBOMCTB CAYuatUMOT 6EAUYUHD, HEODXONMO 3HATH IIPABHUIIO, HO3BO-
JISIIOITIEE HAXOIUTD 6EPOAMHOCTb TOTO, UTO CJIydaiiHas BeJMYUHA IMPUMET 3HAYEHHE U3 MOJIMHOYKECTBa
ee 3HadeHuil. JIioboe Takoe IpaBmUIo HA3BIBAIOT 3AKOHOM pacnpedeserus eeposmmuocmeti, nin pac-
npedeaenuem (8eposmHocmets) CioydaiiHON BEJMYUHBI. 3aKOHOM DACIPEJIEJICHNs], IPUCYIIAM BCEM
CIIyJaiiHBIM BeJIMYUHAM, SIBJISIeTCs (DYHKIUS PACIIPE/IeICHIUS.
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Ounpeznesnenune 5.2 Pynxuyued pacnpedeaerus (6eposmuocmeti) ciydaiflHONl BeJnduHbl X HAa3bl-
Bator dynknuo F (), 3HaueHne KOTOpOil B TOUKe & paBHO BeposiTHOCTH coObiThst { X < x}, T.e. coBBITHS,
COCTOSIIIErO U3 TEX U TOJBKO TEX IACMEHMAPHBIT UCT0006 w, jid KOTOpbix X (w) < x:

F(z)=P{X < z}.

Teopema 5.1 Qyukyua pacnpedeierus Yoo6AEMBEOPAEM, CACOYIOUUM CEOTCMEAM.
10K F(z) < 1.
2. F(z1) < F(z2) npu x1 < x2, m.e. F(x) — neybusarowas Gynkyus.
3. F(—o0) = IEmOOF(x) =0; F(+o0)= IEIJPOOF(x) =1.
4. P{x1 < X <2} = F(x2) — F(x1).
5. F(z)=F(x—0), ede F(x —0) = yl}gl OF(y), m.e. F(x) — nenpepuienas caesa Pynkyus.

JIOKABATEJILCTBO. Ilpu mokazarenbcTie OyeM HCIOIB30BATH CBOMCTBA BEPOSTHOCTEH COOLITHIA, JTOKa-
3aHHBIE B Teopeme 2.1.

ITockoubKy 3HaUeHHe (QYHKINU PACHpene]eHus B JIIO0OH TOYKE X SBJISETC BEPOATHOCTHIO, TO U3
CBOMCTBA 4 BEPOATHOCTH BLITEKAET YTBEpKICHUE 1.

Eciu 21 < 22, To cobeitne {X < 1} BKiOUeHO B coObitne {X < x2} U, coryiacHO CBOHCTBY 3,

P{X < 1‘1} < P{X < Ig},

T.€. B COOTBETCTBUM C OIpeJIeSIeHNEM 5.2 BBIIIOJIHEHO YTBEDXKIeHUE 2.

IIyctb 21, ..., Ty, ... — JII0DAsT BO3PACTAOIAS [TOCJIEI0OBATEILHOCTD YUCEJI, CTpeMsInasics K +0o0. Co-
ooimue {X < 400}, ¢ OHON CTOPOHDI, ABJISIETC JOCMOGEPHDbIM, & C JIPYTOH CTOPOHBI, IIPEJICTaBIIsIeT COBO0i
obsedunenue cobwmuil {X < x,}. Orcioa B CUILy aKCUOMbL HENPEPLIEHOCTIU CIIEAYeT BTOPOe PABEHCTBO
B yTBEPXKJIeHNN 3. AHAJIOIMYHO JOKA3bIBAIOT U IIEPBOE PABEHCTBO.

Coberrne {X < w2} upn 1 < 2o mpejcTaBIsIeT cOOON OObEIMHEHNE JIBYX HENEPECEKAOUULCA COOVL-
mud: {X <1} — cayuaitnas BesmanHa X IpHUHsIIA 3HAUEHHUE, MeHbllee o1, 1 {21 < X < 2} — ciayvaiinas
BesmunHa X IPUHSJIA 3HAYEHUE, JIeXKAIlee B IPOMEXKYTKe [T1, Z2). IloaroMy B COOTBETCTBUU € aKCUOMOTU
CA0ICEHUA TIOTYyTIaeM yTBepKaenue 4.

Hakownern, myctb x1,...,Zn,... — J00Dasg BO3PACTAIONIAS TOC/IEI0BATEILHOCTD IUCETI, CTPEMSIIIASICT K
x. Cobortue {X < x} aBuserca obbenunenueM cobbtuit {X <z, }. CHOBa BOCIOIB30BABIINCH AKCHOMOM
HEIIPEPBIBHOCTH, MIPUXOIUM K YTBEPXKIACHUIO 5.

3ameuannme 5.1 MoxHO n0Ka3aTh, 4TO JiI0bas Heybvisalowas HellpepbiBHas ciaeBa Gyukuus F(z), yao-
BJeTBOpsitoIast ycaopusim F(—oo) =0 u F(+00) = 1, sBasiercss yHKImeH pacupe/ieseHnsi HEKOTOPOIi
cirydaitnoit Bemmauabl X.  #

JuckperHble cirydaiiHble BeJIUYIMHBI

Omnpenenenne 5.3 Cayuatinyro seaununy X Ha3BIBAIOT OUCKPEMHOU, €CJIU MHOXKECTBO €€ BO3MOXKHBIX
3HaYEHUl KOHEYHO UJIU CUETHO.

Pacnpenenenne quckperHoit coaydaitHoil BeJMYUHBI YI0OHO OMUCHIBATH C IIOMOIIBIO PSa PacIpemeie-
HUA.

Onpepnesnenue 5.4 Psdom pacnpedesenusi (6epoamuocmetds) duckpemnot caywatnoti eeau-
yunot X HazpiBaIOT Tabauiy (Tabsu. 5.1), cOCTOLAINIYIO U3 ABYX CTPOK: B BEPXHEH CTPOKE MePednC/IeHbI
BCe BO3MOXKHbBIE 3HAUEHUS CIIY9IaiiHON BeJUYUHbI, a B HUXKHel — eeposmuocmu p; = P{X = x;} Toro, uro
Cﬂy‘{aﬁHaﬂ Be/JIMYnHa IIPUMET 3TU 3HAYCHUA.

JLj1st IpOBEPKHU MPABUIBHOCTH COCTaBaeHusa Tabu. 5.1 pekomenay- | X |21 |2 | ... [Ty | ... | Ty
€TCsl IPOCYMMHUPOBATDh BEPOATHOCTH P;. B cuiy axcuomvr nopmupo- | P | p1|pe2|... |Di|-.. | Dn
n
BANHOCMU ITA CyMMa, JIOJPKHA ObITh DaBHa ejuHANe: » p; = 1. Ta6mauua 5.1.

i=1

ITokazkeM Tenepsb, Kax 110 PsiJy PaCIPee e s AUCKPETHON CJLy TaitHOM BEJIMUUHBL IOCTPOUTD ee (hyHk-
yuro pacnpedeaenua F(z). Ilycrb X — nuckperHas ciaydaiiHasi BeJIMUNHA, 3a/IaHHAsI CBOUM PsiJIOM pacipe-
JIGJIEHNUST, TIPUYIEM 3HAYCHUST T, T2, - - ., Ty, PACIIOIOKEHBI B OPAJIKE Bo3pacTannsd. Torma s Beex x < @1
cobvimue {X < x} ABIAETCA HEB03MOIICHVLM T TIOITOMY B COOTBETCTBHH C olpejeneHueM 5.2 F(x) = 0.
(Ecim 21 < < 2, TO cobbitre {X < x} COCTOUT U3 T€X U TOJIBKO TEX IAEMEHMAPHOL UCT0006 W, IJIs
KoTopbix X (w) = 21, u, crenosaressHo, F(x) = p;.

Amnamornuno npu x2 < < 3 cobprrue {X < £} COCTONT U3 3JIEMEHTAPHBIX UCXOIOB W, i KOTOPBIX
60 X (w) = xy, mbo X (w) = xa, Te€.

(X <z} ={X=m}+{X =},
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a caesioBarenbto, F'(z) = py + p u 1.40. Hakonen, npu « > x, cobwmue {X <z} docmosepno u F(x) = 1.
Taxkum o6pazom, (QYHKIMsT PACIpe/ieJeHns] JTUCKPETHON CIyIaifHON BEJMYMHBI SIBJISIETCS KYCOUHO-
[OCTOSTHHOM (DYHKIHel, IpUHIMATOIIEl Ha TPOMeXKyTKe (—00, x| 3HadYeHne 0, Ha IPOMEXKYTKaX (X4, Tit1],
1 <i<n, — 3uavenue p; + ...+ p; 1 HA TPOMEKYTKE (X, +00) — 3HAaUeHUE 1.
st 3a1aHus 3aKOHA PACHPE/eIeHNs] JTUCKPETHOH CIlydaiiHON BeJMINHbL, HADSLY C PAIOM Dacipee-
JieHust 1 bYHKIMEN pacipe/ieieHnsl UCHOIb3YIOT APYTHe crocobbl. Tak, ero MOXKHO 3a7aTh AHAJIUTHIECKA
B BUJie HEKOTOPOit bopmyiisl. Hanpumep, pacipeiesierne urpajibHoii KocTu (M. npumMep 5.1) onuceisaior

1
dopmymoit P{X =i} = 6,2’ =1,6.

Hel'[peprBHbIe CJIy“IaI';IHbIe BeJINYNHDBI

Onpenenenue 5.5 HenpepvieHoli Ha3BIBAIOT CAYHAUHYO 8eauvuny X, Pynruyuro pacnpedeserus
KOTOpO#l F'() MOXKHO IIPEJICTABUTH B BHJIE

F(z) = / p(y) dy. (5.1)

— 00

Oyukiuo p(x) HA3BIBAIOT MAOTMHOCMBIO pacnpedesenus (8ePOATMHOCTIEN) CILyIaiiHON BeJMIUHBI
X.

IIpeamonaraioT, 4To HECOOCTBEHHDBINH MHTErPAJ B IIPEACTABICHIN (5.1) CXOJITUTCS.
Bce peanbHO BeTpedaroruecsi IJIOTHOCTH PACIPEIETIEHUS
CIIy4alHbIX BEJIMYUH ABJIAIOTCA HEIIPEPBIBHBIMUI (3a UCKJTIOYe-
HUEM, OBITh MOYKET, KOHETHOTO INCJIa, Toqu) byurnusavu. Cire-
JIOBATEIbHO, (PYHKIUS PACIPEICICHUS /I HEPEePBhIBHON CIIy-
JaliHO! BeJIMYUHBI dBJIFETCS HEIPEPBIBHON Ha BCEl 4YUCJIOBON

OCH U B TOYKAX HENPEPBIBHOCTHU ILJIOTHOCTH pacipeeienus p(x)

nmMeeT MeCTO PaBEHCTBO

p(z) = F'(x), (5.2)

9TO CJIEJIyeT U3 CBOMCTB MHTETPAJIa C MePeMEHHBIM BEPXHUM IIpefiesioM. TOTbKO Takue cirydaifHble BeJin-
9UHBI MBI U OyJileM paccMaTpuBaTh B fasbHefimem. Ha puc. 5.1 n300pakeH TUNWYHBINA BUJ IJIOTHOCTH
pacIpe/iejleHusl.

Teopema 5.2 ILiomnocms pacnpedeserus obaadaem caedyrowumu ceoticmeamu. 1) p(x) > 0.

2)P{r1 < X <uao}= ?p(x)dx.
3) j—foop(x) dr =1.

4) P{x < X <z + Az} = p(x)Ar 6 moukar nenpepuieHocny NAOMHOCTIY PACTHPEICACHUS.
5) P{X =z} =0.

JIOKABATEJILCTBO. YTBep:KjaeHne 1 cielyeT U3 TOro, 94To IJIOTHOCTb PACHPEICICHU ABISETCS TPOU3-
BOJHOIT OT (DYHKIUH PACHpEIeICHHs, B CIIy CBOMcTBa 1 (DYyHKIIUN paclIpeleslcHus OHA, SBJIACTCA Heybbi-
saroweti Pynryueti, a TPOU3BOAHAS HeyOBIBaIONel (byHKIIN HEOTPUIATETbHA.

CorsnacHo cpoiictBy 2 dbyukuuu pacupenenenusi, P{z1 < X < xz9} = F(x9) — F(21). Otciona B coor-
BETCTBHU C OIIpeJieJIeHueM HeIPePBIBHOM CIydaiiHOil BeJUYUHbI H CBOMCTBOM 8/JIUTUBHOCTU CXOAAIIETr0Cs
HECOOCTBEHHOI0 UHTErpaJia, UMeeM

F(x3) = F(x1) = 7217(33)6133— 71)(90) d$=7p(x)dx,

9TO U JIOKA3bIBAET yTBEPXKJIEHUE 2.

B uacrtHOCTH, eciu x1 = —00, Ty = 400, TO cobwmue {—oco0 < X < oo} gBisercsa docmosepHbim, U
[I03TOMY CIIPaBEJJIMBO yTBEPKIEHUE 3.

Coruacuo csoiicty 4 (cM. Teopemy 5.1),

Plr< X <z+Azx)=F(x+Azx)— F(z) = AF(x).
Ecmn Az “mané” (cm. puc. 5.1), To nmeem

AF(z)~dF(x)=F'(z)Ax = p(z)Ax,
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9TO U JIOKA3bIBAET yTBEpKieHue 4.

Hakomer, mockosibKy B Ccuity orpejeseHus 5.5 (pyHKIUsS pacupeeseHus CJIyJaiiHOl BeJIMINHBI €CTh
HEeCOOCTBEHHBIN MHTETrPAJI OT IJIOTHOCTH, TO OHA, SIBJISIETCS HEITPEPBIBHOM, ITO MPUBOIUT HAC K YTBEPIK Ie-
HHUIO 5.

3ameuanune 5.2 B cuiy cBoiicTBa 2 IJIOTHOCTH PACIIPEJIEIEHUS] BEPOSITHOCTD IIOIAIAHUsT HEIIPEPBIBHOMN
CJLly4alHON BeJIMYUHDLI B IIPOMEXKYTOK [a:l,xQ) YUCJICHHO paBHA IJIOIAAN KPUBOJUHEHHONA Tpalleluu, 3a-
MITPUXOBAHHON Ha puc. 5.1.

CorytacHO CBOHCTBY 3 TJIOIIA/b, 3aKJIIOYEHHAS IO/, BCeil KPUBOU, n300parKarolieil IJI0OTHOCTL pacipe-
JleJICHNs], paBHA €IUHULIC.

B cootrBercTBUM CO CBOWCTBOM 4 BEPOSITHOCTD TIOTIA IAHUS CIYIARHON BeIMInHbI X B HEKOTOPBIH “Ma-
JIBIE” mpoMexRyTOK (2,  + Ax) IpakTHUecKu IponopuuoHaibia Az ¢ KoadbdunuenToM mponopuoHaib-
HOCTH, PABHBIM 3HAYEHUIO INIOTHOCTU pacIipeiesienus B Touke x. [loaromy Boipazkenue p(x) Az win p(x)dx
Ha3bIBAIOT HHOTA dAEMEHMOM 8epoammocmu. MoKHO TakKe CKa3aTh, YTO HEIIPEPHIBHAS CIIyJaiiHasd
BEJINYMHA PEAJIU3yeT 2e0MEMPUUECKYIO cTemy ¢ KOIDDUIMEHTOM IPOIOPIUOHAILHOCTH (), HO TOJIBKO
B “‘MaJIoif’ oxpecmHocmu TOYKH I.

HaxkoHer, corsiacHO CBOHCTBY 5, BEPOSITHOCTD IIONAJ@HNS B JHO0YIO (338JAHHYIO JI0 OIBITA) TOUKY JJIsi
HEMPEPBHIBHON CAyYailHOW BeJIMINHBI DaBHA HYJIIO. 7

DyHKIIUN OT CJIAyYaHON BeJIMINHDI

ITycrb Ha sepoammocmuom npocmparcmse (0,8, P) sanana cayuatinas seauvuna X = X (w). Pacemorpum
JeficrBuTenbHy0 GyHKIMIO y = () geficTBUTEIbHOrO apryMenTa & (00JaCTh OIPENEeJIeHUs] KOTOPO
BKJIIOYAET B ¢e0sl MHOXKECTBO BO3MOXKHBIX 3HAUEHUI CIlydaiiHOi Besuauabl X ).

Onpepestenne 5.6 Coayvaiinyio BemauHy Y, KOTOpasi KaXKJIOMY IAEMENMAPHOMY UCTO0Y w CTABHT B
cootsercrBue uncio Y (w) = (X (w)), HaseiBator pynryuet p(X) (craaaprotl) om ckaaaproti cay-
walinol eeauvunst X.

Dyuxius Y = (X)) or duckpemnoti cay4atinot 6eausutvs TAKIKe sIBJIsIeT- Xlayg | aa | ... | zn
Ccd TUCKPETHON CIIyJalftHON BEJIMYNHON, ITOCKOJIBKY OHA HE MOXKET IIPUHUMATh Plpi|p|...] pn
GoJTbIle 3HAYEHNH, YeM ciydaiinas BesuanHa X . OUeBUHO, 9TO €CIu CIydaii-

Has BequuuHa X uMeeT pad pacnpedeserus, TPeACTaBICHHBIA B TabJI. 5.2, TO Ta6mana 5.2.
PsiJl pacIpe/iesieHnst ciydaiiHoi esmansbl Y = (X)) onpenensiercs tabi. 5.3.

[Ipu sTOM, eciiu B BepxHEl CTPOKe TabJI. 5.3 MOSBJISIOTCS OIUHA- Y [ o(z1) | o(xa) | ... | o(zn)
KOBBIE 3HaYeHUd p(T;), COOTBETCTBYIOIIUE CTOJIObI HYKHO 00be 11 P I Do . Pn
HATH B OJIMH, MPUIMKCAB UM CYMMAPHYIO 8epoamuocmy. DyHKITIs

Tabauna 5.3.

Y = p(X) or nenpepvisnotli cayuaiinot eeaununve X MoxKeT ObITH
KaK HeNPEePBIBHOM, Tak M JIUCKPETHOH (ecsin, HanpuMep, MHOXKeCTBO 3HadeHuit dyHkun ¢(X) KoHeUHOE
UJIM CYETHOE).

Teopema 5.3 ITycmo cayuatinas eeauuuna X umeem naommocmv px(x). Iyemv dynryua y = @(x)
ABAACTNCH MOHOMONKOU, Henpepuieho Juddepenyupyemots dynruuet. Obosnavwum x = P(y) Pynryuwo,
obpammnyio k y = @(x). Toeda naommnocmo cayuainot seaununve Y = @o(X) ecmo

py (y) =px (V@)1 (y)l. (5-3)

JIOKABATENBCTBO. Ecim dynkimst ¢(x) siBisiercst MOHOTOHHOM, TO cobbrtre {¢(X (w)) < y} sxBuUBa-
seHTHO coObITHIO { X (w) <9 (y)} (B ciyuae Bospacratromeil byrkunn ¢(z)) win cobsrruo { X (w) > ¥ (y)}
(B cayuae yobiBatomieit ¢(x)). 3uauut, j1yia Bozpacraiomeii dbyukimmun ¢(x)

P{p(X) <y} =P{X <4(y)}, (5.4)
st yobiBaromeit ()
P{p(X) <y} =P{X >v(y)}- (5.5)
ITockosbky
Fy(y) =P{Y <y},

P{IX <9y)}=Fx(y) n P{X>¢(y)}=1-Fx((y)),

TO OKOHYATEJLHO II0JIYIaeM:
JIg Bo3pacTaomieit pyaknuu ¢(x)

Fy (y) = Fx (¢¥(y)); (5.6)
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1t yobiBaromeil dbyukuuu o(x)
Fy(y) =1-Fx(¥(y)). (5.7)

Hastee, coryiacHO mpaBuiLy IuddepeHIMpOBaHsl CJIOXKHON (DYHKINM, UMEeM:
B ciiyuae Bospacraromeil Gynkuun Y (x)

pr(y) = F ) = (Fx(@))

oy @) =Px (@) (v);

B ciyuae yobiBatonieit dbyukiyu Y (x)

pr(y) = Fy(y) = —(Px (@)

V' (y) = —px (W)Y (y).

z=1(y)

O6a s1u cirydast MOXKHO 3aiucars B Buje (5.3).

Teopema 5.4 [Tycmo cayuatinas eeauuuna X umeem naommocmv px(x). Iyemo dynryua y = @(x)
ABAACTNCA KYCOUHO MOHomonnol dynwyuet. Obosnavwum x; =;(y), i = 1,k, npoobpaswe, mouku y npu
omobpasicenuu y = o(x). Ecau dynruuu ¥;(y), i = 1, k, duddeperyupyemvr, mo naomuocms caywatinot
seauvuntt Y = o(X) ecmo

py(y) = ZPX(%(?/))|¢§(Q)|~ (5.8)

IIpumep 5.4 Ilycro cayuaiinas BeanduHa X uMeeT HeNPepbIBHYIO (yHKIuIO pacupeneienus F(x), Ko-
Topasi ABJsieTcsl Bo3pacTatoleit dyHkimeil. Pacemorpum cayvaiinyio seaunanny Y = F(X). Ona npunu-
MaeT 3HavyeHHe TOJIbKO Ha npomexyTke [0, 1]. O6parnas dyakuus st dyskipn y = F(x) ecth

P(y)=F ' (y).

DOyuxuus ¥(y) upu y € [0, 1], 09eBUIHO, YAOBIETBOPIET TOXKICCTBY

F((y)) =v,

U, CJIeJIOBATENBHO, B cooTBeTCTBHN ¢ dbopmyuoii (5.6) nmeem mst y € [0, 1]:

IIpu y < 0 cobwmue {Y <y} siBasiercst neeozmootcrvim. Iloaromy npu y < 0
Fy(y) =P{Y <y} =0.
Tpu y > 1 cobwmue {Y < y} aBiserca docmoseprvim U IOITOMY 1ipu y > 1

Fy(y)=P{Y <y} =1.

Nrak,
0, y<0;
Fy(y)={ y. 0<y<l
1, y>1.

Taxum o6paszom, ciryuaiiHast BeJndanHa Y UMeeT pasHomepHoe pacnpedesenue Ha orpeske [0, 1] (em. ompe-
JleJIeHAEe PABHOMEPHOIO PACIIPEIESICHUS Ha C. 32).
[Tepexomns k obparTHOil DYHKIMH, BUAUM, 9TO CIyJailHAS BEJIMINHA

X=F4Y) (5.9)

nmeer GyHKIMIO pactpenenenns: F(z), ecin ciyuaiinas Benmanaa Y MMeeT paBHOMEPHOE PACIIpe/IeSIeHIe
Ha orpeske [0, 1] .

IMoy9eHHbIil pe3y/IbTaT MUPOKO IPUMEHSIOT IIPU MOJCJUPOBAHUY CJIyYaliHbIX BEJIMYUH C 3aJaHHON
dyukupmeii pacupegenenus F(x). JleficTBUTENBLHO, €CJU HY?KHO CMOZEIUPOBATDL TAKYIO CJIyYailHyIo Be-
JIMIMHY, TO JOCTATOYHO MMETH JATYAK CIyIafHbIX uuces Y, paclpeIeeHHbIX PABHOMEPHO Ha OTPE3KE
[0, 1], u KaxkI0€ Takoe yuca0 upeobpazosars 1o Gopmyse (5.9).

Hanpumep, 1mycTh HY?KHO CMOJIEIIPOBATD PEAIU3AIUIO CIIy IaliHON BeTUIUHBI X C 9KCNOHEeHUUAALHOTE
Pynruued pacupesieserns (CM. Olpe/ieJieHe SKCIOHEHIIMAIBHOIO PACIIPe/IeJleHrsl Ha C. 32)

F(r)=1—e7? x>0,
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IIPU U3BECTHOM TtapameTrpe A. Torja, yIuTbiBast, ITO
. 1
Fl(y) == (1 -y),
peammsaruio X MOXKHO MOJIYy9HUThb M0 (hOpMyJIe
1
X=——In(1-Y),
A
rue Y — ciryuaiinoe duciio ¢ pasaoMepubiM B unrepsadie (0, 1) 3aKOHOM paclipesiesieHust.  #

IIpumep 5.5 Ilycrs ciay4vaiinas BesmdmHa X uUMeET cmandapmuoe HOPMaAbHOe pacnpedeserue (CM.
OlIpe/JieJIeHne HOPMAJILHOTO PACIIPE/IeSIeHns Ha . 33), T.e.

2

1 _*
PX(x)Z—me 2, —o0o<x<400.

Haiinem pacnpesesienne ciaywaitnoit semmuannbl Y = X 2. Bocnomssyemest dbopuyitoit (5.8). B mannom
ciayuae ¢(x) = 22, 3amernm, uro dbyukimsa ¢(r) = 2 IpEHAMAET TOJBKO HEOTPHUIATEbHbIE 3HAMCHUs
u, cienoBaresbio, upu y < 0 ypasmenue ¢(x) =y He umeer pemenuii. [losromy ciydaiinas BeInduHa
Y =Y (X) = X? ne MOXkKeT MPUHEMATDL OTPHIATEbHBIEC 3HAYEHHS U, CJIeJ0BATEILHO (DYHKISA PacIpee-
nennst Fy (y) =0 npu y < 0. Orcrona quddepennmposanuem noryyaem py (y) = Fy-(y) =0, y < 0.
anee, ipu y > 0 ypaBHenne y = x> mmeeT jiBa permenus: T = 1y (y) = =y uz=12(y) = \/y, upu-
JeM TiepBoe pellieHne MPUHA/IeKUT HHTepBaty (—oo,0) yobanus dyrkmmm ¢(z) = x%, a BTopoe — HH-
repsaiy (0,4+00) Bospacranus sroii dyskmu. [Hoxcrasiss 1 (y), ¥2(y) u naomuocms cmandapmrozo
HOPMaALHO20 pacnpedeserus B bopmyiy (5.8), moaydaem
py(y) = ——edvr Ly L remr L L e
V2m 2Vy  Vor 2Vy  V2my

, y > 0.
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Jlekius 6

YwucaoBbie XapPpaKTEPUCTUKN CﬂyqaﬁHbIX
BeJINYNH

W3 pe3ynbraToB npeaplIyInuX JEKIUH CJIEIyeT, ITO 6EPOAMHOCTIU JIOOBIX co0bMUl, CBI3aHHBIX C KaXK-
JOM cayualinot eeaunurnol (B TOM YHCIIe MHOZOMEPHOT ), TIOJIHOCTBIO OIIPEIEISIOTCS €€ 3AKOHOM Pacnpe-
deaerus, TPUIEM 3aKOH PACIPEIeIeHUs JucKpemtot CAYyaGUIHOT GEAUNUHD, YIOOHO 33/1aBaTh B BUJIE PAdd
pacnpedesenus, a HEIPEPBIBHON — B BHJIE NAOMMHOCTIU PACNPEJeNeHUs.

OHaKO TP pelreHny MHOTHX 33J1a9 HeT HeOOXOIMMOCTH yKA3bIBATH 3aKOH PaCIIpe/e/IeHus CIydaii-
HOI BEJIMYUHBL, a JIOCTATOYHO XaPAKTEPU30BaTh ee JIUIIb HEKOTOPhIMU (HecaydJailnbiMu) anciamu. Takue
qucia (B TEOPUH BEPOSITHOCTEH UX HA3bIBAIOT YMCIOBBIMU XaPAKTEPUCTHKAMU CJIyYAflHON BEJIMIUHbI)
Oy/IyT paccMOTPEHBI B HacTosIeil Jeknun. OTMeTnM, 9T0 OCHOBHYIO POJIb Ha MPAKTUKE UIPAIOT MaAme-
MaMuUecKoe oorcudarue, 3aaK0Imee “IeHTPpaIbHoe” 3HAYUEHHE CIIYYaliHOW BEJUYIHHBI, U JUCNEPCUL, XapaK-
Tepusyoiias ‘pa3bpoc”’ 3HAYEHUN CJIydailHONW BEJUINHBI BOKPYT €6 MATEMATHIECKOTO OXKWTAHUS.

OrmeTnM, ITO 3TH XapaKTEPUCTUKHU, KAK M BCE OCTAJIbHBIE, PACCMATPUBAECMbIE B HACTOSIIEN JICKINH,
110 CYTH JeJia, sIBJISTIOTCS XapaKTEePUCTUKAMU 3a4K0H08 pacnpedenerudi CIyIalHbIX BEJIMINH.

ITosToMmy B masbHeiinieM BMECTO CJIOB “XapaKTEPUCTUKA CIYUIANHON BEIUIUHBI, UMEIONIEH HEKOTOPOe
pacnpedeserue (3aKOH pactpeienens )’ Oy1eM TOBOPUTH “XapaKTEPUCTUKA PACIIPEIeIeHnsT .

MaremaTudeckoe o2KnjaaHnume C.Hy‘l&ﬁHOﬁ BeJINMYNHDbI

Onpepnesenne 6.1 Mamemamuueckum ootcudaruem (cpednum 3nauenuem) MX duckpemnoi
cAayuatinotl eeauduts, X HA3BIBAIOT CYMMY MPOU3BEJICHUI 3HAYCHUN T; CAYHQUHOU GEAUMUHDL U BEPOANM-
nocmet p; = P{X = x;}, ¢ KoTOpbIME CilydaiiHas BeJIMIMHA IPUHUMAET ITU 3HAYCHUS:

MX = zip;.

IIpu sTOM, €CIIU MHOIHCECMBO B03MONCHVIT 3HAUEHUL CITYIANHON BETUIUHBI X CUETHO, IPEJIII0IaraeTcs,
9TO

%)
Z l‘ri‘pi < +o0,
i=1

T. €. PsiJi, ONPEIEISIIONII MATEMATHIECKOe OXKUIAHNE, CXOIUTCS a0COJIOTHO; B IIPOTUBHOM CJIydae TOBO-
PAT, 9TO MATEMATUIECKOE OXKUJIAHUE CJydailHOW BeJIMIUHBI X He CYIIECTBYET.

MaremaTnieckoe 0XKuJaHue JUCKPETHON CIyIaifHOM BEJMUUHBI IMEET aHAJIOT B TEOPETHIECKON Mexa-
nuke. Ilycrb Ha OPAMOli PACIIOJIOKEHA CHCTEMa MaTepPHaJbHBIX ToYeK ¢ Maccamu p; ( D p; = 1) u mycrb

7
T; — KOOpAWHATA ¢-if TOUYKH. Torga MeHTP MacC CUCTEMBI Oy/IeT UMEeTh KOOPIMHATY

Z%pi Zﬂ?ipi
Y: L = 2 = J’,‘lp»7
Spo 12
(2

COBITQIAIOINTYTIO ¢ MaTeMaTndeckuM oxumanmeM MX cioyaaitmnoit Beamannasr X .

ITpumep 6.1 Ilycts X — 4YHC/IO BBINABHINX OYKOB IIPU IOAOPACHIBAHUU WUIPAJIBHON KOCTH. Tak Kak

1 I
pzZP{X:Z}:67Z:176’ TO

6
1
MX = Zig =7/2=35.

i=1
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Ounpenesnenne 6.2 Mamemamuueckum odicudaruem (cpednum snavenuem) MX nenpepovishot
cAYyualinoti 6eAUNUHD, HA3BIBAIOT NHTErPAJT

+oo
MX = /a;p(x)dx.

IIpu srom npexnmnonaraercs, 4To
—+oo
/ |z|p(z) dx < 400,
— 00

T. €. HECOOCTBEHHBIII NHTErpaJl, ONPEIe/IAONIAN MATEMATHIECKOE OKUTAHNE, CXOIUTCS abCOIIOTHO.

Tax ke Kak U B JIUCKPETHOM CJIydae, MATEMATUIeCKOe OYKUIAHIE HEIIPEPBIBHOM CJIYIAHON BETNINHDI
MO2KHO HHTEPIIPETUPOBATH KaK IEHTP MACC CTEPXKHsI, INIOTHOCTh MaCcChl KOTOPOrO B TOUKe T paBHa p(x).

ITpumep 6.2 Cayuaiinas Besmunaa X umeeT pacnpedeaerue Kowu, T. e. pacupejeseHue ¢ IJIOTHO-
1 || dx

——— . Torna —

(1 +22) A / (1 +22)

— 00
uwa 1/(wz) upu x — +oo. Ilosromy MareMaTnyeckoe OXKUIAHNE CJIydaliHOM BeqnduHbl X He CyIIeCTBYeT.

crbio p(z) = = 400, TIOCKOJIbKY TOJILIHTETPAJIbHAS (PYHKITUS SKBUBAJICHT-

MaremaTuvieckoe oxkujjaHne (pyHKIIUUA OT CJIydallHOU BEJINYNHBI.

Haiinem maTemarndeckoe oxkuuanue QyHKIUU CJydYaiiHoONl Besmaubl (cayuatinozo eexmopa). Ilycrs Y =
©(X) aBnsiercs dbyHnkiweil or ciaydaitnoit Besmannbl X .

PaccmoTpuM cHavasa duckpemnyio cayuatingto eesusuny X , IPUHAMAIONLYIO 3HAYCHUS L1, . . ., Ly, - - - C
BeposiTHOCTSIME p,, = P{X =z, },n=1,2,.... Torga ciayvaiinas esmunsa Y = o(X) npuHuMaer 3HaYeHUsI
o(zy) ¢ BepogrHOCTSIME P, = P{X =, }, n=1,2,..., u ee MaTreMarudecKoe OXKUIAHUE OIPEIEJITETCS

dopmyutoit

o0

MY = Mop(X) = o(@:)pi, (6.1)
=1

MIPU TOM TPEOYETCsT BBIIOJHEHNE YCIOBUST
o0
> leai)|ps < +oo. (6.2)
=1

st nenpepwerots caywaiinot eeaununos X , AMeIONIel naommuocms pacnpedeserus p(x), MareMaTHIe-
CKOe OXKHJIaHue Ciry4daiinoil Beauuunbl Y = (X ) MOXKHO HaliTH, ucnosb3ys anajorudnyio (6.1) dopmyiy

—+o0
MY =Mo(X) = [ plaip(o)de, (6.3)
—o0
+oo
npudeM u 371ech Tpebyercs BeinosHenue yceaosust [ |p(z)|p(z) de < +oo.

uctniepcusi. MoMeHTBI BBICIIIUX MOPSIKOB

IBe cayuatinvie eAUNUHD, MOTYT UMETh OJMHAKOBBIE CpedHUE 3HAMEHUS, HO UX BO3MOXKHBIEC 3HAYCHUS
Oy/IyT HO-pa3HOMY PAaCCEMBATHCS BOKPYT 3TOro cpejgnero. Hampumep, cpeauit 6a/ur Ha 9K3aMeHe B JIBYX
rpynnax paeet “4”, HO B IepBOil I'PyIIlle MOYTHA BCE CTYAEHTHI MOoIyduin “4”, a Bo BTOpOiil rpyire “der-
BEpOYHUKOB’ HET BOOOIIE, HO €CTh KaK “IATEPOYHUKN , TAK U “TPOCIHUKN .

[TosTomy, HApsiAy CO CPEIHUM 3HAYEHUEM, XOTEJIOCh Obl UMETh U 9HCJIO, XapakTepusynoiree “pazdpoc”
CJIyIaffHON BEJTMYINHBI OTHOCUTEIHLHO CBOETO CPEIHEro 3HAUYeHUs. TaKoi XapaKTEePUCTUKONW OOBITHO CJIy-
KAT QUCTEPCUA.

Onpenenenue 6.3 Jucnepcued DX ciyuaitnoit Bemauabl X HA3BIBAIOT MATEMaTHIECKOE OXKUJIAHUE
KBaJIpaTa OTKJIOHeHHsI CIy9aifHoi Bemannbl X OT ee cpeHero sHadenud, T. e. DX = M(X — MX)2.
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Ucnonbays dopmynt (6.1)—(6.3), B koropsix nosoxkeno Y (z) = (xr — MX)?2, jterko nammcath pacuer-
Hble (POPMYJIBI JJIsT AUCIEPCHii TUCKPETHON W HEIMPEPBLIBHON CJIy9aiiHbIX BEJUIMH COOTBETCTBEHHO:

DX = (z; — MX)p; (6.4)
u
+oo
DX = /(x —MX)?p(z) da. (6.5)
IIpumep 6.3 Ilyctb X — 4Ynciao BBITABIIUX OYKOB MPU TOJIOPACHIBAHUU UTPAJILHOM KOCTH. Tak Kak
MX = 3,5, To
6
1 35
DX = i —3,5)% - = —.
> (=352 =1

i=1

3ameuanune 6.1 V3 onpenesiennsi HEMMOCPEACTBEHHO CJIEYET, YTO JTUCHEPCHs JI000i ciydaitHoi BeJsn-
YUHBI ABJILE€TCA HEOTPULATECJILHBIM YUCJIOM.

Hucnepcus DX npejcrasisier coboii BTOpoii MOMEHT UeHMPUPO8aHHOU (MMEOIIeil HyIeBoe MaTe-
o

MaTHIECKOEe OXKUJaHue) cayualinot eeaununvs X=X — MX. TlosToMy MHOIA JUCIEPCHIO HA3BIBAIOT
8MOPHIM UEHTPAADLHBIM MOMEHITIOM CIIyHaHON BEJIMYNHBI.

Jucuepcus uMeer aHAJOr B TEOPETHYECKON MEXaHMKe — IEHTPAJIbHBIA (OTHOCHTEJNHHO [EHTPa Mace)
MOMEHT UHEPIUU MaCChl, PACIIPE/IEIEHHON Ha OCH C JIMHEHHO IIOTHOCTBIO P(T).

B HEKOTOPBIX TEOPETUIECKUX UCCJIEIOBAHUSAX BCTPEUAIOTCSI MOMEHTBI BBICIITUX TTOPSIKOB.

Onpenenenune 6.4 Momernmom k-20 nopadxa my (k-m momenmom) ciaydaiinoit Besnananl X Ha-
3bIBAIOT MATEMATHYIECKOE OKUJIAHME k-1 CTEleHN CJIydIaifHOil BeaudnHbl X :

mg = MXk :Zl‘?pi,
%

eciu X — JUCKpEeTHadA cnyqaﬁHaH BeJIMYUHa, U

—+o00
my =MXF = / zFp(z) dr,

—o0
ecaiu X — HeIllpepbIBHAA cnyqaﬁHaH BeJIMYHHA.

Wuorma k-it MOMEHT HA3BIBAIOT TAKKE HAYAABHBIM MOMEHMOM k-20 nopsdxa.

o
Ounpenenenune 6.5 Ienmpanvrbim momenmom k-20 nopadra my, (k-m yuenmpasbHvmM MOMEH-
mom) cirydaitHoil BesnduHbl X HA3BIBAIOT MATEMATHIECKOE OKUIaHKe k-il CTeleHu Cly YailHOl BeJMIuHbI

X=X - MX:
+oo
mp=M(X — MX)* = Z(xi —MX)*p; u mp=M(X —MX)* = / (z — MX)*p(z)dx

JJIA ﬂHCerTHOﬁ u HereprBHOfI Cﬂy‘{aﬁHbIX BesimurH X COOTBETCTBEHHO.

MowmenT IIEPBOI'O IIOPdAJKa COBIIaJaeT C MaTeMaTHUYIeCKUM OXKUJIaHUEM, L[eHTpaJILHLIﬁ MOMEHT IIEpBOI'o
HOpsIKa paBeH HYJIIO, HeHTpaJIbeIfI MOMEHT BTOPOI'O IOPsAJIKa ABJIAETCA ancnepcneﬁ.

KBanTnian

Onpenenenune 6.6 Keanmuavto yposHs «, uin a-kBauTwibio, (0 < o < 1) cayvaiinoit Besmananl X
(pacupenesenust ciydaitHoii BesuduHbl X ) HA3BIBAIOT YUCIO (4, YAOBIETBODSIONIEE HEPABEHCTBAM

P{X<Q.}<a mn P{X>Qu.}<1—-0q.

1/2-KBaHTIWIb HA3BIBAIOT TakKe Meduanot M ciayuaiinoit Bemmanabr X .
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Iiist HenpepouieHot cayuatinoti seaununvs X -KBAHTUIb (), sIBJISETCS PENIEHUEM ypPaBHEHUS

F(Qa) =,

rue F(x) — Pynruyua pacnpedeserua ciydaitnoin Beauannbl X . Takum o6pa3omM, Jyisi HEIPEPBIBHOI Ciry-
yaifHOil BemyuHbl X KBaHTWIb (), — 9TO TAKOE YHCJIO, MEHbIEe KOTOpOoro X INPUHUMAET 3HAYEHHE C
BEPOAMNHOCTNDIO (.

Ecsin uzBecrna naommuocms pacnpedeaenus p(x) cirydaiinoil Besuauabl X, TO, YIUTHIBAA CBI3b MEXK-
ny dyHKImel pacupeesenns U IJI0THOCTHIO PACIPeIe/IeHns], YPABHEHUE JJIst OIPEIe/ICeHNsT (--KBAHTHUIIN
MOYKHO 3allMCATh B BHJIE

Qa
p(z)dx = a.

— 00

ITpumep 6.4 Haitem a-KBaHTHIb U MEIUAHY IKCNOHEHUUAALHOZ0 pacnpedesenus. B arom ciydae (g
[IpeJICTaBIIsIeT CO0O0il peleHne ypaBHeHs

1—e Mo =q.

[Tosromy
In(1— )
Qa = - )
MenaHa 9KCIOHEHITHAJBHOTO PACIIPE/IEIEHUS
In2
M=—.
A

ITpumep 6.5 Ilycts cayuaiinas BesmuauHa X NpPeJCTaB/IsieT cOOON HMUCIIO YCIEXOB B OJIHOM HCIBITAHUN
1o cxeme BepHyaru ¢ BeposITHOCTBIO ycuexa p. Torma, kak BuHO HaA puc. 6.1,

mpu 0<a<gqg QRa =0,
mpu g<a<l Qo =1,

a @-KBaHTUJIBIO sABJsieTCst Jiroboe 4uncyao or 0 go 1. DToT mpumep MOKa3bI- F(x)

BAET, YTO, BO-IIEPBBIX, KBAHTUJIA MOTYT COBIAJATH JJIsi PA3HBIX (v, &, BO- | e —— -—
1

BTOPBIX, JJId HEKOTOPBIX (¢ KBAaHTUJIMA MOI'YT OIpPeIeaAThCsI HEOJHO3HAY- o [ e e 4 o

HO.
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Jleknms 7

OcHOBHBbIE 3aKOHbBI pacIipejesIeHns
CJIy4YalHbIX BeJINYUH

BuroMumanbpHOE pacrpejiesieHue

Jluckpernas ciy4vaitnas Benmumba X pacnpegene- | X | 0 1 1 ool n
Ha 10 OBUHOMUGNBHOMY 3GKOHY ,€CIIN OHA TTPUHIMAET n | 1, n—1 i i n—i n
Y Y,ecn P P|q"|Cipg ... | Ctpiq .. p
snadenud 0, 1,2,...,m B COOTBETCTBUAU C PaCIIPE/IeJICHN-
eM, 3aJ]aHHBIM (POPMYJIOi Tabauma 7.1.

P{X =i}=P,(i)=Clp'¢" ", i=0,n,

WJIN, 9TO TOXKE CaMOe, PSIIOM PACIIPeIeIeH s, IpeicTaBaIeHHbM B Tadbsune 7.1, tne 0 <p,g<lup+qg=1.

ITpoBepuM KOPPEKTHOCTH OLpeIesieHrsl GHHOMUAILHOIO pacipeeienus. Jeiicrurensuo, P, (1) >0 u
n n
Y OP(i)=> Cip'q" " =(p+q" =1.
i=0 i=0

ITpumep 7.1 Haiinem maremarudeckoe OKUJIAHHUE CJIyJailHON BeJIMYMHBI X , PACIPEIE/IEHHOI 110 6uHOo-
MUGALHOMY 3aK0HY (AUCIIO YCIEXOB B N UCIBITAHUSX 0 creme Bepryart ¢ BEPOATHOCTHIO yCHexa p):

- . . - .~ i n—1i " . n! i n—i
MX =3 iPai) =D iCi' " = Y i =
=0 i=0 i—o U !
_in&iﬂ n—i _ nile D = ”ilp ()=n
=2 Pa=1im—o? © = Pj:O n—1P'q = pj:() —1(4) = np.

BunomnanbaOe pacupefiesienne sABJIsIeTCS He YeM WHBIM, KaK pacIpelesIeHreM Jucya ycrexoB X B N
UCHBITAHUAX 10 cxeme Bepryasu ¢ eeposmmnocmoio ycuexa p u Heylauu ¢ = 1 —p (cm. 4).

ITpumep 7.2 Ilycts X — umncjo ycmexoB B 1 UCHBITaHUAX 0 cxreme Bepryasu. ucnepcuro X MOxKHO
MOJICYNTATh TaK Ke, KaK B mpuMepe 7.1 OBLI0 MOACINTAHO MAaTEeMAaTUIECKOe OKUIAHNEe, & TMEHHO HEITo-
CPEJICTBEHHO BOCIIOJIB30BaThCsl omnpejesienneM 6.3 jaucnepcuu. OMHAKO MBI MOCTYIIMM JPYIUM 06pPa30OM.
st sToro nipesicraBuM X B Bujie cyMmbl X = X7 4 ...+ X,,, nine X; — 9HC/IO yCIEXOB B $-OM UCIBITAHUU.
Iucniepenst KaXKI0ro CIaraéMoro paBHa:

DX, = (0—MX;)?q+ (1 — MX;)’p= (—p)*¢+ (1 — p)’p = p’q+ ¢’p = pa(p + q) = pq.

Tosxuee (cm. Teop. 9.2) Gyer J0Ka3aHO, YTO JUCIEPCHs] CyMMBbI HE3ABIUCUMBIX CJIyYaiHBIX BEJIMYNH DABHA
CyMMe JHUCHEPCUil KaXKJI0r0 CJIAraeMoro. Y YuThIBas, 9TO CJIyJallHble BeJIMINHBI X; ABJISIOTCS HE3aBUCH-
MBIMH, IIOJIy4YaeM

DX =DX; +...+DX,, =npq.

Pacmipenenenne Ilyaccona

HuckpeTHas caydaitias Beaudnaa X pacipejesena no 3axkony Ilyaccona, eciim oHa IPUHAMAET TIe/IbIe
HEOTPUIATEIbHBIE 3HAYEHUsI C BEPOATHOCTSIMU

i

A
P{X=i}=P(i;\)=Se?,  i=01,.,
1.
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WU, TO-JAPYyTOMY, ¢ BEPOSTHOCTAMH, TpeacTaBiaeHabivu | X | 0 1 2 n

psizioM pactipesiesieHus B tabsure 7.2, e A > 0 — mapa- Ple>]| e A?T'e—x | AreA
MeTp pactpenesienus Ilyaccona. - ~
IIpoBepka KOPPEKTHOCTH OIPEeICHUsT PACIPE/ICICHIS Tabmuna 7.2.

IIyaccona maert:

;P(i; A) = ;i—!e_)‘ = e_’\;ﬁ —e et =1.

Pacopenenenne Ilyaccona Takyke Ha3bIBAIOT 3GKOHOM PedKUL cObbyMuU, TIOCKOJILKY OHO BCErjia
MIPOSIBJISIETCS TaM, TJ€ ITPOU3BOIUTCS OOJIBINOE YUCIIO UCIBITAHAN, B KAXK/IOM U3 KOTOPBIX C MaJIOi BEPOST-
HOCTBIO MPOUCXOTUT “penkoe”’ cobvmue. B coorBercTBrm ¢ 3akoHOM IlyaccoHa pacmpeiesieHbl, HAPUMED,
YUCJIO BBI30BOB, IIOCTYIIMBIINX B TEUYEHUE CYTOK Ha TeJIe(DOHHYIO CTAHIIUIO; YHCJIO METEOPUTOB, YIABIIAX
B OIIPEJIeJIEHHOM paifoHe; YHCJIO PACHABIIUXCS YACTHIL TP PAIMOAKTUBHOM PACIaje BelecTBa.
ITpumep 7.3 Ilycrb cayugaiinas Besmunna X umeer pacnpedesenue Ilyaccona. Torma

.)\z B )\Z,1 B bV B B
MX = E i—e )‘:)\E —e A:)\g et =Xete =\
il (t—1)! — jl
=0 7=0

=1

Ilpumep 7.4 Haiimem qucuepcuio caydaiHONW BeTUIUHBI X , pacipeIesieHHon mo sakony Ilyaccona. s
3TOr0 BOCIIOJIL3yeMCsl CBOMCTBOM 3 jaucrepcun. Maremarndeckoe oxumanne MX = \ Obu10 Haiizeno B
npumepe 7.3. OnpegeauM BTOPOi MOMEHT:

& )\z > /\ifl
MX2: 22 7Y 7)\: - - _
D e =AY iy

=0 i=1
:)\Z(j+1)ﬁe A=) Z(:)jﬁe AJFZ(:)ﬁe A =AMX +1) =2+ A
i= j=

Takum obpasom (cM. Jasee Teop. 9.2),
DX =X +A-A% =,

U, 3HAYUT, Jucnepcus X, TaK »Ke KaK 1 MaTeMATHIECKOe OXKUJIaHNe, COBIAIAeT C IapaMeTPOM A.

FeOMeTpI/I‘IeCKOG paciipeaeJsjieHnmue

CuoBa paccmorpum cxemy Beprymmu. Ilycre X — dwmciio ucnbrranmii, KoTopoe HEOOXOIUMO IIPOBe-
CcTH, TpeXJe YeM MOsiBUTCHA IepBbiil ycmex. Torma X — mucCKperTHasi CiydaliHas BEJUYNHA, TPUHUMAIO-

masg 3aadennd 0,1,2,...,n,... Oupemesum BepoaTHOCTb cobbitrar | X [0 1| 2 |... | n
= = - 2

{X : n}. OueBnano, uro X = 0, €CJiu B IEPBOM K€ MCIIBITAHUH TIPO Plplap|?p|... | g™

usoiizer ycunex. [osromy P{X =0} = p. Tanee, X =1 B TOM cayuae,

KOTrJa B IIEpBOM HCHBITAHMM IIPOU30ILIa HeyJgada, a BO BTOPOM — Tabsuna 7.3.

ycuex. Ho BepositHocTs Takoro coberrus (cM. Teopemy 4.3), pasua gp, T.e. P{X =1} = ¢p. Ananorug-
Ho X = 2, ecIM B IIE€PBBIX JBYX HCILITAHUAX HPOM3OILIN HEyJAadd, & B TPETHEM — YCIIEX, W, 3HAYHT,
P{X =2} = qqp. IIponomkas 3Ty mporeaypy, nomydaem P{X =i} = pq’, 1=0,1,... Takum obpa-
30M, caydaiiHas BeaumunHa X UMeeT pPsifl paclipe/ie/eHns, IPeCTaBIeHHbI B TabauIle.
CuryuaiiHyto BEeJMYUHY ¢ TAKAM DsIJIOM PACIpPEIe/IeHUs HAZBIBAIOT PACIIPEJIEICHHON COIJIACHO 2€0MeTr-
PUNECKOMY 3AKOHY.

[TpaBMIILHOCTE COCTABJIEHUS TAOJUILI BHITEKAET U3 PABEHCTBA

SOPX =i} =) "pi =pY d = =1L
i=0 =0 =0 q

IIpumep 7.5 Haiinem MmaTeMaTudIecKoe OXKHUIAHNUE CIYyIalHON BEJIMIUHBI X , UMEIOIIEH ceomempuyeckoe
pacnpedeserue:

N - Y 1y pq pq_ g
MX = ipg' =pq iq""1=pq( qi) =pq( ) = ==
; ; ; a l—gq (1-9? p* p

MoxkHO TOKa3aTh, ITO

Dx =L

p2
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PaBHOMepHOe paciipeeeHne

Coyuaiinas BeJIMYUHA HMeEET DAGHOMEPHOE pacnpedeserue Ha OTPe3Ke [a,b], ecim ee naommocmo
pacnpedeserus p(x) u Pynryus pacnpedeaenus F(x) pasabt

1 <r<h 0, z < a;
a<x<b; _
pla)=q b-a’ o . F@)=q 7= a<a<d
—a
0, r<a wm x>b. 1 b,
I'paduku mwrorHocTu pacupezpesenust p(r) u p(x) .

dyukIMn pacupenenenust F(x) mIpuBeneHbl Ha )
puc. 7.1. Bepoamiocmp nouajanus paBHOMEPHO 1 - — T T :
paciupeeJeHHON ciry4JaiiHOi BeJIMYUHBI B MHTED- i ; ;
Baul (21, Ta), Jiexkalnuii BHyTpU oTpe3Ka [a, b], pas-
Ha F(x9) — F(x1) = (z2 —21)/(b—a), T.e. upoop- L L i
IMOHAJIbHA, JITUHE 9TOr0 MHTepBaJia. Takum obpa- a O b x a Ol b X

30M, PABHOMEPHOE PACIIPE/IEIEHIE PeaTU3yeT cTe- Puc. 7.1.
MY 2e0MEMPUHECKOT BEPOSTHOCTU NPU GPOCAHUI TOYKH HA OTPE30K [a, b].

ITpumep 7.6 Haiinem MaTemMaTnueckoe OKUIAHUE PABHOMEPHO pacnpedesennoli Ha OTPe3Ke [a, b] ciry-
vaiinoi Besmunsbl X . [Tockosbky B 3TOM caydae p(x) =0 npu & < a u > b, T0

400 b 1 o 1z=b b
MX = /xp(x)dx:/ R - 2 = —&-a.
—0o0 a

b—a b—a 2 2

r=a
Kax u cremosano oxxumars, MX coBmasmaer ¢ cepenunoit orpeska [a, b].

IIpumep 7.7 Hucnepcusi pagromepro pacnpedeaennoli Ha oTpeske [a, b] ciyuaiiHoil Besuaunbl X ornpe-
Jesisiercst hopMysIon
/ b 2 b 3
1 1
DX:/(zf +a> d:c:(x—iJra) —_—
2 b—a 2 3(b—a)

a

= (b-a)®  (b—a)?

C12(b—a) 12

r=a

DKCIIOHEHINAJIbHOE pacIpeesieHne

CuryuaiiHasi BeJUYUHA DACIPEEJICHA [0 IKCTLOHEHUUAADHOMY (NOKA3AMEABHOMY) 3AKOHY, eciiu
OHA MMeeT IJIOTHOCTD pacupejesenns p(x) u dyHkimo pacupeenenus F ()

0, x <0 0, x <0
1—6_)‘9”, x> 0.

p(.l?) = Ae— A >0, °

rae A > (0 — mapaMeTp SKCIIOHEH-
UaJbHOTO pacipejesenus. ['pa-
GbUKHN ITIOTHOCTH PaCIpeIeIeHIs
u DYHKIUH PACIpEIeJIeHUs IKC-
MOHEHIINAJILHO  PacIpe/ie/IeHHON
CJIy4aiHON BeJIMYUHDI IIPUBEICHDL
Ha u 7.2. Puc. 7.2.

IIpumep 7.8 Haiinem MaTeMaTHIecKoe OXKHUJIAHNE U JIUCIEPCHIO IKCTOHEHUUAALHO PACTPEJEAEHHOT CITy-
qaiinoit Bejmaunbl X . [IpuMeHnsist poOpMysly HHTEIPUPOBAHUS 10 9aCTIM, TTOJLY UM

+oo +oo 1
MX = /xp(m)da: = / e M dy = v
—o0 0

+o0 +o0 1 2 1
DX:/(x—MX)zp(x)dx:/<x—/\> )\e*)“"”dm:ﬁ.

0
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HopmasibHOe pacripenesieHne

Cuyuaiinas BesinunHa pacnpedesera no HOPMAAbLHOMY (WM 2aYCCO8Y) 3AKOHY, UL UMEET HOP-
MmaavHoe (2ayccoso) pacnpedeaeHue, el ee IIOTHOCTh

_(@—mp?

1
202 (—oo<m < 400, 0>0).

m,c\T) = ——¢€
Pm,o(2) oy

HopmasbHoe pacipejieleHne 3aBUCHT OT JBYX TIapaMeTpoB: m u 0. Beiomy B manee samch X ~ N (u,0?)
OyzeT o3HavaTh, 9TO X — HOPMaJIbHAA ClydaiiHas BEJUUHHA C TAPAMETPaMU ji U .
I'padbukn miorHOCTH P4y o () U DYyHKIUN

(z—m)?

D, 0 () 202 dzx

x
1 _
= — e
V2w
— 00
HOPMAJILHOTO PACIIpe/Ie/ICHUS 118 PA3JINIHbIX 3HAYEHUN M U 0 MPUBEJIEHBI Ha pUC. 7.3.
Kak cneayer w3 Tux pPHUCYHKOB, Ia- eyl LI CON |
paMeTp m OIpeJIe/IsaeT TOJIOKEHNE “TIeH-
Tpa CAMMETPUH’  ILUIOTHOCTH HOPMAJIb-
HOTO PACIIpEIeICHNs, T.€. IpaduK ILIOT-
HOCTH HOPMAaJILHOT'O pPaclpe/ejIeHUs CUM-
MeTpHUYeH OTHOCUTEIbHO NIPAMOIt T =m, a
0 — pa3bpoc 3HadeHUil ciydaiiHoil Besu- Puc. 7.3.
9UHBI OTHOCUTEIBHO MeHTpa cuMMerpun. Eciim m =0 u 0 = 1, TO Takoit HOpMaAbHbLl 3aKOH HA3HIBA-
0T cmandapmHbim U ero GYHKIUIO pacupezenenus obozuadaior (x), a IIOTHOCT pacupeIe/eHust —

o(x).

_ .2
Kak m3BecTHO M3 Kypca MaTeMaTHYeCKOI'O aHaJIN3a, WHTErpaJl / e~ /?dz we moxer GbBITH BBIpa-

JKeH uepe3 3JjieMeHTapHble pyHKIMu. 110sToMy BO BCeX CHPaBOYHUKAX W B OOJILIIMHCTBE yIeOHUKOB IO
TEOPHUU BEPOATHOCTEl IPUBEIeHbl TAOMUILI 3HAUeHHH (DYHKIMU CTAHJAPTHOTO HOPMAJIBHOTO paclipejie-
senus. TTokazkeM, KaK, UCIIOJNL3Ys 3Ty TaOJUILy, HAHTH BEPOATHOCTH IIONAIAHUA CJIydailiHON BeJUYUHbL,
PaCIIPEIETIEHHON 0 HOPMAJIBHOMY 3aKOHY C ITPOM3BOJIGHBIME TTADAMETPAMHA M W 0, B UHTEPBAT (a, b).

B cooTBeTCTBAE €O CBOMCTBOM 2 IMIIOTHOCTH PACTIPEJIESIEHNS (CM. TEOPeMY 5.2) BEPOATHOCTH MOTIATAHAST
cityuaitHolt Bemuanubl X, paclipeieJieHHol 10 HOPMaJLHOMY 3aKOHY C IIapaMeTpaMu m U 0, B HHTepBaJ
(a, b) 3amaercst popmyIoi

b

b
1
Pla< X <b}= /(pm7a(y) dy = / e M)/ (20%) gy
oV 2m
a a

HpOBOJlSI 3aMEHy T = (y — m)/a, 9TOT MHTErpaJl MOXKHO 3alluCaThb B BUJIE

(b—m)/o ) (b—m)/o
Pla< X <b} = / e " Py = / o(z)dz.
V2T
(a—m) /o (a—m) /o

Takum 06pa30M, OKOHYATEJbHO II0JIy49aeM

P{a<X<b}—<I><b_am)—<I>(a_m>. (7.1)

g

IIpumep 7.9 Haitnem MaTemMaTudecKoe OXKHUJIAHUE CAyIalHON BeJIUIUHLI X, PACIpPeIeSIeHHON 0 HOop-
MANDHOMY 3aKONY C TTAPAMETPAME M U O

o0 “+o0
MX = /wm,a(w)dx: / L e @mm)*/(20%) gy
oV 2
Hemnast 3ameny y = (x —m) /o, noiaydaem
400 +o0 +o00 1 +oo +o0
MX:/%e_yz/Qdyz / %e‘yzmdy—i-m/ me_yz/QdyZ\/%/ye‘yz/Qdy—i-m/go(y)dy.

[TepBbrit mHTErpa paBeH HYJIO B CHIY HEYETHOCTHU TOABIHTErPAJBHON (DYyHKINN, & BTOPOl paBEH €IMHUIIE
KaK WHTerpaJ OT CTaHJAapTHON HOpMaJbHON miaoTHOCTH. Takum obpaszom, MX =m, 1. e. mapamerp m
MMeeT CMbBICJI MaTeMaTUIeCKOr0 OXKUJIAHUs CIyIailHON BemdnuHbl X .
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ITpumep 7.10 [lucnepcust cirydaitHON BeTMIWHBI X , PACIIPEIETEHHON IO HOPMAALHOMY 3a4KOHY C TIapa-
MeTpaMu m U o, IMeeT BHU]L

o +oo(x_m)2 _(I—m)Q
DX = /(;v—m)ngm,g(;v)dx:/ie 202 dux.
V2w
—0o0 — 00
Hemnas 3ameny y = (z —m)/o, noiydaem
+o0 9
Yo 2
DX:U2/—e v 2y,
s Y
—00

Tomnaras u=y/v2r, dv = ye_y2/ 2dy n MHTErpUpYy O YACTSM, HAXOIUM

“+o0 +o0
1
DX:UZ/727T6_92/2dy:JQ/cp(y)dyon.

Takum 06pazom, AuCIIEPCUs] HOPMAJIBHO PACIIPEIEIEHHON CJIyYailHON BEJIMINHBI COBIIAIAET C KBAIPATOM
BTOPOTO TTapamMeTpa.
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Jleknnus 8

CiyuaiiHble BEeKTOPbI

cI)yHKI_lI/ISI pacipeaejaeHuns:d cnyqaf/inoro BeKTOpa

Onpepesenne 8.1 CosokynHOCTb cayuatinunx eesuvun X1 = X1(w), ..., X, =X,(w), 3a7aHHbIX HA
OIIHOM U TOM Ke @eposammnocmmuom npocmparcmee (1,8, P), HazpiBaioT MH020MePHOT (N-MePHOT)
CAYHatuHOU 8EAUNUHOU, UTH T-MEPHBIM CAYUAUHBIM 8eKmopom. Ilpu sTom camu ciaydaiiHbie Be-
JsmanHbl X1, Xs,..., X, Ha3bIBAIOT KOOPOUHAMAMU CAYHATUHO20 6EKIMOPA.

ITpumep 8.1 OTkjOHEHME TOYKU pa3pbiBa CHAPsIA OT TOYKH IPUIEIUBAHUS DU CTPEIbOe 10 IIJI0CKOM
[eJin MOXKHO 33J1aTh JABYMEpHO# cirydaiinoit Bequuannoit (X;Y), rae X — OTKJIOHEHHE 1O JaJIbHOCTH, &
Y — orkyioHeHMEe B GOKOBOM HAITPABJICHUHN.

IIpu crTpenpbe MO BO3MYITHOI e HEOOXOAMMO PACCMATPUBATDL TPEXMEPHBIN CAyIafHBIN BEKTOP
(X;Y;2), rne X, Y, Z — KOOpAMHATHI OTKJIOHEHHsI TOYKU Pa3pbIBa 3eHUTHOIO CHApPsJa OT TOYKH IPU-
[eJIMBAaHUs B HEKOTOPOI IIPOCTPAHCTBEHHO! CHUCTEME KOO IUHAT.

IMpumep 8.2 Ilpu ucnbrtanuu npuboOpa Ha HAJEKHOCTH COBOKYITHOCTD BHEITHUX BO3JEHCTBUIA B HEKOTO-
PBIil MOMEHT BpEMEHH MOXKHO ONUCATh ciydaiiubim BekTopoM (X;Y;Z;...). 3uech, nanpumep, X — rem-
repaTypa OKpyzKalolieit cpeibl, Y — arMocdepHoe JTaBjeHne, Z — aMIINTYIa BUOPAIMH IIaT(MOPMBI, Ha
KOTOPO# yCTAaHOBJIEH IPUOOP U T.JI. Pa3sMepHOCTb 3TOr0 BEKTOPA 3aBUCHUT OT KOJUYECTBA YUUTHIBAEMBIX
(HAKTOPOB M MOXKET OBITH JJOCTATOYHO OOJILIITON.  #

CBoiicTBa MHOTOMEPHBIX CJIYYaiHBIX BEKTOPOB MBI OyJeM B OCHOBHOM H3yYaTh Ha IIPUMEPE JIBYMEp-
HOI'O CJIyYallHOIO BEKTODPA, JeJiasi, eCJIH 3TO HOTpeOyeTcs, NOSCHEHUS I CJIydaifHOrO BEKTOpa IIPOU3-
BOJIBHOU Pa3MEpHOCTH.

Hamomamm, 910 paccMoTpeHHe OJHOMEPHON CJIyYaifHON BEIUYUHBI HAYMHAJIOCH C OOCYXKIEHUS CIIO-
coba 3a/laHus ee 3akoHa pacnpedesenus. B 9acTHOCTH, 3aKOH pacupeiesieHusi OJHOMEPHON CIIydaifHoi
BEJIMYIUHBI MOYKHO 33JIaTh C MOMOINBIO (pynKuyuu pacnpedesenus. To Ke MOXKHO CKa3aTb U 10 OTHO-
MIEHUIO K N-MEPHOMY CJIydaiiHoMy BeKTOpy. OTMETHM, UTO B JAJbHEHIIEM I nepecevenus codbimul
{X1 <z},....{X, < x,} B7MecTO 3amucu

{X1<J)1}ﬂ...ﬁ{Xn<l‘n}

6yﬂel\’[ HCIIOJIb30BaTh 3allCh
{X1 <Xy, Xn < a?n}

Onpenenenune 8.2 Pynkruuel pacnpedeaenus (8eposmmocmet)

F(z1,....2n) = Fx,...x,(Z1,...,2n)
(n-mepHOro) cayuatnozo eexmopa (Xi;...;X,) Ha3bBAOT (QYHKIUIO, 3HAYEHUE KOTODPOH B TOY-
ke (Z1;...;%,) € R™ paBHO BEPOSTHOCTH COBMECTHOIO OCyIlecTBieHHs (Lepecedenus) cobbiruilt {X; <

1}y {Xn <zp}, Te.
F(zq,...,xn) =Fx, .. x,(@1,...,20) =P{X1 <21,..., Xp, <zp}.

Dyukiuio pacupeiesenus F(x1,...,T,) HA3BIBAIOT TaKXkKe €o08MecmHoll n-meprot @dynruyued
pacnpedenerusi CIydaifHbIX BeIUIUH X1, ..., X,. SHaUYEHUE JABYMEpPHOU (DYHKIIUU PACIPEEICHUs B
TouKe (a1;a2), COMIACHO OIpe/eseHuio 8.2, IpejicTaBisier coboil He 4TO MHOE, KAK BEPOSTHOCTH [ONala-
HUsl TOYKHA ¢ KoopauHaTaMu (X1; Xo) B KBQJPAHT ¢ BEPIIMHON B TOUKe (a1;a3).
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Teopema 8.1 Jleymepnas dyrruyus pacnpedesetus YyOo8ACMBOPACT. CACOYIOULUM CEOTCMEAM.

.0 S F(.’L‘l,l‘g) < 1.

. F(x1,29) — neybuwsaowan Gynkyus no Kaitclomy ud apeymenmos Ty u Ts.

. F(—00,29) = F(x1,—00) =0.

. F(400,4+00) =1.

. P{a1<X1 < by, <X < bg} = F(bl, bg) — F(bl, ag) — F(ah b2) + F(al, (12).

. F(z1,72) — nenpepwvienas caesa 6 aoboti mouke (r1,72) € R? no xastcdomy us apeymenmos x1 u
To PyHKUUA.

7. Fx, x,(x,400) = Fx, (%), Fx,,x,(+00,2) = Fx, ().

JIOKABATEJIBCTBO. YrBep:KieHus 1 U 2 JI0Ka3bIBAIOTCS TOYHO TAK Ke, KaK 1 B OJJHOMEPHOM CJIydae (CM.
Teopemy 5.1).

Coboimus {X1 < —oo} n { X3 < —00} SBISIIOTCS HEBO3MONHCHVLMU, & TIEPECEUEHIe HEBO3MOYXKHOIO CO-
OBITHS C JIIOOBIM COOBITHEM, KaK M3BECTHO, TAKKEe HEBO3MOXKHOE COOBITHE, BEPOSATHOCTH KOTOPOTO PaBHA
mymo. OTciofa ¢ y4eToM ompesiesieHns 8.2 BBITEKAET YTBEPKICHUE 3.

Ananornuno u3 toro, uro cobmmus {X1 < +oo} u {Xo < +oo} %
Tak ke, KaK U UX IepecevdeHne, BJIAIOTCI J0CMoGepHbLMU, BEPOIT-
HOCTb KOTOPBIX PaBHA €JIMHHIE, BHITEKAET yTBEpKeHue 4.

YTo0bl HAITH BEPOSATHOCTH MOMAJAHUS JIBYMEDHOH CIIydJaliHON Be-
Jmansbl (X1,X2) B upamoyroisauk {a; < x1 < b1, as < a2 < ba}
(ra puc. 8.1 3aIITPUXOBAH), CHAYAJIA ONPEIEINM BEPOSITHOCTH IO
najanusi B nosynosocy {1 < aj, as < 22 < by} (or™MeveHa JBOWHOM
mrpuxoBkoii). Ho 3ra BeposTHOCTH npeicTaB/isgeT coboil BEpOSITHOCTD Puc. 8.1.

[ONAJaHus B KBaJApaHT {r; < aj, Tz < by} 3a BBIYETOM BEPOATHOCTH IIONAJAHUs B KBaJpaHT {x; <
ay, T < CLQ}, T.€. P{Xl <aip, az < Xo < 1)2} = F(al,bQ) — F(al,a2). AH&JIOI‘I/I‘{HO, P{Xl < bl, as < X9 <
ba} = F(b1,by) — F(by,az2). Temeps ocTamoch 3aMeTUTH, 9TO BEPOSTHOCTH MONAJAHAS B MPSMOYTOJBHUK
{a1 <1 <by, as < 29 < by} COBIAZAET ¢ BEPOSITHOCTHIO MOMAIAHNSI B TIOJIYNONIOCY {21 < b1, as <o < b}
U3 KOTOPO#i BEIUATAETCSI BEPOSITHOCTD HONAIaHUs B osryrosiocy {x1 < aj, as < 22 < be}, oTKyza ciemyer
yTBepXKJIeHne 5.

ITog06HO OHOMEPHOMY CJIyYalo JTOKa3bIBACTCA M yTBEp2KICHHE 6.

Haxkower, cobbiTue {Xs < +00} siBisleTcst JOCTOBEPHBIM, moaroMy { X7 < 21} N{Xs < +oo} ={X1 <
x1}. Anagornano {X; < +o0o} N{Xs <2} = {X3 < 22}. OTcioa IPUXOUM K YTBEPAKICHHIO 7, KOTOPOE
yCTAHaB/INBAET €CTECTBEHHYIO CB3b MEXKIy JIByMepHOH dynkuueil pacupenenenus Fx, x, CIydaitHo-
ro Bekropa (X1;X2) n dyskmusvu Fx, u Fx,, KOTOpble HA3BIBAIOT OOHOMEPHBIMU (TOBOPSIT TaK¥Ke
YACTNMHBMUY, W MAP2UHAABHBMU) PYHKUUAMU pacnpedeseHus ciaydaiHbx esmand X; u Xo.

D Grds Lo v =~

JuckpeTrHble IByMepHBbIE CJIy4dailHbIe BEKTOPHI

Ounpenesnenune 8.3 JIsymepryto caywatinyro eeauwuny (X;Y) unaseiBaor duckpemmoli, eciu
KaxKJias U3 CJIydaiiHbIX BeJudnH X u Y sBisiercst duckpemmot.

Tak ke KaK U B OJITHOMEPHOM CJIy4dae, PacipeeeHne IBYMEePHOH MUCKPETHON CIyIaifHOM BEJININHBI
€CTECTBEHHO OIMCATH C IMOMOIIBIO NePeYrC/IeHns] BCeBO3MOXKHBIX Map (X;:1Y;) 3HAYEHNH KOODIUHAT CAY-

watinoeo eexkmopa (X;Y) U COOTBETCTBYIONIUX 8EPOAMHOCTET, C KO-
TOPBIMU TH TAPhI 3HAUCHUN MPUHUMAIOT CJIyYaiiHble BETUINHB X U X v |y y Py
v | Ym
Y (1151 HpOCTOTHI OrPAHMYNMCS KOHEIHBIM MHOHCECTIEOM 603MOHIC~
. . 1 | P11 | P12 | ---| Pim | PX1
MO 3HaMeHUul, KOTJa ciydaiiHas BeJuduHa X MOXKET IMPUHUMATH
T2 | P21 | P22 | --- | P2m | PX2
TOJIbKO 3HAYEHUS L1, ..., Tp, Y — SHAYEHUS Y1, ..., Ym, & KOOD-
JIUHATBL JBYMEPHOro ciydaiinoro sekropa (X;Y) — napel 3Hadenuii
 — ., LTn | Pnl | Pn2 | - | Pnm | PXn
(xi,y5), i =1,n, j =1,m. Takoe nepeuncienne ynoGHO IpeICTABUTD
. . Py [pyv1|Py2 |- | Pym
B Bujie Tabsunp (Tabu. 8.1). B 9roii Tabuie B BepxHeil cTpoKe mnepe-
YUCJICHBI BCE€ BO3MOXKHBIC SHAYCHHUA Y1, ..., Yj, - .., Ym CIydJalHON Ta6sumna 8.1.
BEJIMYMHBL Y, & B JIEBOM CTOJIOIEe — 3HAYEHUS T1, ..., Ly, ..., Ty CAydaitHoi Beamuunbl X. Ha mepe-

b

cedennu crosbna “y;” co crpoxoit “x;” maxommres BepoaTHOCTL p;; = P{X =z,;,Y =y;} coBmectHOro
ocymmecrsienus coobrruit {X =x;} u {Y =y;}.

B sroit Tabmuie 00bIYHO H00aBIAOT ere ofHy CTpoKy “Py” u cronber “Px”.

Ha mepecedennu crosbma “Px” co cTpokoit “x;” 3amMCBIBAIOT YHUCIO Pxi = Pi1 + ... + Pim. HO pxi
npeacrasiser coboil He YTO MHOe, KaK BEPOSTHOCTH TOrO, YTO CaydaiiHas BeauduuHa X HOpUMeT 3Hade-
HEE T;, T.e. px; = P{X = z;}. Takum 06pa3omM, HepBbIii U MOCIe HAI CTONOIBI TAGIUIBI JAIOT HAM DAd
pacnpedeserus CIIyIANHON BeTUIUHBL X .

AmnajsiormuHo, B moceHeil crpoke “Py” moMerieHsl 3HaUYEHUS Py j = Pij + ...+ Pnj, & HepBas H Io-

CJIeJTHSISI CTPOKU AT Psifl pacipesesieHus ciydaitaoit Beauaunbl Y. Vcmoms3yst Tabmuiry 8.1, HeTpyIHO

i

36



OLIPENIENUTD cosMecmuylo Pynkyuto pacnpedeserus Fx y (x,y). flcHo, 910 st 95TOr0 HEOOXOAMMO IIPO-
CYMMHUPOBaTh P;; 110 BCEM TeM 3Ha4YeHUsIM % U j, /I KOTOPBIX T; < T, y; < ¥, T.e.

F(z,y) = Z Dij-

10 x;<x
J: yi<y
ITpumep 8.3 B coorsercreum co cremoli Bepryaau (eM. onpenenerue 4.2) c X5
BEPOSITHOCTBIO yCIIEXa P M BEPOATHOCTHIO Heymauu ¢ = 1 — p MPOBOIATCS JIBa WC- X1 0|1 |Px
1
IbITaHus. BelnuineM pacipejiesienne IByMepHOro ciaydaitnoro sekropa (Xi; Xs), 0 | lapl g

rae X;, ¢ = 1,2, — 9ucjo ycuexoB B i-M HCIBITAHIN. Kaxkas u3 ciayJaliHbIX Be- 5
guana X1 n Xo MOXKeT MpuUHUMATh ABa 3Hadenus: 0 mim 1. Yucema ycmexos B 1 |pg|p p
000X MCIIBITAHUSAX PABHBI HYJIIO TOIJA, KOTJA IIPOU30MIYT JIBE HEyIadu, & 3TO Px.|a|p
B CHJIy HE3aBUCHUMOCTH HCIBITAHUI IIPOUCXOIUT C BEPOSTHOCTHIO ¢ ¢. IToaTromy Tabauma 8.2.

P{X;=0,X>=0}=¢"

1 Ha nepecedeHun cToyoma “0” co crpoxoit “0” HykHO 3anucath ¢ (Tabir. 8.2). danee, X1 =11 Xo =0,
€CcJIi B TIEPBOM UCIBITAHUU IIPOU3OIIE]I YCIIEX, & BO BTOPOM — Heyjada, W, 3HAIUT,

P{X;=1,X, =0} =pgq.
Amnajoruyuno 3amoJHseM BTOPOil cToJI6elr:

P{X;=0,X,=1} = qp, P{X;=1,X,=1}=p"

9

Hakonen, na nepeceuennn cronbna “Px,” u crpoku “0” J0JIZKHO CTOSITH

P{X1=0}=¢*>+pg=qlqg+p) =g,

a Ha IepecedeHuu crojbua “Px,” u crpokn “17 —
P{X1 =1} =pg+p*=p(p+q)=p.
ITocTpoum Temepsb cOBMeCTHYIO PYHKITUIO PACIPEIEICHIS CAyIalHbIX Beqmana X, u Xo:
F(x1,22) = P{X1 < 1,X2 < z2}.

IMockonbky npu 1 < 0wt o < 0 HET HU OJIHOTO JIEMEHTAPHOTO UCXOJIA W, JJIst KOTOporo mim Xo(w) <
X9, TO JYIsl TAKUX L1 U Tz cobbiTHe { X7 < 21, X2 < X2} HeBO3MOXKHOE, 1, 3HAUUT F(21,22) =0 npu z1 <0
wm ro < 0.

Hasee, ecoin 0 < 21 <1 u 0 < z9 <1, 10 cobbrtue {X; < x1, X2 < 22} 3KBUBaJICHTHO cOObITUIO { X =
0, X2 = 0}, KoTopoe, KaK BUIHO U3 Tab/I. 8.2, IPOUCXOIUT ¢ BepOATHOCTBIO ¢, n F(x1,12) = ¢°.

Ecom e 0 <27 <1, a 29 > 1, To cobbrtne { X1 < 1, Xo < 22} COBIaIaeT ¢ 00beMHEHNEM HENEPECEKA-
rowuzea cobwmut { X1 =0,X2=0} u {X; =0, Xy =1}. Torna F(z1,22) = ¢* + qp = q. Anajorudno
F(xy,29)=q¢*+qp=qupuz; >1u0<mzy <1

Hakoner, eciiu 21 > 1 u a9 > 1, 1o cobbitue {X; < x1, Xo < x2} IOCTOBEPHO, W, CJIEIOBATEILHO,
F(l’l,IQ) =1.

HenpepsiBHBIE ciiy4daiiHble BEKTOPBI

Onpepnesnienue 8.4 Henpepwvierotli deymeprot caywatinol eeaununot (X;Y) Ha3bBAIOT TAKyIo
JBYMEpHYIO cirydaiinyio sequuuny (X;Y), cosmecmnyto dynryuio pacnpedeaenus Koropoit F(x1,z9) =
P{X < z1,Y < 3} MOXKHO 1IPEJICTABUTH B BU/IE CXOJSIIErocss HeCOOCTBEHHOIO UHTErpaJia;

T1 T2 T T2 2 x1
F(x1,22) = / /p(ylayQ)dyldyZZ / dyl/p(ylay2)dy2:/dyZ/p(ylayZ)dyL

—0o0 —O0

Pyuxnumio p(x1,x2) =px,y (€1, T2) HA3LIBAIOT co8MecmHOl (d8YymepHOUT) NAOMHOCMBIO pacnpe-
deaenus ciaydaiinpix Besmand X U Y, WK NUIOTHOCTBIO pacupejieiienus ciydaiinoro sekropa (X;Y).
Tak ke KaK U B OJHOMEDHOM Cjydae, OyaeM IpeJosararb, 9To p(ri1,T2) HenpepbiBHas (WM Helpe-
PBIBHAsI 33 HCKJIIOUEHHEM OTJeJbHBIX TOUEK WJIM JUHUN) byHKIus 1o oboum aprymentam. Torma B co-
OTBETCTBHUU C OIPEJIEJIEHUEM HEIPEPBIBHON CJIydYaiiHOW BEJUYUHBI U TeopeMoil o JauddepeHnupoBannn
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HHTEeTrpaJia C IIEpEMEHHbIM BEPXHUM IIDEJIeJIOM COBMECTHasd IIJIOTHOCTL PacCIIpe/ieJieHus IIpeacTaBjideT Co-

Goil (B TOUKAX ee HEIPEPLIBHOCTH) BTOPYIO CMEIIaHHYIO IPOM3BOJIHYIO COBMECTHON (hyHKIMM PacIpe/ie-
JICHUS:

O*F (x1,22)  O?F(x1,32)

p(xth) - 63318.732 B 856261‘1

(8.1)

3aMeTuM, UTO AHAJOTUYHBLIA CMBIC UMEET COBMECTIHASA (N-MePHAA) NAOMHOCMS pacnpede-
AEHUA CIIYIANHBIX Beaudud X1i,...,X,, WIA NA0MHOCMb pacnpedeserHuss CaywatiHo20 8eKmMopa

(X155 X0):
_O"F(x1,...,2n)

P Tn) Oxy...0x

Teopema 8.2 /[symepras naommocms pacnpedeserus obaadaem caedyouumy c8otcmaamu.
1. p(z1,22) 2 0.
b

by
2. P{a1 <X<b1,a2 <Y<b2}:/d$1/p($1,l’2)d$2.

ay az
—+o00 400

3. / /p(zl,xQ)dxldxgzl.

4. Pl < X <a14 221,20 <Y <o+ Axs} m p(x1,22) Az Azs.
5. P{X =21,Y =15} =0.

6. P{(X:Y) € D} = //p(xl,xg)dajldxg.

400
7. pX(x):/px,y(w,y)dy-

— 00

—+oo
8. py(y) = /PX,Y(ﬁU,y)dl’-

— 00

HOKABATEJBLCTBO. CBoiictBa 1 — 5 aHAJOTUYIHBI CBOWCTBAM 00HOMEPHOUT NAOMHOCTIU PACTPEOENEHUS.
CioiicTBO 6 sBIIETCA 0000MEHNEeM CBOMCTBA, 2.

HoxkazxkeM yTBepx)IeHns 7 u 8.

W3 cpoiicTBa 7 nByMepHOiT (DYHKIIUN pacipejiesieHns: U onpejesenns 8.4 IByMEPHOHN IIJIOTHOCTHA pac-
npejesieHus BhITEKAeT:

T —“+oo

Fx(z)=Fxy(xz,4+00) = //pX,Y(ylayQ)dyldy%

—0o0 —O0

+oo ¥y
//px,y(y1,y2)dy1dy27

—00 —00

Fy (y) = Fx,y (4+00,y)

orkyza, JuddepeHIupys HHTEIPAJIbL [0 IIEPEMEHHOMY BepXHEeMy Ipejiesly U y4durbiBas dopmyny (5.2),

HOJTyIaeM YTBEPXKJEHUsI 7 U 8 IJIst 00HOMePHHLL naommocmeti pacnpedeaerus px (x) u py (y) caydaiiHbx
pesnuned X n Y.

IIpumep 8.4 PaccMoTpuM AByMEPHYIO CIIy€aiiHyIo BEJIMTIHHY, IIJIOTHOCTH PACIIPE/IeJIeHNs KOTOPOIl mMe-
eT BUJ
A, 23 + 123 < R?%;
pz1,22) =
0, r? + 13 > R2.

st onpeieniennst kosddurmenta A BOCIOAb3yeMesi CBOACTBOM 3 JIBYMEDHO IIJIOTHOCTH PACIIPE/IETICHNUSL.
HockombKy p(x1,72) =0 npu 23 + 23 > R?, T0

“+o00 +o00
/ /p(:cl,xg)d:cldxg = // Adxidry =TAR? =1,
—00 —00 a:er:v%gR?
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1
u, sHauuT, A = —— . Takum o6paszom,
mR?

0, 2+ 23> R%
p(x1,22) = 1

2 2 2
W, I1+$2<R.

Herpyamo naiitu oqHOMEPHYIO TIJIOTHOCTH PACIPEIeIeHUs CIyIaiHON BeJTMInHb X1 :

+00 VRZ—2? 0, |x| > R;

1
pxl(x)=/p(w7y)dy= / W= oy =22 p
—00 —VRT—z2 7T7R2’ |$|\ :

AmnajiornuHoe BbIparXkeHHe MOXKHO IIOJIyUnThb U ISt P, (V).

He3zaBucumbie ciaydaliHble BeJIMYINHBI

Omnpenenenne 8.5 Cayuatinvie eeaununvs X n Y Ha3BIBAIOT HE3AGUCUMBLMU, €CIA COGMECT-
raa Pyrryua pacnpedesenus Fx y (,y) ABIIeTCS IPOU3BENEHIEM 00HOMEPHHIL PYHKUUT PAcnpedeneHus
Fx(z) n Fy(y):

Fxy(z,y) = Fx(z)Fy (y).

B OPOTUBHOM CJIydae wzy%aﬁnue 6EAUYUHDBL HAZBIBAIOT 3A8UCUMDBIMU.

W3 onpeiesnenns 8.5 BbITEKAET, YTO JIJIsl HE3ABUCUMBIX CJIydJaiiHbIX Besndand X u Y cobbrrust {X <z}
n {Y < y} ABJIAIOTCA HE3aBUCHUMbBIMN. Mozxno IIOKa3aTb, YTO HE3aBUCHUMDBIMU ABJIAIOTCA U BCE CO6I)ITI/IH
{1'1 <X<$2} u {yl <Y<y2}

Teopema 8.3 /[aa mo2o wmobv, HeNpePvieHbIE CAYSATHbIE 8eAudUHDbr X UY 0viAU HE3ABUCUMBLMU, HEOO-
xodumo u docmamowno, wmobv, daa écex T u Y px.y(z,y) = px (z)py (y)-

HOKABATEJLCTBO. Ilycre ciywaiinsle Beqmamabel X n Y He3aBucuMbIe. TOrja, COIVIACHO OIIpefiesie-
muio 5.5, Fx y(z,y) = Fx(z)Fy (y). C yzerom dopmyr (8.1) u (5.2) umeem

px’y(x,y) _ 6 F(_;(a’;)(zf7y> _ <dF;(I(.’E)) (sz;y(:lj)

) =px (z)py (y)-

Tem camMbIM HEOOXOIUMOCTD YTBEPKICHUS JTOKA3AHA.
s qoKa3aTeIbCTBa JOCTATOYHOCTH CJIEAYeT BOCIOJIB30BATHCS OlpejieseHneM 8.4 nBYMEpHOI IJIoT-
HOCTH pPACIpeJieJIeHns U onpejiesienneM H.1.

T

Fxy(z,y) = // px,y (v,w)dvdw = /px(v)dv /pr(”UJ)dw = Fx(z)Fy (y).

—oo<v<T —00 — o0
—oco<w<y

CupaBeyiBa CJIeIyOMAs TeOPeMa.

Teopema 8.4 FEcau caywatinoe seauuunv, X u Y wmesasucumvimu, o gynruuu o(t) u ¥(t) xycouno-
HenpepovieHbl, Mo cayuatinoe seaununse ©(X) uw (YY) makorce nezasucumot.

IIpumep 8.5 a. Paccmorpum asymepnbiii BekTop (X1; X2), cOBMeCTHAS IJIOTHOCTH PACIIPEIEJICHUST KO-

TOPOTI'O UMEET BU/
1, 3316[0,1] I/I.Z‘QE[O,I];

PELI) =0 o1 w2 2 [0,1)

Jlerko mokaszaTh, 9TO OJHOMEDHBIE IIJIOTHOCTH PaCIpPEIeNeHus px, (x) 1 px,(x) ciydaiinpix BeamanH X
un X5 3amaorca hopMysIoit
L, xel0,1];

pxl(l')szz(w): 0, m¢[0,1].

O4eBuIHO, YTO B JAHHOM CJIy4ae COBMECTHAsl IVIOTHOCTH PaclpeiesieHus p(x1,Ta) JJis BCEX X1, To SABJIs-
€TCsl TIPOM3BEJIEHNEM OJIHOMEPHBIX IUIOTHOCTEH px, (1) U px, (x1). 3HaUUT, ciayvaiinble BeqManHbl X1 U
Xo SBISIOTCS HE3ABUCUMbBIMU.

6. Takke HETPYIHO MMOKA3aTh, YTO Caydaiinble BeauduHbl X1 u Xo u3 mpumepa 8.4 SBIISIOTCS 3aBU-
CHMBIMU.
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Teopema 8.5 Juckpemmvie cayuatinve sesununvr X u Y AGAAIOMCA HE3AGUCUMBMU MO20Q U MOALKO
moeada, K020a 0nA 6CET BO3MONCHVLT SHAMENUT T; U Y

pij=P{X =2, =y;} =P{X =2, }P{Y =y} =px,pv,. #
IIpumep 8.6 B cxeme Bepuysum ¢ aBymMs ucnbiranusyvu (M. npumep 8.3)

P{X1 = O,XQ = O} = q2 = P{X1 = O}P{XQ = O},P{Xl = O7X2 = 1} =qgp = P{X1 = O}P{XQ = 1},
P{Xl = 1,X2 = 0} =pq = P{Xl = 1}P{X2 = O},P{Xl = 1,X2 = 1} :p2 = P{X1 = 1}P{X2 = 1}

Takum obpazom, gucia ycrmexoB X1 u Xo B MEPBOM M BTOPOM HUCIIBITAHUSIX TPEICTABILAIOT COOOI HE3a-
BHCHMbIE CJIydailible BeJUYUHDbI. BrpodeM, B CHLy OIpeeeHus CXeMbl DepHy/IIn NHOTO HeJb3s ObLIOo
0XKH/IATh. ¥Y0eIUTECh CAMOCTOATEIHLHO B TOM, YTO HE3ABUCUMBIMU B COBOKYITHOCTHU SIBJISIIOTCSI CJLydailHble
BEJIUYIUHBI X1, ..., X, — YHUCJIa YCIIEXOB B IIEPBOM, BTOPOM, . .., N-M UCIBITAHUAX 110 cxeMe bepuymmn. 4

Onpenenenue 8.6 Cuayuatinvie seauvumdvs X1, ..., X, , 33/laHHbIe HA OJJHOM U TOM K€ BEPOSITHOCT-
HOM IIPOCTPAHCTBE, HA3BIBAIOT HE3ABUCUMBIMU 8 COBOKYNHOCMU, €CIIHN

FX17...,Xn(.I‘1,...,.I‘n) = F’X1 (-Tl)FXn(xn)

3ameuanue 8.1 Teopembr 8.3 u 8.5 pacnpoCTPaAHAIOTCA HA JIOD0E YUCIO CIIyIANHBIX BEJIIMIMH.

Pazymeercs, kak u /151 COOBITHIA, 3 TOIAPHOM HE3ABUCHMOCTH HE CJIEIYeT HE3ABUCUMOCTD CJIy YAHBIX
BEJIMYUH B COBOKYITHOCTH.

ITpumep 8.7 Cssizkem ¢ OpocanmeM TeTpasjipa u3 npumMepa 3.5 Tpu ciydaiiabie Besmannbl: X1, Xo n X3,
KaxKJiasl 13 KOTOPBIX MOXKeT MpuHuMaTh 3Hadenust 0 wian 1, mpuyem X7 = 1, ecyiu TeTpasap yiaj Ha rpaHb,
Ha KOTOpOil mpucyrcTByer nudpa 1, 1 X; = 0 B nporuBHOoM ciaydae. AnamorndHo Xo XapakTepu3yer
najngne udpsl 2, a X3 — mudpst 3. [lokaxkewm, uro ciaydgaiinbie Besnaunabl X1, Xo 1 X3 OyAyT momapHo
HE3aBUCHUMBIMHU, HO HE ABJIAIOTCA HE3aBUCHUMBIMU B COBOKYIIHOCTH.

HeticTBUTEIHHO,

P{X; =1} =P{X; =0} =, =123,

PIXi=1.X;=1} = =P{Xi = JP{X; =1}, i#)
T.e. X; monapuo HezaucuMbl. OIHAKO, HAIIPUMED,
PIX1=1, X2 =1, Xs =1} = 2 # P{X1 = JP{X; = 1}P{Xs = 1} = -,

T.e. X;, 1 =1,2,3, HE ABIAIOTCA HE3ABUCUMBIMU B COBOKYITHOCTH.
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Jlekins 9

OYyHKIOUN OT CJAy4YaliHbIX BeJIMYNH

CKaHHprIe (l)}’HKIJ;I/II/I oT C.J'Iy‘IB.ﬁHOl"O BEKTOPHOTI'O aprymMeHTa

CranspHy0 QyHKIUIO OT CIy9YaifHOrO BEKTOPHOTO apryMEHTAa ONPEAE/SIOT TaK K€, KaK W (DYyHKIHIO OT
o0nomeproti cayuatinot eesurumsi. I TPOCTOTHI W3JIOKEHUS OIPAHUIMMCH PACCMOTPEHUEM (DYHKIIUH
OT JIBYyX CJIy9alHBbIX apryMEHTOB, XOTs NPUBEJCHHBIC HUYKE BLIBOABI MOXKHO IIOJIHOCTHIO IIEPEHECTH Ha
cirydait Jo6oro 9mesia apryMeHTOB.

Pacemorpum Ha eepoammocmmom npocmparcmee (2,B,P) nByMepHBIN cayualimnodl exmop X =
(X1;X3) u uncsosyio GyHKIUO Yy = (X1, T2) IUCIOBBIX APIYMEHTOB 1 U To.

Omnpenenenne 9.1 CiyvaiiHy0 BeJUIHHY
Y = (X1, Xs) = p(X1(w), X2(w))

HasblBAIOT PynKyuelt (CcKaAapHolT) om 08YmepHoti cayatinoll eaurumnsv. (08YmMepHo20 CAY-
watinozo eexkmopa) (X1;Xs).

Scno, uro dyukuusa Y = ¢(X1, X2) or nBymepnoit duckpemmot caysatinot sesuvunve (X1;Xs) aBis-
€TCe JUCKPETHON CJIy4dailHON BeJMYMHON, NPpUHUMAIONIECH 3HaYeHUu gp(xli,xgj) C 8EPOATHOCTIBLIO

pij = P{X1 =21, Xo =295},

rje T1; U Toj — SHAYEHMsS CIydailHbIX BemuduH Xi u Xy COOTBETCTBEHHO.

Yro6bl HoCTpOoUTh psd pacnpedeserus duckpemmnotl caywainot seavuunv Y = (X7, X5), neobxoau-
MO, BO-IIEPBBIX, HE yUHTBHIBATH BCe Te 3HAUeHUs Q(L1;,T2;), BEPOSTHOCTh IPUHSATH KOTOPBIE CJIy<IaitHOM
BeJIMIHHE Y paBHA HYJIIO, & BO-BTOPLIX, 00bEINHUTDL B OLUH CTOJI0EL BCe OUHAKOBLIE 3HaMeHU (L1, T2;)
CIIyqaifHOM BEJMYIUHBL Y, TIPUIIACAB STOMY CTOJOILy CYMMAapHYIO BEPOSTHOCTD.

ITpumep 9.1 Ilycrs Y — ciayuaitHast BeJMInHa, PaBHASI CYMMapPHOMY YUCJLY YCIIEXOB B JBYX UCIBITAHUSIX
no creme bBepnyasu, a X; — aucsao ycnexos B i-M uctbiTanuu, ¢ = 1,2. Torma

Y:X1 +X2 n gO(.’El,iCQ) =T+ Z2.

[Tockonbky X; MOryT npuHIMATH TOJLKO 3Ha4UeHus () uin 1, To ciryJaitiHas BeJndnHa Y MOXKeT IPUHIMATH
9eThIpe 3HAUYEHUSI:

©0(0,00=0+0=0, ©(1,00=14+0=1, ©(0,1)=0+1=1, ¢(1,1)=1+1=2.

¢ BeposTHOCTSME g%, pg, qp U p* coorBeT- [V [ (0,0) =0 ] p(1,0) =1 p(0,1) =1 o(L,1) =2
CTBEHHO, I'/Ie P — BEPOATHOCTD yClIeXa B OJHOM Py q2 g qp p2
ucnbitanun, ¢ = 1 —p (taba. 9.1, cM. Takxe
upumep 8.3 u tabi. 8.2).

3aMeTuM, 9YTO JBYM CPEIHUM CTOJIOIAM COOTBETCTBYET OJHO U TO K€ 3HAUYCHIE Yol 172
1 ciygaitnoit Besu9IuHbl Y, 1 UX HEOOX0AUMO 00beuHUTh. OKOHUATEIHHO TIOJIY- Py [ ¢ | 2pq | p?
qaeM Psil Paclpe/iesieHusI CIydaitHoil BenauHbl Y, peicTaBIeHHbIit B Tabur. 9.2.
Kak u cireioBasio 0xkuj1aTh, CyMMapHOe YHCJIO YCIIEXOB
Y B IBYX UCHBITAHUSX UMEET OUHOMUAALHOE PacnpedeneHue.

#

B rom ciayuae, korga (X1; X2) — deymepran Henpepuienas cAYHaAUHAA BEAURUNE C NAOTHOCTIBIO PAC-
npedesenus px, . x, (T1,%2), Pynryuio pacnpedesenua cydaiinoi senmanner Y = (X1, Xo) MOKHO HaliTH
o dopmyte

Tabauna 9.1.

Tabauma 9.2.

Fy(y) = // Px1, X5 (21, 22) dz1das, (9.1)

e(z1,22)<y
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rje 06JIaCTh UHTErPUPOBAHUSI COCTOUT M3 BCEX 3HAYCHWI X1 U Tg, JJId v
KOTODBIX (T1,T2) < y.

IMosicaum reomerpudecku BbiBoZ, dopmysbl (9.1). Ilycrs mosepx-
HOCTB, omnpejiesieHHas GyHKImed y = p(r1,r2), umeer Bup “uamm’ .
(cMm. pue. 9.1) U y — HPOM3BOJIbHOE 3HAYEHME CJIYUAHHON BEJMIMHBI
Y = ¢(X1,X5). TlpoBeseM IIOCKOCTH 7, MPOXOILILYIO Ye€pe3 TOUYKY
(0;0;y) u oproronasnbuyio ocu Oy. Oboznauum yepe3 L juHUIO 1I€pece-
“eHWsI TIJIOCKOCTH T U MOBEPXHOCTH Yy = p(1,2); L' — ee mpoeximio Ha
wiockoets £10x9; D(y) — Ty 1wacts mnockoern 10y, ONajaHue B
KOTOPYIO cirydaitHoro BekTopa (X1;Xs) BesleT K peainsanun cofumus Puc. 9.1.
{Y < y}. Hockombky Y = ¢(X7,X>3), TO

D(y) = {(z1;22) : p(w1,22) <y} ={p(z1,22) <y}

Coberrust {Y <y} u {(X1;X2) € D(y)} coBnasator, u B COOTBETCTBUN CO CBOHCTBOM 6 deymeproti naom-
nocmu pacnpedenenu

=]

P{Y <y} =P{(X1;X2) € D(y)} = // X1, X, (21, 22) doydrs.

p(z1,22)<y
Yunteisas pasercreo P{Y <y} = Fy (y), npuxoaum k dopmyse (9.1).
IIpumep 9.2 Ilycrs (X7;X5) — aByMepHbBIi cirydailHbIl BEKTOD, UMEIONMN CMandapmHoe 08YymepHoe

HOpMaavHoe pacnpedeserue (CM. OUpPeJieJeHrne MHOIOMEDHOIO HOPDMAJIBLHOIO pacipejlieJieHus Ha ¢. 55).

Haiinem pacupezenenue ciydaiinoit sequuunbl Y = /X7 + X2. B srom cayuae ¢(z1,12) = /23 + 3.
OueBuaHO, 9TO

0, y < 0;
1
Fy(y) = // ﬂe_%(mﬂmg)dxlda:g, y > 0.
Vaitai<y

Hepexo,uﬂ K IIOJIAPpHBIM KOOpJHWHATaM p U ¢, UMEeM
Y 27 y
1 e L e
Fy(y)= [dp [ o-e™" Ppdp= [ pe™" Pdp=1—e"V/% y>0.
s
0 0 0

D10 pacrpeiesieHne U3BECTHO Kak pacnpedeaenue Penes.

MaremaTuvdecKkoe oxkujijaHue (pyHKIUUA OT CJYy4YalHOTO BEKTOpa

Maremaruueckoe oxxuynanne MY dbyurmpn Y = (X1, Xa) or duckpemnol dymeprots cayuainot eesu-
wunor (X1;Xo) MOXKHO HAWTH, BOCIIOJIB30BABIIUCH (DOPMYJIOit

MY = Mp (X1, Xo) = Z@(l‘i,yj)pij,
i,

rae pi; = P{X1 =x;, Xo =y;}, a bynkmun Y = ¢(X1, X2) or dsymepnots nenpepuisnotli cayatinol seau-
wunwt (X1, Xo) — dopmyioit

“+o00 +o00
MYzM()O(leXQ): / /So(xvy)le,X'z(xvy)dxdya (92)

— 00 —00

rie px,.x,(%,y) — coOBMeCTHAs IVIOTHOCTH PACIPEIEICHUs CILyIaitHblx BemnanH X1 u Xo.

CBoiicTBa MaTeMaTU4eCKOr'o O2KNJaHUA

JlokaxkeM Terepb TeopeMy O CBOMCTBAX MATEMATHIECKOTO OXKHUIAHUS.

Teopema 9.1 Mamemamuueckoe oscudarue ydosaemsopaem caedyouum c8otuCmseam.

1. Ecau cayuatinas seaununa X npurumaem ecezo 00no snauenue C' ¢ sepoammnocmsio eduruua (m.e.,
no cymu deaa, ne ABAAEMCH caywatinot eeauwunoti), mo MC = C.

2. M(aX +b) =aMX + b, 2de a, b — nocmoanivie.

3. M(X1 + X2) =MX; + MX,.

4. M(X1X5) =MX; - MX;y das nesasucumoiz cayuatinmx seavvun X1 u Xo.
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JIOKABATEJLCTBO. Ecmu ciyuaiinas esmanna X mpuHEMAaET Beero onHo 3Havenue C' ¢ BEPOATHOCTHIO
emuuuna, o MC = C'- 1= C, orkyna ciemyer yrBepxKiaeaue 1.

JloKa3aTeheTBO CBOMCTE 2 W 4 TpOBeieM JTsl HETPEPBIBHBIX CTyYaiHbIX BEJMYUH (JJIs1 UCKPETHBIX
CITyJaflHBIX BEJIMUMH IPEJJIATAeM YHUTATETI0 TPOBECTH CAMOCTOSITESBHO), a CBOMCTBO 3 JIOKAsKEM JIJIsi
JIACKPETHBIX CJTy9YaiiHbIX BEJMYINH (JJTsi HEIPEPBIBHBIX — JIOKA3aTh CAMOCTOSITEIHHO).

Haiiiem MaTemaTuueckoe oxxujanue ciaydaitaoi sesmuntbl Y =aX +b (Y = p(x) = ax +b):

+o0 +o00 +oo
MY =M(aX +b) = /(am—l—b)px(x)dac:a/a:px(x)dx—i—b/px(a:)dx:aMX—i—b-l,

T.€. IPUXOANUM K yTBEPIKICHIIO 2.
ITycrs teneps YV = X1 + Xo (Y = ¢(x1,22) = 21 + 22). Torma

MY = M(X; + X5) = Z(xi +Y5)pij = inpij + Zyjpij = Z%‘ZPM +Zyj Zpij =
ij ij i j J i

,J

= Z!Eipxli + Zyijzj =MX; + MX,,
( J

7, 3HAYUT, YTBEPIK/IEHNE 3 JTOKAa3aHO.
Hakomner, eciu X u X9 He3aBUCHMBIE CIIydYaiiHble BEJIMYUHBI, TO JJIs MATEMATHYECKOI'O OXKWIAHUSI
ux npoussesiernst Y = X Xo (Bocmonbzosasmucsk Gopmyson 9.2 u reopemoit 8.3) mmeem:

400 +o0 400 +o0
MY:M(X1X2):/ /xlfszl,x2($1,$2)d$1d$2:/ /$1$QPX1($1)PX2($2)d£C1dSU2:
—+oo —+oo
= /xlpxl(xl)dxl /Igpxz(xg)ditg =MX;MX,.
—o0 —o0

3ameuanue 9.1 CpoiicrBo 4 Tak»Ke J0IycKaeT 000ODIIEHNE Ha, IPOU3BEIEHNE KOHEUHOIO YHUC/Ia He3a6U-
cucmux (8 cosoKyNHOCMU) CITyIAHBIX BEJMINH:

M(X) - Xs...X,) =MX; - MX,...MX,.

IIpumep 9.3 IlpejscraBum unciio ycrexoB X B n UCHBITAHUSX 10 creme Bepryaau B Buge X = X1 +...+
X, tne X; — 4ducjio ycrexoB B i-M ucnbitanun. Herpyaso Bumers, aro MX; =0-g+1-p = p. 3uauur, B
cuty coiicrBa 3 MX =MX; + ...+ MX,, = np, aro coBnagaer ¢ pesyapraramu mpumMepa 7.1, HO oIy IeHO
C MUHUMAJIbHBIMU BBIYUCJICHUSME.

Onpepesnenne 9.2 Bekrop m = (MX5;...;MX,,) Ha3bIBAIOT BEKMOPOM MATNEMANUHECKUL OHCU-
danudi (cpednux 3navenud) ciaydaiinoro Bekropa X.

CsoiicTBa Jucnepcun

Teopema 9.2 J[ucnepcus ydosiemeopaem cAeoyouuM CEOTUCMBEAM.

1. Ecau cayuatinas sesuwuna X npurnumaem ecezo 00no snaverue C' ¢ sepoamnocmovio eduHuya, mo
DC =0.

2. D(aX +b) = a’DX.

3. DX =MX? - (MX)2

4. D(X+Y)=DX + DY 0usn nesasucumunx caywatinor seauvun X u'Y .
HOKABATEJBLCTBO. Ecim ciyuaitnas Besmuanna X C BEPOSITHOCTHIO €IMHUIA [TPUHUMAET BCETO OJHO
suauenne C, To B cuity cBoiictsa 1 Marematuaeckoro oxmianus (MX = C) momyqaem DX =M(X — C)? =
(C'—C)? -1, orkyna BbITeKaeT yTeepzKienue 1.

Ounpenenum Jucrnepcnio cirydaifnoit Besmaunbl Y = aX + b. Vcnonb3yst cBOWCTBO 2 MaTEMaTHIECKOIO
OYKUJIAHMSI, IMEEM

DY = M(Y —MY)? =M(aX +b—M(aX +b))* =M(aX +b—aMX —b)? = M(a(X — MX))” =
=M(a*(X — MX)?) = a®M(X — MX)>.

TlosTomy cripaBeiuBO yTBEpKAcHUE 2.
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Hamee, cormacHo cBoficTBaM 2 U 3 MATEMATHIECKOTO OXKUIAHUS, TOJIyIaeM
DX =M(X — MX)? = M(X? - 2XMX + (MX)?) = MX? - 2(MX)? + (MX)? = MX? — (MX)?,

T.e. IPUXOJIUM K YTBEPAKJICHUIO 3.

Hakonern, nycts X n Y — He3aBucuMmble caydaiiHble BeJUIUHBI. Torma, MCIOIb3ysT HE3aBUCHMOCTD
cay4daitupix BemanH X = X —MX n Y =Y — MY, a takxke coiicTBa 2—4 MaTeMaTUIeCKOTO OYKUIAHUS,
[OJTy 9aeM

DX +Y)=M(X+Y —M(X +Y))* =M((X —MX) + (Y —MY))* = M(X — MX)?+
+2M((X = MX)(Y —MY)) + M(Y —MY)? = DX +2(MX -MY) + DY = DX + DY,

o o
mockoibky MX=0 u MY = 0. 3nauur, numMeer MecTo yTBEpXKjieHue 4.

3ameuanune 9.2 MoXHO MOKa3aTh, YTO CIPABEJIMBO U CBOWCTBO, 0OpaTHOE CBOUCTBY 1, a cjiemoBaTesb-
HO, IM€eeT MECTO YTBEPIKJIEHUE: JIUCIIEPCHs CIyIaitHoi BeInInHbl X paBHA HYJIO TOIJA U TOJHLKO TOTA,
Korjia X C BEPOSITHOCTHIO 1 NMPUHUMAET BCETO OJHO 3HAUEHUE.

3ameuanune 9.3 OueBnHO, YTO CBOHCTBO 4 CIIpaBeIJIUBO JJjis CyMMBI HE TOJIBKO JIBYX, HO U JIOOOIO
qUCAA N NONAPHO HE3ABUCUMDIT CAYUAUHDIT EAUNUH

D(X;+...+4X,)=DX;+...+DX,,.

Herpyauo Bunmers, uro auctepcust DX mmeer pasmepHOCTH KBaJipaTa Pa3MEPHOCTH CJIyJaiiHON BeJin-
quabl X . [jis npakTuaecKux e nejeil yao0HO UMeTh BEeJIMINHY, XapaKTepU3yIOIyo pa3dpoc 3HaYeHUiA
CJIy4ailHOIl BeJIMYMHBI BOKPYT €€ MaTeMaTHYeCKOro OXKHUJaHUHA, Pa3MePHOCTh KOTOPOI COBIAJAET C pa3-
MEPHOCTBIO X B KadecTBe TaKOW BEJIMYMHBI €CTECTBEHHO HCIIOJIb30BAThH 0 = \/ﬁ, KOTOPYIO Ha3bIBaIOT
cpedHUuUM KBaIPAMUUYHBIM OMKAOHEHUEM CITyIAHON BeTmIuHbl X .

dopmysia cBEPTKHA
Bazkuyio posib B Teopun BepOSTHOCTEl U €€ MPUMEHEHUsIX UT'PAeT TOT cirydait, Korma Xy u Xo SBIISIIOTCS

HEZABUCUMBIMU CAYUATHBMU BEAUNUHAMU, T.€. UL 08YMEPHAL NAOMHOCTNG PACTPEICNCHUS

Px1,Xo (T1,%2) = px, (21)px, (22)

(MBI OrPAHUYIMBAEMCS 311ECH TOJBKO CJIydaeM HENPEPLIEHBIT CAYIAUHDIT BEAUNUH ), & CJyJYaiiHasl BeJnInHA
Y aBnslercs ux cymMMoii:
Y =X, + Xs.

Torma Y = ¢(X1, X3), rue
o(r1,72) = 21 + T2,

u, corsiacuo dopmysie (9.1), Haxomaum:

Fy(y) = // DXy, X, (71, 72)dr1dTs = // px, (21)px, (v2)dz1dTe =

T1+x2<y zr1+r2<y
+oo Yy—x1 +oo
:/PX1($1)d$1 /pX2($2)d$2= /FXQ(y—fﬁ)le(m)de
— 00 — 00 — 00

Huddepenimpyst mocsenson GopMyry 10 Y 1107, 3HAKOM UHTErpaJia, MojIydaeM (¢ yIeToM I1epeobo-
3HAYEHUS T1 = T) BBIpaXKeHue Jjig naomuocmu py (y) pacnpedeserun cymmbr X1 u Xo:

“+oo
py(y) = / P, (4 — )px, (z) dz. (9.3)

— 00

B sroM ciryuae roBopsT, 4To IUIOTHOCTH paciipeiesienust py (y) cilydailHON BeJMunuHbl Y sIBJISIETCS C8EePITL-
xol (Komnoauyuet) naomuocmeti pacnpedeserusi px, (x) u px,(x) cnaraembx X1 u X wim 9ro
3aKOH pacupeaejieHud CyMMBI JBYX HE3aBUCHUMbIX Cﬂy‘laﬁHbIX Be€JIMYUH ABJIAETCA Ceepm%oﬁ ('K:OM'
nosuyued) 3axonos pacnpedenerus craraeMpix. Coornormenue (9.3) yCJIOBHO 3aIMCHIBAIOT B BUJIE
Py = Px, *px,. Popmyny (9.3) HaspBaorT Gopmyaoli c6epMKU i IIOTHOCTEN PACIPEIEICHU CILy-
JafHbIX BeJuduH X1 1 Xo.
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ITpumep 9.4 Ilycts X; u Xo — He3aBUCHMBIE CITyYailHbIE BEJIMINHBI, PACIIPEIEIEHHBIE IT0 HOPMAAOHOMY
3AKOHY CO CPEOHUMU 3HAMEHUAMU MY U My U CPETHUMU KEAOPAMUNHBLMU OMKAOHEHUAMY 01 U 0. Haiinem
IJIOTHOCTD pacmpesenenns: cyMMbl Y = X1 + Xo. Bocrmonb3oBasmmcsh GpopMysioi CBEPTKH, UMeeM

+00 +oo
1 (y—x—ml)z) 1 < (x—m2)2>
= m1on (Y—T)Pmy.on(@)dr= | ——=—exp| — exp| ———=— | dx=

2 e 2, 2 2 2 2

_ (y—mi—my) _oiFo3(  oimy—oymi+0o3y\? d

= exp| —"s—5—5— | x [ exp s (@ R x
20102 2(o7 +03) 20i03 oi + 03

Hemas Temepb 3aMeny z =

/2 2 2 2 2
oit+os <$ __oyma—oymi+o3y

o109 P ) , HoJIy4aem

“+oo
1 (y —my —ma)? L _2p 1 (y —mq —ma)?
——————exp| — R e de=—————=exp| 55— |-
2n(0f +03) 20 +03) ) J Vo 2n(0F + 03) 2(0f +03)

Taxkum obpazoM, ciaydaiiHas BeJMINHA Y TaKKe PaclIpejieleHa 110 HOPMAJIbHOMY 3aKOHY C IIapaMeT-
pamu my +msg u \/0? + 03, T.e. KOMIOZHIUSA [LIOTHOCTEl HOPMAJIBHBIX 3aKOHOB PACIPE/IC/ICHUS SABJIAETCSI
IJIOTHOCTBHIO HOPMAJILHOT'O 3aKOHA PACIIPE/IeIeHNns.
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Jlekims 10

Kopapuanus 1 ko3 uiimeHT
KOPPpeJasaun CJAydaliHbIX BeJINYNH

Iycrs (X1;X2) — deymeproili cayuatinod sexmop.

Onpenenenne 10.1 Kosapuauueti (Koppeaiauuortvim momermom) cov(Xy; Xo) cayuatinox ee-

auvur X1 u Xo HA3BIBAIOT MAMEMAMUYECKOE 024CUJGHUE TPOU3BEJIEHUs] CIyJYallHbIX BeaudnH X 1=
o
Xl — MXl u X2= X2 — MXQZ

COV(Xl;XQ) = M()O(l)o(Q) = M((X1 — MXl)(X2 — MXQ))

SamuiemM (GOPMYJIbI, OIPEJIEJISIONNe KOBAPHUAIIIIO.
L1 TUCKPETHBIX CIyYallHbIX BeTndInH X1 U Xo

COV<X1;X2) = Z(.’L‘z — MX1>(yJ — MX2>pij,
2%
JIJISI HEIIPEPBIBHBIX CJIyYalHbIX BeqnanH X u Xo

“+o00 400
COV(Xl;XQ): / /(I’l7MX1)(£C27MXg)thXZ(Il,I’Q)dIL'ldSCQ.

—00 —O0

Bal\leTI/H\’I, YTO BBE€JACHUE IIOHATUA KOBapHUalluU ITIO3BOJIAECT 3alliCaTh BbIpazKeHNe JIJId &ucnepcuu CYMMbI
CﬂyqaﬁHLIX BEJIMYUH U K y2K€ NMEIOIINMCA CBOMCTBaM JAUCIIEpCUn ;LO6aBI/ITI> enie OJIHO:

D(X +Y)=DX +DY +2cov(X,Y)

(cBoitcTBO 5 Jucnepcun), CIpPaBeIJIUBOE Ui IIPOU3BOJILHBIX, & HE TOJBKO HE3UEUCUMbBLL CAYUATHLT Ge-
auvur X n'Y. HeitcTBUTENBHO,

DX +Y)=M((X+Y)-M(X+Y))* =
=M(X — MX)* +2M((X — MX)(Y = MY)) + M(Y —MY)* =
=DX + DY + 2cov(X,Y).
CBoiiCTBO 5 IUCIIEPCHE JIOIYCKAET 000OIIeHne Ha IPOU3BOIHLHOE YUCIIO CIAraeMbIX:
D(X;+...+X,)=DX;+...+DX,, +2 Z cov(X;, X;).
1<i<jsn

Cuierytomasi TeopemMa yCTaHABJINBAET OCHOBHBIE CBOMCTBA KOBAPUAIIUN.

Teopema 10.1 Kosapuayus umeem caedyrowue ceoticmaea
1. cov(X,X)=DX.
2. cov(X1,X2) =0 dan nesasucumuix caysatnor seauvun X1 u Xo
3. Ecau Y; = aiXi +b“ 1= ]., 2, mo COV(Yl,YQ) = (llCLQCOV(Xl,XQ).
4. — DXlDXQ < COV(Xl,XQ) </ D)(lD‘XVQ7 npuvem

‘COV(Xl,X2)| = DXlDX2 (10.1)
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mozada u MOABKO moe(?a, K0200, my%mjmyce GEAUHYUHDL X1 U X2 €c8A3aHYL AUHEUHOU 3a6UCUMOCMDIO, T.E.
cywecmaeyrom marxue Yucaa a u b, npu xomopuvlr

X, =aX; —b. (10.2)

. COV(Xl,XQ) = M(XlXQ) — MXlMXQ
JIOKABATEJILCTBO. YTBep:K/enue | BeITeKaeT u3 odeBuHoro coornomenus cov(X,X)=M(X — MX)2.
Ecnu ciyuaiinbie Besmaunbl Xq u Xo sBJIAIOTCA HE3ABUCUMBIMU (M UMEIOT MATEMATHIECKUE OXKHJIA-
HUSI), TO

COV(Xl,XQ) = M((Xl — MXl)(XQ — MXQ)) = M(Xl — MXl)M(XQ — |\/|)(2)7

OTKYyda IPUXOJNM K YTBEPXKIACHUIO 2.
HyCTI) Yl = a1X1 +b1, ng = a2X2 +b2 TOF,ZL&

COV(Yl,YYQ) = M((Yl — MYl)(ng — MYQ)) =
= M((ale +b; —a1MX; — bl)(a2X2 + by —aoMXs5 — bg)) =
= M(alag(Xl — MXl)(X2 - MXQ))

IlosTomy cripaBeIuBO yTBEpK AeHUE 3.
PaccmoTrpum nucriepento corydaitioi BequauHbl Y, = x X1 — Xo, rlile £ — npousBosbHOe uncyio. B cury
CBOMICTB JINCIIEPCUU U CBOMCTBa 3 KOBAPHUAIIUNA

DYw = D(LL'X]_) + 2C0V(.’17)(17 —XQ) + D(—Xg) = .Z'2DX1 — 2.’1,‘C0V(X17X2) + DX2

Hucniepcus DY, kak dyHKIINM OT &, IpeacTaBaseT coboil KBaapaTHbI TpexdaneH. Ho aucmepcus moboit
CIIy9aifHOI BEJMIUHBI He MOYKET ObITH MEHBIIE HyJsd, & 9TO O3HAYAeT, 9TO JIUCKPUMUHAHT

D = (2cov(X1,X5))* —4DX,DX; (10.3)

kBagparHoro rpexwiena DY, sBisiercsa nenosoxkuresnbueiM, T.€. |[cov(X1, Xs)| < /DX1DXo5.

Hasee, mycrs BoimosiaeHo pasercTso (10.1). 3uauwnt, auckpumuHanT (10.3) paBeH Hy/IH0, U MO3TOMY
ypaeuerune DY, = 0 umeer perienune, koropoe 0603Ha4YMM a. 1Orjaa B COOTBETCTBUU C 3aMedaHueMm 9.2
ciydaiinag Beauanna Y, = aX1 — Xo IPUHUMAET BCErO OJHO 3HaYEHUE (JIOMyCTUM, b), U, CJIEI0BATEIBHO,
X2 =aX; —b, t.e. u3 (10.1) BeiTeRaer (10.2).

HaoGopor, nycrs Beimoaaeno (10.2). Torma Y, = aX; — Xo =b u B coorBercrBumn co CBOHCTBOM 1
mucuepcun DY, = 0, a 3maunT, kBajpaTubiii Tpexuiaen DY, mmeer oauH JeficTBUTEIbHBIN KOpeHb. T.K.
9TOT K€ TPeXUJieH HeOTPUIATEIbHBIN, TO OH UMEET JefCTBUTEIbHBIN KOPEHb JIUIIb B CJIydae, KOTJa ero
nuckpuMuHaHT B (10.3) pasen myiro, orkyaa caeayer (10.1). Takum o6pasom, u3 (10.2) eerrekaer (10.1).
YTBepxKaeHne 4 mMOTHOCTHIO JTOKA3aHO.

Haxkomnern, packpbiBas cKOOKU B bOpMyJIe, OLPEIeIsIONell KOBAPUAINIO, U UCIOJIb3ysl CBOMCTBA MaTe-
MaTHYEeCKOI0 OXKHUIAAHUs, [IOJyIaeM yTBEPXKIEeHUE 5, KOTOPOe 4acTO ObIBAET ITOJIE3HBIM IIPU YUCIEHHOM
[I0JICYETE KOBAPUAIUU.

3ameuanune 10.1 Eciu ciyvaiiible BeJIMUMHBI CBSI3aHBI JIMHEHHON 3aBucuMocThi0 Xo = aX; — b, TO B
coorBercrBun co csoifcrBamu 3 u 1 cov(Xy, Xs) = acov(X;,X;) = aDX;. ITosromy 3HaK KOBapuaryuu coB-
najiaer co 3uakoM koaddurmenta a u paserctso (10.1) momyckaer ciejyioniee yTrouHeHHUE:

COV(XhXQ) =+1/DX;DX5 pu a > 0;
COV(X17X2) =—y/DX;DX, upu a < 0.

3ameuanue 10.2 U3 cBoiicTB aucrepcnn U KOBAPUAINKA MOYKHO IOy IUTD €IIe OJHO ITOJIe3HOE IPU PAC-
geTax CBOUCTBO JUCIIEPCUHA

D(CLlX1 +as X9+ b) = a%DXl + agDXQ + 2a1a2c0v(X1,X2).
JIoKasKNTe 3TO CBOMCTBO CAMOCTOSITENIBHO.

3ameuanune 10.3 Kak ciemyer u3 cpoiicTBa 2, KOBapuaIus HE3aBUCAMbBIX CJIYUIAWHBIX BEJIMYMH DABHA
myiao. Onaako obpaTHOoe, BooOIe roBopsi, HeBepHO. CyIecTBYIOT 3aBUCHMBIE U JiaXKe (DYHKITHOHATHHO
3aBUCUMBIE C/IydailHble BEJIMYUHbI, KOBapuallisd KOTOPBIX paBHa HYJIIO, YTO JIEMOHCTPUDYET CJleIyIONnii
IIPUMED.
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IIpumep 10.1 Ilycrs coayuaiinas sesuuuna X umeer pasromephnoe B unrepsaie (—1, 1) pacnpedeaenue,
a caydaiiHas BeJIMauHa Y CBA3aHA CO CIydaitHoil BemauHoit X byHKIMOHAIBHO 3aBUCHMOCTBIO Y = X 2.
IMokazkem, uro cov(X,Y) = 0, necmoTps Ha GyHKIMOHAIBHYIO 3aBucuMocTb X 1 Y.

HeiicTBuTebHO, yIuThIBasd paBeHCTBO MX = 0 u cBoiicTBO 5 KOBapualuu, nMeem

+oo 1
1
mwXJj:Muvm—MXWMY:MX%:/xp i/fmmzo
—00 —1

Onpenenenue 10.2 Cayuatinvie seaundurss X U Y Ha3bIBAIOT HEKOPPEAUPOSAHHBLMU, €CIIU UX
KOBapHals paBHa HyJo, T.e. cov(X,Y) =0.

IIpuseneHHbI BBIIIE IPUMEP TOKA3bIBAET, YTO U3 HEKOPPEJINPOBAHHOCTH CJIyYaliHbIX BEJIMIUH He CJIe-
JIyeT MX HE3aBUCHMOCTb. MOXKHO CKa3aTh, 9TO KOBAPUAIASA CJIyIAHBIX BEJIMIHH OTPAKAET, HACKOJIHKO
UX 3aBUCHMOCTD OJIM3Ka K JIMHEHHOI.

PaccMOTPHM Temephb n-MepHBI C/IyYaiiHblil BEKTOp X = (X1;5..5X5).

Onpeznenenne 10.3 Mampuueli xosapuauuti (KosapuayuonHoti mampuuet) CiaydaiiHoro Bek-

Topa X HazbBalOT Marpuiy L = (0;;) = (cov(X;, X)), cocrosyto u3 KoBapHaImil CIyaifHbIX BEJIMIHH
Xi u Xj.

ITpumep 10.2 PaccMorpum aByMepHyIo ciaydaiinyio seaunuuty (X;Y), pacupenesieHHYO 10 HOPMAAL-
nomy 3axony (cm. sekuuto 77). Torma

400 +00
z—my) 2) (z—m1)*  2p(z—mi)(y—m2) = (r—mg)? }
cov(X,Y) X exp | — — + dxdy.
// 2#0102 1 P> p[ (20%(1_/’2) 20102(1—p?) 205(1_P2)> Y

Hemnas zameny u = (x —mq)/o1, v=(y—ma)/0o2, noiaydaem

+0o0 +oo
cov(X,Y) =010 S {—é u? — 2puv + v? }dudv:
( ) 1 2/ /27r\/1_p2 Xp 2(1_p2)( puv +v°)
—00 — OO
“+o00 + o0
_ U —u?/2 v _(U_P“)2
_alag/me /27r(1—p2)exp{ 22 dvdu.
— 00 — 00
Bayrpennuit uarerpan pasen pu. [Tostomy
—+ 00
cov(X,Y):palag/ 67“2/2du:p0102.
0
—o0

TTockombky DX = Uf, DY = a%, TO MATPHUIA Y OPEJCTaBIgeT OO0l MATPHUIly KOoBapuaruil (B JaHHOM
cllydae TIOHATHE “KOBapUAITMOHHAS MaTPHUIQ’ Mbl BBEJIU PAHBIINE, HEYKEN BBLIICHUIN CMBICT 3TOTO MOHSI-

Tust).  #

Cy1ecTBeHHBIM HEJIOCTATKOM KOBAPUAIMH SIBJISIETCS TO, YTO €€ Pa3MEPHOCTDH COBIIAJAET C IIPOU3BE-
JIEHNeM pPa3MEepPHOCTeN CIyJYallHbIX BEJUYUH. KCTECTBEHHO, XOTEeJI0Ch Obl MMETh Oe3pa3MEpPHYI0 Xapak-
TEPUCTHUKY CTENEeHU JUHEHHo 3aBucuMoct. Ho 3TO oYeHb MPOCTO CeIaTh — JOCTATOYHO TMOJIETUTH
KOBapHAIUIO CJIy4YailHbIX BEJIMYMH Ha IIPOU3BEJIEHUE X CPEJIHUX KB IPATUIHBIX OTKJIOHEHUMH.

Onpenenenue 10.4 Kosppduuuermom Koppeasuuy CiydaiHbix Beaudnd X U Y Ha3bIBAIOT YHUCJIO
p=p(X,Y), onpenensiemoe paBeHcTBOM (1pemoaraercst, ¥ro DX >0 u DY > 0)

_cov(X,Y)
VDX -DY

Teopema 10.2 Koaduuyuenm roppeaayuu umeem caedyroujue ceoticmasa.

1. p(X, X)=1.

2. Ecau caywatinve seaununvs X uY asastomes nesasucumovimu (u cywecmeytom DX >0 uw DY >0),
mo p(X,Y)=0.

3. pla1 X1 4+ b1, aaXo 4+ ba) = £p(X1,X2). IIpu amom 3nax naroc nysicro 6pamv 6 mom cayuae, Koz2da
a1 U Ay UMEM 00UHAKOBBIE 3HAKY, U MUHYC — 6 NPOTMUBHOM CAYYAE.

4. 1< p(X,Y)< 1.

|p(X,Y)| =1 moeda u moavko mozda, xozda cayuaiinoe sesununv, X u'Y ceazanv, aunelnot

3G6UCUMOCTIDIO.
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JIOKA3ATEJ/IBCTBO. /loKa3aTeIbcTBO TEOPEMBI CJIe/IyeT U3 CBOHCTB KOBaPHAIUH, M MBI IIPE/IJIATAEM IIPO-
BECTH €r0 CAMOCTOSITEJIBHO.

Kosddurment koppessun orpakaeT “cremnenb JUHEeHHOH Oan3octr” ciay4daitabix Besuann. [Ipu p > 0
TOBOPST O NOAOHCUMENLHOT KOPPesAnnoHHol 3asucumoct X u Y, npu p < 0 — 06 ompuyamenvrot. Ha-
[IPUMED, POCT U BEC UeJIOBEKA CBSI3aHbI TIOJOKUTEIHHON KOPPEJISIITHOHHON 3aBUCHMOCTBIO, & TEMIIEPATY DA
U BpEMs COXPAHHOCTHU IIPOAYKTa — oTpunareabuoil. Opmako, koaddunuenT koppeasnun (KoBapuanus)
MOXKET He YJIaBJIUBATH “CTeleHb HeJIMHENHON Orm30cTH CIydailHbIX BeJINYIUH.

ITo anajiorum ¢ KOBAPUAITMOHHON MATPHUIEH /115 CIIyYailHOTO BEKTOPA X= (X1;...; X)) MOXKHO BBECTU
KOPPEJIAINOHHY IO MATPHILY.

Onpepesenue 10.5 Koppeasauuonnoti (HOPpMUPOBaAHHOT KOBAPUAYUUOHHOT) mampuuets Ciy-

Jaitroro Bekropa X HasbBaloT Marpuny P = (p;;) = (p(X;, X)), cocrogimyio u3 Ko3bdHUIIenTOB KOppe-
IATIH caydaiHbX BeamanH X; 1 X,
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Jlekmms 11

YcJI0BHBIE XapPpaKTEPUCTUKNA Cﬂy‘{aﬁHbIX
BeJINYNH

OzHuM U3 OCHOBHBIX IOHSITHI TEOPUU BEPOSITHOCTEI! SIBJIAETCSI OHATHE YCAOBHOU 6EPOATNHOCTU, BBEIEH-
Hoe B Jiekimu 3. Tam 2Ke OBITIO HOKA3aHO, YTO yCJIOBHAsA BeposdTHOCTH P(A|B) obiragaer BceMu cBOMiCTBAMI
6e3yca06H0T 8ePOAMHOCTIY U TAK ¥Ke, KaK U Oe3yCIIOBHAsI BEPOSTHOCTb, IIPEJICTABIISIET COOON IHCIeHHYTO
Mepy HACTYIIJIeHUs cobvimusa A, HO TOJIBKO IIPH YCJIOBUH, UTO COOBITHE B IPOM30IIIO.

AnajioroM NnoOHATHS YCAOBHON BEPOATHOCTH IS ABYX CAY4alnuir seauvur X u Y SBISETCA YCA06-
Holll 3aK0n pacnpedenenus OTHON U3 HHUX, JOIycTHM, X IIPH yCJIOBHH, YTO BTOpasd CIydaliHas BeJIUYNHA
Y npunsiia onpezesnentoe 3uadenne. C IOMOIIBIO YCJIOBHOIO 3aKOHA DACIIPEIEJIEHNSI BBOISIT YCJIOBHBIE
IHCIIOBbIE XaPAKTEPUCTUKU. VIMEHHO 9TH IOHSITHS U PACCMATPUBAIOTCS B HACTOSIIEH JTEKIINH.

Vcii0BHBIE paciipegesieHus

IonaTe yCJIOBHOIO pacIIpe/e/ieHus, KaK OOLIYHO, BBEIEM TOJLKO I CIAYYaeB OUCKPEMHLLT W HEnpe-
DOLEBHBLT CAYHATIHOIT GEAUNUH.

B ciyuae deymepnoti duckpemmoti cayuatinoti seaununo, (X;Y) GyjeM npejnoaraTs Jijist IPOCTOTHI
M3JIOKEHNS, ITO MHOHCECTNEA E03MONCHHIT 3HauenUuti CTYyIaiHbIX BeamanH X 1 Y SBJIAI0TCH KOHETHBIMHA,
re. X n Y npuHuMaor sHadenus x;, ¢ = 1,n, u y;j, j = 1,m, coorBercTBeHHO. B 3TOM Cilyuae, Kak
MBI 3HAEM, 3aKOH pacnpedenenus JByMepHOTo ciaydaiinoro sektopa (X;Y) ynobHO 3a1aBaTh HAGOPOM
sepoammocmets

pij =P{X =2;,Y =y,}

[Tl BeeX 3HadeHnit ¢ u j. HamommmMm, 4ro, 3Has BepOATHOCTH D;j, HeTPyAHO Hafitu (cM. 8.1) 3aKOHBI
pacrtpeiesiennit KaXk 10 13 KOOpAUHAT 10 (POpMyIaM

pxi =P{X =u,}= Zpij, py; =P{Y =y;} = Zpij-

j=1 i=1

Ounpenestenne 11.1 g aBymepHOii auckperHoiil ciydaitnoit Besmuunbl (X;Y) ycaoenol eeposm-
HOCMBIO T, 4=1,m, j=1,m, Toro, uro crydaiiHas BejuunHa X IPUMeT 3HAYEHHE T; IPH yCIOBUU
Y = y;, Ha3BIBAIOT YCJIOBHYIO BEPOATHOCTH coObITHs {X = x;} npu ycioBun cobbitus {Y = y;}, re.

P{X=ux,Y=y; Dij
=Y J

ITpn kaxkzmoMm j, j = 1,m, HaboOp BeposATHOCTEH T;;, ¢ = 1,n, ONpeneAeT, C KAKIMU BEPOATHOCTIMHI
cirydaitnas BeqnanHa X NPUHUMAET Pa3IndHble 3HAYEHUS T;, €CJIH U3BECTHO, UYTO CIydaiiHas BeJTTIMHA
Y mpunana snadenne y;. VapivMu cioBamu, HAOOp BepoATHOCTEH Ty, ¢ = 1,71, XapaKTepu3yeT Ycao6Hoe
pacnpedeaerue JUCKPETHOI cilyJaiiHoi Besmduubl X 1pu ycioBun Y = y;.

AHAJIO'MYHO ONPEJIEJIAIOT YCJIOBHYIO BEPOATHOCTD T TOTO, ITO ClyvaiiHas BeJMUMHa Y IIPUMET 3Ha-
YeHue y; IpH ycaoBun X = x;:

P{X =u;,Y =y;} _ Dij
P{X =ux;} PXi

W;‘j =P{Y=y;| X =2} =
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ITpumep 11.1 VcioBHOe pacmpefienerue Iuciaa X yCIeXOB B MEPBOM HCIIBITAHUN X5

o cxeme Bepryasu (cM. npumep 8.3) 1pu yCJIOBUU, YTO YHUCIIO YCIEXOB BO BTOPOM X1 0[1|Pyx
uctbitannn Xo = 7, 7 =0, 1, 3agaerca tabs. 11.1. VI3 sToit Tabiumsl ciemyer, 9To, 0 1qlq] ¢ :
HE3aBUCHUMO OT YHUCJIa YCIIEXOB BO BTOpoM wuchblTanuu, 0 mim 1 ycnex B 1mepBoMm 1 (plpl p
WCIIBITAHUY ITPOUCXOJIUAT C OJHUMU U TEMU YKe BEPOSITHOCTSIMU P U . DTO OUEBUJIHO, Pv, g p

TOCKOJIbKY UCHbITaAHUA IO CXeMe BepHyJ'L)II/I ABJIAIOTCA HE3aBUCUMBIMH.

Tabiauna 11.1.
B obmiem ciayuae (T.e. korya X u Y He 00s13aT€IbHO IUCKPETHBIE CJIyYailHble BeJINYMHBI) XOTEJI0CH Obl

BBECTHU YCAOBHYI PYHKUUIW pacnpedeaerus CiaydaiiHoi Bejmanabl X 1pu yciaosuu Y =y 1o dopmyie

P{X <z, Y=y}
P{Y =y}
OsiHAaKO 9TO He BCerjia BO3MOXKHO (HAIpuUMep, sl HeIPEPBIBHOM ciryJaiiHoil BeananHbl Y cobbitre {Y =
y} umeer HyJeByio BepodaTHOCTD, T.e. P{Y =y} =0). Ilosromy Bocmosb3yeMest IpeesIbHBIM II€PEXOI0M,

paccmarpuBas BMecto cobbitus {Y =y} cobbitue {y <Y <y+ A} u ycrpemiisast A K HyJIo.
OrpaHuuanMCst CIydaeM, Korga deymeproid cayuatinod eexmop (X;Y) mMeeT HEIIPEPBIBHYIO CO8MECT-
HY0 naomHocmsb pacnpedeaenus p(x,y), a cae0BaTeIbHO (CM. TeopeMy 8.3), U ITIOTHOCTU PaCIpPe/IesIeHns

Fx (@Y =y) = (11.2)

+0o0 +oo
px(z) = /p(x,y)dy u  py(y)= /p(w,y)d:v,

cirygaiiapix Beamand X 1 Y, KOTOpbIe TakKe OyJeM CYATaTh HelpepLIBHLIMIA.
OmpesiesnM yCJIOBHYTO BEPOSITHOCTD coObiTus { X < x} mpm ycnoun cobbitus {y <Y < y+ Ay}

y+Ay T
[ dv [ p(u,v)du
PIX <aly<y <ytay)— X <®ysSY<ytayt Flayray-Fly) v =
ys yTay Ply<Y <y+ay} Fy(y+ay) — Fy(y) y+ay
py (v)dv

Y

x
MozKHO TI0Ka3aTh, YTO B CUJIy CJEJIAHHBIX IIPEJIITOJIOKEHNA (DYHKITHST f p(u,v)du siBIsIeTCS Henpe-

— 00
peiBHOIL. 1IoaTOMY, cormacHo TeopeMe O cpe/iHeM 3HAYEHUU,
y+Ay T T y+Ay
/ d / p(u,v) du = Ay / p(u,€)du, / py (v)dv = py () ay
Yy —0o0 —o0 Yy
u, cjaeaoBare/ibHO,
xT
J p(u,&)du
P{X <zly<Y <y+ay}=- ,
PY(U)

rae £ U 1) — HEKOTOPbIE YHCJIa, 3aK/II0YEHHbIE MEXIY Y U Y + AY.
Yerpemiisist Tenepb Ay K HYJIIO, TIOJTydaeM CJIEJyIOIne BhIpaXkKeHusl JJsl YCa06Hol PyHruuy pac-
npedeaenus Fx(z|Y =y):

xT

J p(u,y)du L
Fx(z]Y =y)= lim P{X <zly<Y <y+ay}=— = / L) du. 11.3
x(2Y =y) = Jlim P{X <aly y+ay} P vy ] Py (11.3)

ITpu cestaHHBIX IPEIIIOJIOKEHUIX O HEIIPEPBIBHOCTH ciydaiinoro sekropa (X;Y') yciosnas dbyHnkims
pacupegenenus Fx (z]Y = y) umeer npousBoiHyIO 10 T, T.e. CYIIECTBYeT YCJIOBHAS IIJIOTHOCTH PACIIPEJIEe-
JIEHUSI CJIydaitnoil BesuauHbl X MpHU ycaoBuun Y = y:

_ p(z,y)
px(zly) = @) (11.4)

AHaJIOrMYHO OLPEIEISIOT YCIOBHYIO (hyHKIuio pacupeseinenus Fy (y|X = x) u ycjaoBHYIO IUIOTHOCTD
pacupegesenus py (y|X = x) ciaydaitaoii Besqudaunsl Y upu ycsioun X = x:

Fy(y| X =12)= L /p(z,v) dv, (11.5)



p(z,y)
py (y|r) = —=. 11.6
(ie) = B2 (116)
st kparkoctn gasee BMecTo px (z|Y =y) u py (y|X = x) Gyaem mmcars px (x|y) u py (y|z).
Nrak, ais HenpepblBHOrO cirydaitnoro sekropa (X;Y) Mbl OPUILIM K CJIEAYIONEMY OUPE/IEICHUIO

YCJIOBHOH IIJIOTHOCTU paclpee/IeHUs.

Onpenenenue 11.2 YcaoeHoti naomuocmsvio pacnpedenerus CiydailHOi BeauduHbl X, SBJISIO-
nieficss KOOPJMHATON JABYMEPHOTrO cirydaitHoro Bekropa (X;Y'), upu ycsioBuu, 4To Apyras ero KOOPIMHATA
[PUHSJIA HEKOTOpOoe (bUKCUPOBAHHOE 3HAYEHHUE Y, T.e. Y =y, Ha3bBaoT (QYHKIUIO px (x|y), oupemesse-
myto coorromernuem (11.4). Anamornano (cm. (11.6) ompesessiroT yCJOBHYIO TUIOTHOCTE PACTIPEIETICHUST
py (y|z) xoopauuarsr Y npu ycsiosuu X = x.

BBeﬂeHHbIe IIOHATHUA — YCJOBHOE DpacClpelesieHne (,HI/ICerTHOIU/I CJIy‘{aIU/IHOﬁ BeJII/I‘—II/IHbI), yciioBHaA
(byHKLH/IH paciipeieJiecHusl 1 yCJAOBHasl IINIOTHOCTH DPaCIpeacJICHUA (,IUIH HEIIPEPbIBHbIX C.Hy‘{aIu/IHbIX Be-
JII/I‘II/IH) — Ha3bIBAIOT YCAOBHHBIMU 3AKOHAMU pacnpede./zeuu.ﬂ.

IIpumep 11.2 Ilycth cayvaitabie BeudIuHbl X1 1 Xo MPEICTABISIOT COOOH KOOPIMHATHI TOTKHU A ICHUST
JACTUIBI, CJOyJIaiHBIM 00pa3oM OpOIIEHHOH B Kpyr pajuyca R ¢ IEHTPOM B Hadaje KOOPAMHAT (CM.
npunmep 8.4). Coyuaiineiit Bektop (X7; X2) UMeeT IIOTHOCTb PACIIPe/IeIeH ST

( ) 0, 3 + 2% > R?;
e U + x5 < R
Haiiem yciioBHYIO IJIOTHOCTH pacipejesienns abciucchl X1 TOYKHU MAJIeHUs] YaCTUILI IIPU YCJIOBUH,
49T0 OpjuHATa Xo NPHHSJA 3HAUEHNE To. Tak KakK IUIOTHOCTH PACIPEIENIeHus Px, (T2) ciydaiiHol Besu-
JuHBI X9 UMEeT BUI
07 |£E2| > R;
Pxa(t2) =\ 2,/R? 3
T m lzo| < R,

To mpu |x2| < R

p(z1,22) 9 1] > VI — o
px, (T1]72) = == = v 2 _ g2
L (@1]z2) px, (T2) 2\/R27x§, |z1| < \/R? — 3.

Tlosromy, ciyuaiinast BeauuuHa X OpU YCJIOBHU Xo = Tz DPABHOMEDHO DACIpe/iejieHa Ha OTPEe3Ke
[-V/R?—23,\/R? —2%]. Ecim |22| > R, To ycioBHast IUIOTHOCTb PacIpeieleHust Py, (z1|z2) He ompe-
JieJIeHa; HO 9TO HAC He JOJIKHO BOJIHOBATDH, IIOCKOJIBKY CJIydailHas BeJWInHa Xo He MOXKET IPHHIMATH
3HadeHus], 0 abCOTIOTHON Beumunne O6ombinue K.  #

115t IpOBEPKU HE3ABUCUMOCTH CJLyYaiHBIX BEJIMYUH YACTO YIOOHO ITOIB30BATHCS CJIE/LYIONIM KPUTe-
pueM.

Kpurepuit HesaBucumMocTu ciaydaubix BequuuH X u Y. Cayuatinove seaudumnsv, X u Y sBiis-
I0TCS HE3A68UCUMBIMYU TOTJIA U TOJIBKO TOTJA, KOIJIA YCJIOBHOE pactpeesenue (DbyHKIMs pacipeIe/IeHus,
IJIOTHOCTD paclpeiesieHust) ciiydaiinoil Bequaunbl X npu ycjaoBuu Y =y coBlajaer ¢ 6e3yCIOBHBIM pac-
upesiesienneM (byHKIMe pacupeieeHns, IIOTHOCTHIO PACIPe/IeeH s ) CIyIaiiHoil BesmauHbr X .

B uwacTtHOCTH, qucKkpeTHbIe BesimdarHbl X U Y SIBJISIFOTCS HE3ABUCUMBIME TOIJIA U TOJIBKO TOIJA, KOIJIa
BCe YCJIOBHBIE BEPOSITHOCTH

Tij = P{X = IZ‘Y = y]}

COBHAIAIOT C 6e3yCI0BHLIMU BEPOSTHOCTIMU
px, = P{X =x;}.

IIpumep 11.3 B ayx ucnbiranusx o cxeme Beprysum (M. npumep 11.1) uncia ycnexos X1 u Xo B mep-
BOM M BTOPOM HUCIIBITAaHUAX ABJIAIOTCHA HE3aBUCUMbBIMHN Cﬂy‘laﬁHbIl\/II/I BeJInYnHaMM, IIOCKOJIBKY B Ta6ﬂ. 11.1
BCE TPH CTOJIOIA COBIAIAIOT. DTOT (PaKT HAMU y2Ke ObLJI YCTAHOBJIEH JIPYTUM CIIOCOOOM B mpumepe 8.5.

IIpumep 11.4 VcjoBHas IIOTHOCTD paclpeleeHus Cirydailnol Beauauabl X1 (aBCIUCChI TOYKN T1a1e-
HUs DU PABHOMEPHOM OPOCAHMHU YaCTHUIILI B KPyr, cM. npumep 11.2) upu yciaosun Xo = xo (OpauHaThl
TOYKM I1aJ[CHUsI) PABHOMEDHA, B TO BpeMs KaK 0e3yCJOBHAsl IJIOTHOCTb X1 TaKOBOW He sBisiercs. U B
3ToM mpuMepe X1 U X5 3aBUCHMbBIE CIYyYalHbIE BEJTUINHBI.
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YcJj0BHBIE YHCJIOBbBIE XapaKTepucCTukKmn

Pacemorpum deymepnyio caywaiinyro eeaununy (X;Y). B cooTBercTBUM ¢ PE3yJbTaTAMU IPEIBIILYIIErO
maparpada MOXKHO ONIPENETUTD YCA08HOE Pacnpedeserue CIyIaiiHoi Beanantbl X IpU YCIOBHH, UTO CIIy-
JaifHas BesJinuuHa Y HPHHsJIA OnpeeseHnoe 3uatdenne y. [JockobKy ycaoBHOe pacipejiesieHue obagaer
BCeMU CBOicTBaMu 0ObIMHOIO (6e3yCJIOBHOIO) pacIpeleieHus, TO 10 HeMY MOXKHO OLPEIEIUTD MAMEeMa-
muueckoe oodlcudanue, Jucnepcuro U Jpyrue JIUCJIOBbIe XapaKTEPUCTHKH, KOTOPBIE €CTECTBEHHO HA3BATH
YCJIOBHBIMH.

Haunem co cayuast duckpemuoti cayuatinot eeauvuns, (X;Y). Ilycrs coiyuaiinas Beawauna X npu-
HUMAET 3HAYEHUS X1, ...,Tn, & CIyJaiiHas BeJndnHa Y — 3HAYEHUS Y1, ..., Yy U LYCTDb

P{X =u;,Y =y;} _ Dij
P{Y =y;} pyj’

YCTIOBHBIE BEPOATHOCTH CIydaiiHoil Ben4une X NPUHATH 3HAYEHHE T; IPU yCIoBHN Y = ;.

WZJZP{XZIL|Y:y]}: Z:ﬁ, jzl,m,

Ounpenesnenne 11.3 s quckperHoii AByMepHOii caydaitnoii Besuuunsl (X;Y) anavenuem M(X |Y =
Yj) YCAOBHO20 MAMEMAMUYECKO20 0HCUIGHUSA JUCKPETHOI CIIydaifHol Beandnabl X IPH yCIOBHH
Y = y;, Ha3BIBAIOT YKCJIO

i=1

Hanee qys xparkoctu Gymem mucars M(X |y;) smecro M(X|Y =y;).

ITo ananoruu c (6e3ycsioBHBIM) MareMaTndecKuM oxujanuem MX ciyuaitnoit Besmaunsl X 3uage-
me M(X|y;) yclIoBHOro MaTeMaTH4ecKOro OKHIAHUS NPU ycJaoBun Y =y, 33JaeT “cpejHee” 3HaUeHHE
cty4aifHOil BeJMIuHbl X, HO IIPU yCJIOBUH, YTO CJIydaiiHas BeJHYIHHA Y INPHUHATA 3HAYCHHE Y;.

Taxum ke o6pazom naTepperupyor sHaderne M(Y |x;) = M(Y|X = x;) ycioBHOro MaTeMaTnaeckoro
OJKUJAHUS CIydailHoOHM BeJnduuHbl Y Ipu ycaoBuu X = ;.

Corutacuo onpenesennio 11.3, snadenne M(X |y;) yCI0BHOIO MaTeMaTHYeCKOrO OKUIAHHS 3aBUCHT OT
3HAYEHNUS Y; CJIyYallHOH BEJMYHHEI Y, U TOJBKO OT Hero. BeroMuHast MoHsATHE MYHKIUN OT CIIydaifHON
BEJINYIMHBI, IIPIXOIUM K CJIEIYIOMIEMY OIIPEJIEJIEHNIO YCIIOBHOIO MATEMATUYIECKOIO OXKITAHISI.

Onpepnesenue 11.4 Yeaosuwvim mamemamuveckum osrrcudaruem M(X|Y) muckperHoii ciaydaii-
HOIl BesmauHbl X OTHOCUTEJILHO JAMCKPETHON cilydaiiHoii Bejnduubl Y HaszbiBaoT yskuuio M(X|Y) =
g(Y) or cayuaitHoit BesmunHbl Y, 1€ 06acTh onpejesenuss GyHKIMU ¢(y) COBIAJAET ¢ MHOMKECTBOM
BHAYMEHHHA Y1, ..., Ym CILyIANHON BEIUTUHEL Y, a KaXKIOMY 3HAYUEHHIO y; apIyMeHTa Y MOCTABJIEHO B COOT-
Bercrsue unciao g(y;) = M(X|y;).

IMoguepkuem eme pas, 9To yciaoBHOe Maremarudeckoe oxumanue M(X|Y) asiserca dyukunueit or
CIIyJafHOI BEJIMYMHBI, T.€. TAKKE CJIyJallHON BEJIMIMHON.
IIpuBesnem mpumMepsbl.

IIpumep 11.5 Ilycrs X; u Xy — uncia ycmexoB B MEPBOM M BTOPOM HUCIBITAHUAX IO cxeme BepHyaniu
¢ BeposTHOCTBIO yenexa p. Haitnem M(X7|X52). Bocrosbsosasimucs tab. 11.1, nmeem:

M(X:[0)=0-g+1-p=p,  M(X;[1)=0-g+1-p=p.

Taxum obpaszom, suaderns M(X1|0) 1 M(X;|1) ycI0BHOrO MaTEMATHYECKOTO OKUJAHUS COBIIAIAIOT
s oboux 3uavennit 0 u 1 cayuaitnoit Besmunnbl Xo u pasabl p. [losromy M(X;|Xs) = p.

Onpenesienue 11.5 [lns  HenmpepblBHON AByMepHO# ciyuaitaoit Besmuneel  (X;Y) 3nauenuem
M(X|y) = M(X|Y =y) ycaosrozo mamemamuieckozo oHcudaHus HEIPEPbIBHOM CIyJYaiiHON Besn-
q9uHbl X TIPW YCJIOBUU Y = Y HA3BIBAIOT UNUCJIO

+oo
M(X|y) = /xpx(x\y)da:,
e 7 (w.9)
_play
px(zly) = ()

SIBJISIETCS YCJIOBHOM TJIOTHOCTHIO PACIIPEIeJIEHUs] CIIyYaifHON BeInYuHbl X IpH ycjiaoBuu Y =y .

Ounpenestenne 11.6 ljis HenpepbIBHON JByMepHO# ciydaitnoii Besmunnbl (X;Y) yeaosnvim mame-
mamureckum oxrcudanuem M(X|Y) HenpepbiBHOI ciryvaiinoit Beamauabl X OTHOCHTENBHO CIIyYaiiHOl
Besmuunbl Y HasbiBaor dyuknuio g(Y) = M(X|Y) or ciryuaiinoii Bejimaunbt Y, IPUHAMAIONLYIO 3HAYEHIE

9(y) =M(X|y) mpn Y =y.
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ITpoBepbTe CaMOCTOATENHHO, YTO CBORCTBA YCJIOBHOIO MATEMATHYECKOIO OXKUJIAHNUS, BbIBEICHHDIE J1JIsl
JIUCKPETHOTO CJIydast, CIIPABEJINBEL U JIJTs1 HEIPEPHIBHOTO (MCKIIIOUEHNE COCTABIAET CBOMCTBO 1, IOCKOITh-
Ky HelpepbIBHAsI CIyJaliHasi BeJIMUNHA HE MOYKET IPUHAMATD BCErO OJHO 3HAYEHHE).

PesroMupys M3J102KEHHOE BBIIIE, MOXKHO CKAa3aTh, YTO 3aBUCUMOCTD ITOBECHU “B cpeaaeM” CIydaiiHoi
BesinunHbl X OT 3HAYeHMsl CJIydaiiHoii BesmdnHbl Y xapakrepusyercs: dyrkuueit g(y) = M(X|y).

VesioBHOE MaTeMaTHUeCKOe OXKUJAHUE, KaK 00bdHOe (6e3yCI0BHOE) MATEMATUIECKOE OXKUIAHNUE, Xa-
PAKTEpUYET UEHMP PAcCeusarus CrydaitHoit Beamaunabl. OIHAKO OHO HE JaeT HUKaKOW nHpOpMAIT O
CTEIeHN PACCenBAHUS CITyIaHON BEJIMUUHBI OTHOCUTENHHO CPETHETO 3HAYEHMUSL.

IToCKOIBKY CTEIeHb PACCEMBAHUSA CJIyIalHON BEJMYUHBI X MOMKHO OIEHUTH C HMOMOIILIO JUCNepCul,
TO B KAYECTBE MEPbI PACCEUBAHUS CIydailHON BeuIuHbl X OTHOCUTENHLHO Y MOYXKHO HPUHATD YCAOSHYIO
ducnepcuto, KOTOPYIO €CTECTBEHHO OLPEIEIUTh AHAJOIMIHO OOBIYHOMN JIUCIIEPCUH, HO UCIIOJIB3Ysl YCJIOBHOE
pacipejieJieHue cJlydaifHol Beauauabl X 1Ipu ycjioBud Y = y.

Onpenesnenue 11.7 Yeaosrotl ducnepcueti D(X|Y) cayuaiinoit Besmauasr X OTHOCHTENBHO (CIIy-
JaliHON BeMUYUHBI) Y HA3BIBAIOT CJIyYIalHyIO BEJIMIUHY, 331aBAeMyI0 (DOPMYJIOf

D(X|Y) = M([X —M(X|Y)]*|Y).

IIpuBeentoe ompejiesienne MPUMEHUMO KaK JIjIs ABYMEPHON JIMCKPETHON CIyJYaiHOW BEJTUYINHBI, TaK
" JJIsI HeIIPEePBIBHOM.

Jns nBymepHoil auckpertHoit ciywaitnoit Beauunnet (X;Y) snavenue D(X|y;) ycaoernoti ducnep-
cuu X 1pnu yciaosun Y = y; onpenenderca hopMymIoit

n

D(X[y;) = M([X-M(X[y)2[Y) =3 [2:~M(X]y;)] "5,

i=1
a JIJIs JIBYMEPHOi1 HellpepbIBHOiL ciryuaiinoii Besnannbl (X;Y) snavenue D(X|y) yeaosroli ducnepcuu

X mpum ycioun Y = y 3amaercs (popMyIIoit

+oo
D(X|y) = M([X-M(X1y)]*|y) = ~M(X1y)]*px (aly)d
Y)= YY) = z Yy)| px(X]Yy)ax.
—0oQ
VcioBHasI ucnepenst CirydaitHON BeJMYUHBI X TakK 2Ke, KaK U YCJIOBHOE MaTeMaTH4YeCcKoe OXKHJIaHWe
9TOM CJIy4aiHON BEJIMYIMHBI, 32BUCUT OT TOT'O 3HAYEHNsI, KOTOPOE IIPUHsJIA caydaiinas Beaun4duna Y . [losro-

My yeaoerast quctiepenst D(X|Y) sisasiercst byHKumeit ot coyuaifnoit Besmanssl Y, 061acTh onpe/iesieHnst
KOTOPOHl COBHAIAET C MHOHCECTNEOM BO3MOINCHHIT 3HAMEHUT CIydaifHOW BeJIMYNHEI Y .
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Jlekims 12

Muoromepanoe HOpMaJbHOE
pacipeaejieHue

Hopmanavnoe pacnpedeserue 00HOMEPHOT CAY4atinol 6eausuHb, paccMaTpuBaioch B Jjiekiun 7. Ceitdac
obparuMcst K MHOTOMEpHOMY cirydaio. [Ipu arom cHadasa BBejgeM d8ymepHoe HOPMANbHOE PACnpedesenue
CAY4atino20 6eKMOpa X = (X1;X5), a 3areM 0600IMM [OJTy9eHHbIE PE3YJILTATHI HA CJIyYAHHBIA BEKTOD
X IIPOU3BOJIBHOI pa3MepHOCTH 1 > 2.

IIycts xoopaunaTer X1 n Xo cirydaifHOTO BEKTOPa X = (X1; X3) SIBISIFOTCSI CITy IafiHBIMY BEJIMIHMHAMY,
pacIpesesIeHHbIMA 110 HOPMAJIbHOMY 3aKOHY, T.€. UMEIOT MA0MHOCU Pacnpedenerus,

1 (2 —my)? 1 (z —mg)?
bx, (.I) = Pmi,01 (.13) = \/%0_ exXp <_ 252 upx, (x) = Pmy,02 (.I) = mexp _T
1 1 2 2

Hanomuanm, gro mapamerpst m; u o; > 0, ¢ = 1,2, 9TuxX pacupeeeHuil Ha3bIBAIOT MAMEMAMULECKUMU
021CUOAHUAMY T CPEIHUMU KEAODAMUMECKUMY OMKAOHEHUAMY, CITYIafiHbIX BeJguanH X1 n Xo.
Ecmn X7 u Xo aBasiorTcst He3aBUCUMBIMU CJTYYAWHBIMU BEJIMIUHAMU, TO, COIJIACHO TeopeMe 8.3,

Px1,Xo (T1,%2) = px, (21)px, (22)

1 B 93TOM CJiy4da€ IIJIOTHOCTH JABYMEPHOT'O HOPMAJIbHOI'O pacClIpeaesiecHud UMeET BUJL

(21,29) = C(@—ma)? (2 —mp)®
PXp X2 = (vV21)20109 P 207 203

B obmem ciyuae Bekrop X = (X1; Xo) umeer (Heswvipootcdentoe) d8ymepHoe HOPMasbHOe Pac-
npedesenue, €CJIM €ro MIOTHOCTb PACHPEICICHEA OIpeesdeTcsa (hopMyJIoit
_ 1 —3Q(z1—m1,w2—m2) 12.1
Pxy X (T1,22) = € ; (12.1)

(V2m)201094/1 — p?

rjae beHKL[I/ISI JABYX II€PEMEHHbIX

L (v 2012 w3
1 (g 2y B 12.2
Q(yl7y2) 17p2 (0’% 0109 +O—% 7 ( )

Yi = T; —my, i = 1,2, ecrb MOJOKUTEJNBHO OlpeeieHHas KBajparuanas dhopma (r.e. Q(y1,y2) > 0 g
mobbIX (y1;92) € R, (y1392) # (0;0)).

JIByMepHOe HOpMAJIbHOE pAaCIIPeJIe/IeHue 3aBUCUT OT IISITH [ApaMeTpOB: My, M, 01, 02, p. MOXKHO
HoKa3aTh, 9To my = MX1, mo = MXy, 07 = DXy, 03 = DX3, p — K03bDUIHEHT KOPPEeNAIE CTy9aiiHbIx
BesuuuHd X, 1 Xo.

[ocseame Tpu mapameTpa 3aIuIneM JJIsl JajdbHeinero obo0Ienust Ha ciydait n > 2 B BUjE MaM-
PUUDBL KOBaAPUAUUTL (KOBAPUAUUOHHOT, MAMPUUDBL) Yo BEKTOPA X = (X1;X5):

011 O
Y 11 012 ’
021 022

Ecan BBecTnn maTpuiry Y, 06paTHYIO MATPHUIE X, T.€.

_ 2 ;_T9 _ _
e oy =05, 1 =1,2, a 019 = 021 = po102.
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1o KBajiparuunyio ¢popmy (12.2) MOXKHO 3anucarb B MATpudHOil popMe B Bue

Q) =iy, (12.3)

rae 3HaK “7” 03HAYAeT TPAHCHOHWpOBaHME. /efiCTBUTENBHO, €C/IN YINTBIBATD, ITO

1 P
~ 1 0'% 0102
Y= ,
1-p2 _ » 1
0102 ag

1o, noacTasiAd X B (12.3), upuxoauM K BbIpakeHuio (12.2).
HaJtee, ecsin 3aMETUTh, YTO MHOXKHUTEJb

01024/ 1—p =V detE,

rue det X — oupemesuresib MaTpUIbl X, TO Bhipazkenue (12.1) MOKHO 3amucarb B Buje

1 I S
pe(@) = ——— 3 @EMIEAT (12.4)

(vV27)2(det 2) 2

Tenepb MOXKHO 3alUCATH ILUIOTHOCTH (HEBBIPOXKJICHHOIO) HOPMAJILHOIO PACHPEAEICHU Il CAY4ali-

noezo eexmopa X = (X1;...;X,,) IPOU3BOJIBLHON PA3MEPHOCTH T > 2.
Onpenestenne 12.1 Coyuaitabiii Bektop X = (X7;...;X,,) Ha30BeM cirydaiiHbIM BEKTOPOM, UMEIOIIUM
HOPMaJIbHOE PaCHpeieieHre ¢ BEKTOPOM MaTeMATUYeCKUX OKUIAHUN 17 = (Mmy;...; M, ) U KOBAPUAIIUOH-

Holt Marpureit ¥ = (o; i), 4,j =1,n, ecin ero IIOTHOCTH UMeeT BHUL

1 b @mEE—m)T
(Vam)" (det X)) &

pg(@) =

rjie - MAaTpuIia, obparHas K MaTPUIIE Y.

Ecin Marpuna Y (a 3Ha4uT, 1 MaTpuI@a % = X 1) coBHaJaer ¢ eJuHUYHON Marpuueil I, a BEKTOp
m = (0;...;0), To
1

PXxy,.. . Xn (T1,.0 7)) = W

Takyro IJIOTHOCTH TI0 aHAJOTHH C OJJHOMEDPHBIM CJIydaeM HA3bIBAIOT MAOMHOCTBHIO0 CMaHIapmHo20
MHO20MEPHO20 (N-MEPHO20) HOPMANDBHOZ0 PACNPEICACHUS.

Jaaum reoMeTpUYecKyo HHTEPIIPETAINIO INIOTHOCTH HOPMAJIHLHOTO PACIIPEIEIEHNUS.

Haunewm ¢ asymepHoro ciydad. [Ipu atom (X7, X2) Gyuem TpakToBaTh KakK KOODAMHATHI GPOIIEHHOIT
CJIy9alHBIM 00Pa30M Ha ILJIOCKOCTH TOYKH.

QyHRIUA px, X, (21, T2) 3808€T HEKOTOPYIO IOBEPXHOCTD B TPEXMEPHOM IPOCTPAHCTBe. JIMHIN yPOBH:I
9TOH [OBEPXHOCTU UMEIOT YPaBHEHHUE DX, x, (T1,22) = @, KoTOpoe ¢ yderoM (12.1) MOKHO 3alMCaTh B BUIE

e (@it tal)

Q(x1 —mi,z2 —m2) =, (12.5)

rae b= —2In{2ra(det$)2}, a Q(x1 — my,x2 — ms) onpexeser- 2
cst hopmysoit (12.2).

Tocaeaee ypaprerue (cM. puc. 12.1) npejcrasisier coGoit
ypaBHEHHUE Jumnca (TouHee roBOPsi, CeMeHCTBa JUIUIICOB IIPU
pasubix 3Hadenusx b). Ocu cummerpun O'x; u O'xg 31010 371-
qmarica mpoxoaat vepe3 Touky O'(mq;ms), a WX HATDABICHUS 5 ™, &
COBIIQJTAIOT C HAIPABJIEHUSMI COOCTBEHHLIX BEKTOPOB MaTDPHIIBI
¥. B cBoio o4epe/ib, cobcTBeHHBIE BEKTOPDI €, ¢ = 1,2, MaTpuIpl
3. onpeJiesiAoTCs U3 ypaBHEHUN €;3 = \;€; Tj1e \; — COOCTBEH-

Ocu
paccerBaHus

OIIHTICH
paccerBaHus

HbIE 3HAYEHHs MATPHUIIBI X, T.€. PEIICHUs] XaPAKTePUCTUIECKOTO Puc. 12.1.
ypaBHeHUs

det(X—AI) =0,
i

No262(1—p?) = MNo? +03)+1=0.

Vsl o, @ = 1,2, MEXK/Iy OCAME CHMMETPHH JUIANICA U OCbi0 O] MOXKHO HANTH U3 ypaBHEHUS

2[)0’10’2
tg2a = 5. 12.6
820 = 2 (12.6)
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s
DT0 ypaBHEHUE JaeT JIBa 3HAYEHUS yIJIOB: (v U (g PA3JIMYAIONINECS Ha 5

Ocu cummerpun ssutunca (12.5) HA3BIBAIOT OCAMU PACCEUBAHUS, CAM FJUIUIC — IAAUTCOM PACCE-
uBaHUA (WIH 3AAUNCOM PABHOT 8eposmHocmu,), a eHTp djumanca — Touky O (mq;ms) — uenmpom
pacceusaHUs.

N3 dbopmyner (12.6), B gacTHOCTH, caemyer, 9To mpu p = 0, 01 # 09 OCH PACCENBAHUS TAPAJLIETbHBI
KOODJIMHATHBIM, IIPA 0] = 0y = 0 3JUIATIC PACCENBAHUS TPEJCTABIACT CODOI OKPY?KHOCTH PaJIUyca 0 U B
KadecTBe OCeil paccemBaHUsI MOYXKHO B3STb JIIOOBIE JIBe MEPIIEHINKY/ISIPHBIE IPSMBbIE, TTPOXOJISINIE Tepe3
touxy O'.

Beozst HOBYO (IIPSIMOYTOJIBHY0) CUCTEMY KOODJMHAT, OCH KOTOPOH COBIAJIAIOT C OCSIMU PACCEMBAHMUS,
T.€. KAHOHUIECKYIO CUCTEMY KOODJUHAT JIJIsI SJLIUIICA PACCEMBAHUS, MOYXKHO ITOKA3aTh, 9TO B 9TOH CUCTe-
Me KoopauHaThl (X1; X)) ciaydailiHOW TOYKM UMEIOT HOPMAJBLHOE DaCHpejiesieHne ¢ HYJIEBBIM BEKTOPOM
o2 0 , 1 , 1

0 af)’ TAe 0} = 5= 03 = =

Ecim m3MeHnTh MacmTabbl HA OCAX KAHOHWYECKOW CHCTEMBI KOODJWHAT, B3SB 34 €IWHUIBI OTCIETA
0] U 0l COOTBETCTBEHHO, TO B TAKOI CHCTEMe KOODJMHAT KOODIMHATHI CJIydaiiHON TOUKM GyJyT MMEThH
HOPMAJILHOE PACHpPEJIEIEHIe C HyJeBBIM BEKTOPOM CPEJIHUX W €IMHWYIHON MATpHUIEeil KoBapualuii, T.e.
HMeTh JIByMepHOe CTaHJIapTHOEe HOPMaJILHOE pacIipe/leseHue.

Amajiormdno B ciydae n > 2 ypaBHEHHE P ¢ (T) = a MM SKBUBAJICHTHOE €My ypaBHEHHE

cpemanx 3aagennit m’ = (0;0) u Marpureit Kopapnarnmii Y/ = (

F-m)S@-m)T =b, b=—2In{(vV2r)"a(det¥)?}

B CHJIy IOJIOKUATEJIbHOU ONPEIEeJeHHOCTH MATPHUIIBI Y. IPEJCTABJISET COOON ypaBHEHHE N-MEPHOTO 3JI-
JINTICOUIA, HA3BIBAEMOI'O AAUNCOUIOM PACCEUBAHUS, €70 OCH CUMMETPUY TO-IIPEKHEMY HA3BIBAIOTCS
OCAMU PACCEUBAHUA.

Bynem TpakToBaTh n-MepHBIN C/IyJaliHBI BEKTOD X xax KOOPJMHATHI CJIyIaitHON TOYKA B N-MEPHOM
npocrpadcTse. IlyeTs @), ..., =), — KAaHOHWYECKask CHCTEMa KOODJMHAT SJUIAIICOMIOB DACCENBAHNUS, TOT/IA
HOBBIe KoopjuHAThl (X1, ..., X)) ciyJaifHO# TOYKH CHOBa OY/IyT ONUCHIBATHCH N-MEPHBIM HOPMAJbHBIM
3aKOHOM, HMEIOIIUM HyJ/IeBOil BEKTOD CPeJIHHX 77/ I JIMAroHAJbHYIO MATPHILy KoBapuarmii ¥/, npudem ee
JIMArOHATbHbIE 3JIeMeHTbl 0.2 = 1/);, r1e A;, 4 = 1,n, — cobCTBEeHHbIE 3HAYMEHHs] MATPHIILI Y. C YIEeTOM UX
kpartHocreii. Ere pa3 BB/ HOBbIe KOODAUHATHI YJ; = oix; (T.€ n3MeHsist MacIITabbl HA OCAX KAHOHUIECKOM
CHCTEMbI KOODJIUHAT ), HOJLy9aeM, 9TO B HOCJIEIHENl CUCTeMe KOODIAMHAT Y1, . . ., Yy KOOPAUHATHI CJIyYaiiHON
TOYKU OyJIyT PACIIPEJIEIEHBI [T0 CTAHIAPTHOMY HOPMAJILHOMY 3aKOHY.

Taxum 06pazom, jesast o6paTHble IPeobpa30BaHUsl, MOXKHO TPAKTOBATH (HEBBIPOXKIEHHbI ) HOPMaJIb-
HO pacIIpe/ieJIeHHbIIl BEKTOD Xc [IPOM3BOJIBHBIM BEKTOPOM CPEJIHUX 170 U MATPUIEil KOBapUaIHil Y. KaK KO-
OpJIMHATHI CJLy9aiiHOI TOYKU B HEKOTOPOIi (BOOGIIE roBOpsl, He OPTOHOPMUPOBAHHON, HO OPTOrOHAILHOIA )
[IPSIMOJIMHEIHO crCcTeMe KOOPAMHAT, IPUYEM Ta TOYKA UMEET CTaHIaPTHOEe HOPMAaJIbHOE pacipeie/ieHue.

Paccmorprum ocHOBHBIE CBOMCTBA MHOTOMEPHOI'O HOPMAJIBHOI'O PACIpPeIe/IeHus.

1. 3axon pacnpedesenusn KarxKIaoi U3 KOOPIMHAT CJIyIallHOIO BEKTOPA X , IMEIOITEro N-MEepPHOE HOP-
MaJIbHOE pacIIpejieJieHne ¢ BEKTOPOM CPEeJHUX 11 = (My;...; M, ) U MATPHIIEH KOBApHAIUN ¥ = 0, sIBJIsA-
€TCsi HOPMAJIBHBIM C [IapaMeTpaMu m; u 0.

JIOKA3ATEJIBCTBO. JlokazkeM 3T0O yTBep:KJeHue st ciydas n = 2 (obmuii ciaygait Tpebyer 6osee rpo-
MOBJIKUX [IPe0Opa3oBaHMii).

HaiizeMm mI0THOCTB pacmpenesieHus px, (x1), €Clu px, x, (z1,%2) oupenensercs dopmynamu (12.1) u

(12.2). Bocnosb3oBaBIiucs CBORCTBOM 7 JIByMEPHOI [JIOTHOCTH PACIPEIEIEHNUs, UMeeM

+oo
1 ~

px, (z1) = / e Q).
! 2mo1094/ 1 — p?
o0

rie

@($17.’L'2) = _2(1ip2) |:(m1 ;1m1)2 _2,0(061 ;17711) (062 ;27712) + (1'2 ;2m2)2] .

Henas 3ameny

zy—my _ plxi—mi)
o (e
y=—> =
I-p
ocJie Mpeodpa30BAHUN MTOJTYIaeM
+
i 1 _%_(11*";1)2
px,(x1)= [ —e 21 dy.
2moq
— 00
[TockombKy
+oo
2
/ eV 2dy =/2m,
—00

o7



IpUXoJaUM K OKOHYATE/JIbHOMY OTBETY

1
palo) =
1

9TO U JIOKA3bIBAET TpPeOyeMoe yTBEePXKICHNE.
AHAJIOrNYIHO MOXKHO [TOKA3aTh, 9TO

e—(wl—ml)Q/QU%
b)

(22 —ma)?
1 20%

N
2

2. Ecu KoBapuaITMOHHAsI MATPUIA Y CIYIAHHOTO BEKTOPA X , PACIIpEJIEICHHOTO TI0 HOPMAaJILHOMY
3aKOHY (HEBBIPOXKJIEHHOMY ), $IBJISI€TCs JIMATOHAJLHON, TO KOODJAMHATHI BEKTOpA X1, ..., X, SABJSIOTCHA
HE3aBUCUMBIMU CJIYIANHBIMYI BEJIMIUHAMI. _

JTOKA3ATEJLCTBO. JleficTBATEILHO, MATPHIIA & = X~ TakyKe SBJISACTCS JHATOHAJIBHON U MMEET BHUJL

o2 0 0

- 0 2 ...0

> = 7 . N =02...02,
0 0 o2

u, cienoBaresbio, (opmyia (12.1) mis coBMecTHOl (n-MEPHOI) [JIOTHOCTH PACIPEIEJIEHUsS UMEeT BH/L

) _[Eimma)? (e —ma)?
2 2 202
PX1, X (T15e s Tp) = —=—e i In =px, (21)...px, (Tn),
(V2m)noy...op
T.€. CJlydailHble BeJuduHbl X1, ..., X, gBJIOTCA He3aBucUMbIME (cM. 3amedanue 8.1).

3amernM, 4TO ecyi 0;; = 0 JyIs HEKOTOPBIX ¢ M j MJIM, YTO TO K€ caMoe, KO3 UIMEHT KOppe/IAIyun
pi; =0, To TOBOPAT, UTO cayuailiHbie 8eaudunst X; 1 X; ABIAIOTCA HEKOPPEAUPOSAHHBIMU.

Takum 00pa3oM, U3 HEKOPPEIUPOBAHHOCTU KOOPIMHAT CJIYYaflHOIO BEKTOPA, PACIPEIEJEHHOrO II0
HOPMAaJIbHOMY 3aKOHY, cJieflyer (B CUIIy TeopeMbl 8.3) UX He3aBHCHMOCTb. II0CKOIbKY HE3ABHCHMBIE CJIy-
YaifHble BEJIMYMHBI ABJIAIOTCH HEKOPPEJINPOBAHHBIMU, TO /I HOPMAJIbHO PacCIpeIeSIeHHBIX CJIydYaiiHbIX
BEKTOPOB HEKOPPEJINPOBAHHOCTL KOOD/IMHAT PaBHOCHUJIbHA UX HE3aBUCUMOCTH.

3. Eciiu BekTOp X = (X1;...;X,) UMeeT HOPMAJIBHBIA 3aKOH DPACIIPEIE/ICHHUs] ¢ BEKTOPOM CPEIHUX
m = (mq;...;my) u Marpureii KoBapuanuii 3, TO BEKTOD X = (X1;...;Xp—1) TaK:Ke paCIpeiesieH 10
HOPMAJIbHOMY 3aKOHY C BEKTOPOM CPeJHUX 1M/ = (my;...;my_1) U MaTpureii Kopapuaruii X/, 1101y 9eHHOIH
W3 MATPUILI Y. BEIYEPKUBAHUEM IMTOCJIEIHUX CTPOKH U CTOJIOIA.

JIOKA3ATEJ/IBCTBO. DTO CBOWCTBO JIOKA3BIBAETCS TaK K€, KAK U CBOUCTBO 1, HO B CHJIy I'POMO3IKOCTH
BBIBOJIa OHO 3/IeCh HE TIPUBOJIATCS.

W3 croiicTBa 3 METOOM MaTEMATHIECKON MHIYKIMA MOXKHO TIOKA3aTh, YTO JIFOOOH HAOOD KOOPIWHAT
N-MEPHOI'0 CJIyYaiflHOrO BEKTOpa X = (X1;...;X,), pacupeiejieHHOro 0 HOPMAJIBHOMY 3aKOHY, CHOBA
nMeeT HOpMaJIbHOe pacipesesenne. B uacrHocTn, nByMepHsbIii caydaiineiil Bekrop (X7, Xa) pacupeenesn
10 HOPMAJILHOMY 3aKOHY C BEKTOPOM CpeIHuX (mi, mMs) U MaTpuIel Kopapuanuii X' = Zi Z;z
IIpumep 12.1 Ilycrs aBymepHbiil cydaiinbiii BekTop (X;Y) umeer nopmaavroe pacnpedeaenue ¢ 6ex-
mopom cpednux snavenud (my;mse) U mampuyel Kosapuayul

0'2 T10
Y= ( p0_110_2 po_l2 2 ) (0'1, O'2>0, —1<p<1)
2

HaiiieM ycI0BHYIO IIJIOTHOCTB PacIpejiesieHusl CIydaiiHoi BeudauHbl X 1pu yciaosun Y = y.
Kak wmssectro (cm. (12.1)—(12.2)), coBMecTHasi AByMepHasi ILUIOTHOCTH DACIIPEJIETEHHsT CITyIaifHbIX
BemmawH X u Y

(2y) = ——— {
Pxy\Z,y)= €Xpqy —
2wo1094/ 1 — p?

1 ((m—m1)2 _ 2p(x —ma)(y —m2) n (y—mz)2)}7

2(1—p?) U% 0109 a%

a IUIOTHOCTD pPacHpeie/IeHns CIyIaifHON BeJTMINHBL Y

L —w-m2)?/(203)

py(y) = me

3HAYUT,

. X,y (%, y) _ 1 _ 1 _ po1(y —ma) 2}
px(ely) = py(y)  oi/2r(1—p?) exp{ 203(1-p?) [ac (1 + o2 )} '
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Taxum 06pa3oM, yCJI0BHOE pacipeeieane X Ipu yCJIoBUU Y = Y TaKKe ABJIFETC HOPMAJBHBIM CO Cped-
Hum 3naveruem (Koropoe obozHauuM g(y))

g(y) =mi+p—(y —ma) (12.7)

71
02
I cpednum K6aopamunvLm omuaotenuem (0BO3HATIM €ro o x|, )

x|y =01V 1—p2. (12.8)

Amajiornuno ycsioBHOe pacrpesieienne Y Tpu yciaoBuu X = X SBJISIETCST HOPMAJILHBIM CO CPEIHUM
suadenuneM (KoTopoe oboznadnM h(x))

h(x) =m2+p2—?(z—m1) (12.9)

M CPeJHUM KBaPATHYHBIM OTK/IOHeHHeM (0D03HAUHM €ero oy |;)

Jy|x:02\/1—p2. (1210)

ITpumep 12.2 UMsgectHO, 910 pocT X1 1 BeC X B3POCIOrO MY>KUIMHBI (M YKEHIIUHBI), IPOKUBAIOIIETO
B OJIHOM PErHOHE, JIOCTATOYHO XOPOIIO OIMUCHIBACTCS O8YMEPHBIM HOPMANLHHM 3GKOHOM PACTPEIEAEHUA.
B uwacraocru, pocr (B canruMmerpax) u Bec (B Kuaorpammax) MyKYUH HEKOTODOi crpanbl Hopmasuu
[O[YUHEHBI HOPMAJILHOMY 3aKOHY € 6eKmopom cpednux snauenud m = (172, 74) u mampuuet xosapuayud
s_ (4 28
a (28 40 ) '

ITycTh M3BECTHO, UTO BEC CJIYyYaiiHO BCTPEIEHHOTO HOPMAJBIIA PABEH To. 1OT/Ia ero pocT OY/IEeT NMETh

HOPMaJIbHOE PaCIpeieJeHre CO CPEIHUM 3HaYeHueM (B CM)

0,66v/45(xy — 74)
V40

g(xe) =172+ ~ 120+ 0,70z

u cpeaHuM KBaJApaTUYIHBIM OTKJIOHEHHUEM

Ox1jas = VA51/1— 0,662 ~ 5,0.

Takum obpazom,

1 e—(x1—120—0,71)2)2/50.

50m
B wacrtrocTH, Becy 70 Kr cOOTBETCTBYET CpejHee 3HadeHue pocta 169 cm, Becy 75 kr — okosio 173 cm u
T.J1.

OTmernm, 9T0 B OTIMYUE OT CpesHero pocta ¢g(rs), 3aBUCAINEro JMHEHHO OT T,
cpejiHee KBaJpaTUIHOe OTKJIOHEHUE POCTA O X, |z, ABJACTCH MOCTOSHHBIM, T.€. HE 3a- 90
BUCUT OT T3. I padudeckoe n3obpakeHne 3aBUCAMOCTH POCTa OT Beca, MPUBEIEHO 80f
Ha puc. 12.2. 3xech o ocu abCIMCC OTIOKEHBI 3HAYEHUsI POCTa HOPMAJIbIa, a 0 70
ocu opamHAT — ero Beca. [Ipamast jmaus 1 = ¢(x2) NOKA3LIBAET 3aBUCUMOCTD CPEJI- 60
HEro pocTa OT Beca. YCJOBHAg IUIOTHOCTH paclipeiesieHus px, (r1|re) pocra, Kax
GYHKIIMI OT Beca Ty, M300parkeHa B BUJE “Cpe30oB”. _

AmnajlornyHble BBIYUCIIEHUs] MOKA3BIBAIOT, 9TO YCJIOBHAsS IUIOTHOCTH DPAaCcIIpejie- o
Jenust px,(ze|r1) Beca HOpManbna Xo B 3aBUCHMOCTH OT €O POCTA X1 SIBJSETCS 190
IUIOTHOCTBIO HOPMAJIBHOIO DPaclpejiesieHusi ¢ napamerpamu h(xp) ~ 0,62z — 33 u 1w
OXy|e, 4,8, T.e. HMeeT BUI 170

px, (w1]|22) =

Xy, KD

N Y I N B
0 160 170 180 190 x;,cm

1 : 2 .
767(9324»3370,6211) /46. 0 60 70 80 90 xpur
46w

I'pacdugeckoe n3obparkeHne 3aBUCUMOCTH Beca OT POCTa IIPUBEJIEHO Ha puc. 12.3.

px, (T2|71) =
Puc. 12.3.
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Jlekmms 13

IIpenenbHble TeOpeMbl TeOpUU
BEPOATHOCTEN

C camoro Hadaja M3ydeHnsi Kypca TEOPUU BEPOSTHOCTEH Mbl TOBOPUJIA O TOM, YTO IIPAKTUIECKOE IIPUMe-
HEHHE METOJ/I0B 3TOM MaTeMaTUIeCKOI JUCIUIINHBI OCHOBBIBAETCS HA 3aKOHE IIPEJEIbHOI0 ITOCTOSHCTBA
YACMOmMy, CoObIMUA, YCTAHOBJIEHHOM sMIpudecku. COrjiacHO 3TOMY 3aKOHY, €CJI OJUH W TOT K€ OIBIT
TIOBTOPSIETCS MHOTOKPATHO, TO YaCTOTA TOSABJICHUS KOHKPETHOTO CJIYYAHOTO COOBITUS TEpsieT CBONCTBA
CJIyJaHOCTU U TPUOJIMAKAETCsI K HEKOTOPOMY IIPEJIETy, KOTOPBI B COOTBETCTBUU CO CMAMUCTIUYECKUM
onpedeseruem 6eposmHocmy (CM. JIEKIUIO 2) U HABBIBAIOT GEPOATIHOCINDGIO.

OJtHAKO JIJIsT TOTO 9TOOBI TEOPHST COITIACOBBIBAJIACH C IIPAKTUKOM, IPU AKCUOMAMUYECKOM ONpedeseHul
8EPOAMHOCMU, KOTOPOE MbI UCIIOJIF30BAJIN, ITOT 3aKOH IIPEJIEJILHOIO IIOCTOSTHCTBA YaCTOTHI JI0JI?KEH OBIThH
obocHoBaH TeopeTudecKu. VHavue roBopsi, OH JOKEH ObITh CHOPMYJIUPOBAH U JIOKA3aH B BUJE OJHON
WJIN HECKOJIBKUX TeopeM. B Teopuu BEpOSITHOCTEN TeOpeMbl TAKOIO TUIA OOBIYHO HA3BIBAIOT PA3IMIHBIMA
dopmamu 3axona bosvwur wuces. B 9TOM ek MBI TIOKayKeM HEKOTOPbIE (DOPMBI 3TOIO 3aKOHA, KOTO-
pble, B 9aCTHOCTH, TOSICHSIIOT CMBICST MAMEMAMUHECKO20 0HCUIGHUA CAYHATHOT BEAUNUNDL, T TO, TTOTEMY
€ro Ha3bIBAIOT TAKKE CPEIHUM 3HAYEHUCM.

JaJiee JI0Ka3bIBAETCS IPOCTEMNINNN BAPUAHT UEHMPAAGHOU NPedesbHot Meopembt, YTOUHSIIONIEN 3aKOH
6osibmux unces. LlenTpasibHast Ipese/ibHAs TEOPEMA, B CBOIO OY€pEllb, OObsICHSIET TO IMPOKOE PACIIPO-
CTpaHeHne, KOTOPOe MOJIYIMIO Ha IPAKTUKE HOPMAALHOE PACTPEdeseHUE.

Onpenenenune 13.1 Ecan nocmenoBarenbaoctb X1, Xo, ..., Xp, ... CIYYIAHHBIX BEJIUTHH JJI JTI0OOTO

€ > 0 ynoBjeTBOpsieT yCJIOBUIO
lim P{|X, — X|<e}=1,
n—oo

TO TOBOPAT O crodumocmu IToit II0CJIeZIOBATECJIbHOCTU K cnyqaﬁHoﬁ pesnauae X no 8EPOATMHOCTNU.
CXO,ZLI/IMOCTI) K X 10 BEPOATHOCTHU 3aIlIUCBIBACTCA B BUJIEC

P
X, — X.
n—oo
Onpenenenune 13.2 Eciu nocnenosarenbrocts X, X1, Xo, ..., Xy, ... CIydailHbIX BEJIUYUH yIIOBJIE-
TBOPSET YCJIOBHUIO

P{lim X,=X}=1,

TO TOBOPST O CTOOUMOCNU ITOU MOCIEJOBATEIHHOCTH K X € 8ePpOoAMHOCMBI0 1 uau nowmu Ha-
eepHoe 1 0603HATAIOT
II.H.
X, — X.

n—oo

HepaBencTtBa HebbimeBa. 3aKOH OOJIBINIIX YHCEJT

[Ipex e 9eM TPUCTYIUTH K PACCMOTPEHUIO 3AKOHG OOALWUT “HUCEA, TOKAXKEM JIBA HepaseHcmaa debwvi-
wesa. 3aMeTHM, YTO HepaBeHCTBA eObINeBa MPeJICTABISIOT U CAMOCTOATEIbHBIN HHTEPEC, TIOCKOJIBKY B
COBPEMEHHOI TEOPHUM BEPOSITHOCTEN IIIMPOKO UCIOJIb3YIOTCsI HEPABEHCTBA TAKOIO THIIA.

Teopema 13.1 Jlaa xasrcdoti Heompuyamesvhoti cCAYHaiHOT GeAUYUH X , UMEIOULET MATMEMATNUYECKOE

ootcudarue MX, npu arwbom € >0 cnpasedauso coomuowerue

MX
P{X 2 5} < ?,

HA3VI6AEMOE NEPBBIM HepaseHcmeom Hebviwesa.
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JOKABATEJILCTBO. JloKa3aTeIbCTBO MPOBEIEM LIS HENPEPLIBHOT CAYHalinot seaudunss X ¢ naommo-
cmwto pacnpedeaenus p(x) TlockoibKy ciaydaiinas Besmanta X BJIIeTCs HEOTPUIATENLHOM, TO

+o0
MX = /xp(a:)dx.
0

Tak Kak MOJBIHTErPAJIFHOE BBIPAXKEHUE HEOTPHUIATEIBHOE, TO IIPU YMEHBITEHUU 00JIACTH MHTEPUPO-
BaHUsI MHTErPAJI MOYKET TOJIHBKO YMEHBIUThCs. [loaTomy

E +00 +00
MX = /a:p(x) dx + /scp(w) dx > / ap(zx)d.
0 € e
3aMeHss B MOJBIHTErPATLHOM BBIDAsKEHUN COMHOXKUTENDb T HA €, UMEEM
+o0 +o0
/xp(m) dr >¢ /p(x) dx.
e €

Ocraercst 3aMeTUTh, YTO IOCJIEHUI UHTErPAJI (paBHbe/'I TJIOIIA/IA p(x)
obJsiacTh, 3amTpuxoBaHHoil Ha 13.1) npeacrasiiser coboil BEPOSTHOCTD
cobbitust X > €, u, 3Haunt, MX > eP{X > ¢}, orkyna n BoiTekaer nep-
BOe HepaBeHCTBO YebbimeBa. AHAOIMYIHO EPBOE HEPABEHCTBO eObI-
eBa JOKAa3blBACTCA WU JJ1d JUCKPETHON CJIy4YailHON BeJWYUHBI, PU
9TOM HY2KHO TOJIBKO 3aMEeHHTh HHTerpajl CyMMOIi.

dcHo, 9TO NPUMEHATH MEPBOE HEPABEHCTBO eObIIeBa HMEET
CMBICJT TOJIBKO TOrja, Korja € > MX; B IpoTUBHOM Cilydyae OHO JaeT 0l 2 =
TPUBHUAIHHYIO OICHKY. Puc. 13.1.

ITpumep 13.1 Ilycte X — Bpems OIo3maHus CTYI€HTA HA JIEKIUIO, IpUYeM u3BecTHO, uTo MX = 1 MuH.
Bocnosib3oBasIiiuch nepsbiM HepaBeHCTBOM ebbiniesa, onenumM Bepogrnocts P{X > 5} Toro, uro crynent
OI03/1a€T He MeHee, UeM Ha D MUH.

Nmeem

P{X >5} < = =0,2.
Takum obpazoM, nCKOMasi BEPOSITHOCTD He Oosiee 0,2, T.e. B CpeJIHEM M3 KAXKJBIX ISTHA CTYIAEHTOB OIAa3-
JIBIBAET, IO KpaifHeit Mepe, Ha 5 MUH He OOjiee UeM OIWH CTYIEHT.

PaccMoTpuM Temeph cirydaitiyio Bemmuuny X, mMeromyio ducnepcuro DX = 2. Mbl y»Ke TOBODILIH,
9TO JIUCIIEPCHS ABJISETCA ToKazaTeaeM pasbpoca X BOKpyr mareMarudeckoro oxuganusg MX. Omnako c
TOYKN 3PEHUsT MCCIIEI0BATENsT pa3bpoC eCTECTBEHHEE XapaKTepn30BaTh BepositHocThio P{|X — MX| > ¢}
OTKJIOHEeHMsI cirydaiinoit Bejmunabl X or MX Ha BesimumHy, OOJIBIIYI0 HEKOTOPOro 3ajanHoro €. Cremry-

IoIee HEPaBEHCTBO IIO3BOJIACT OEHUTDH 9TY BEPOATHOCTH C IIOMOIIBIO JIUCIIEPCUN 0'2.

Teopema 13.2 /I kaoicdot cayuatinot eeaununs X , umerowed ducnepcuro DX = o2, npu aobom e > 0
cnpasedauso emopoe nepasencmseo Hebviuesa

2

o
JOKABATEJBLCTBO. s 0Ka3aTe/IbCTBA BOCIIOJIb3YEMCsl YTBEPXKIEHUEM IIEPBOTO HEPABEHCTBa, 1e0bI-
mesa. [Ipumenss K caydaitnoit emmanne Y = (X — MX)? 910 HepaBeHCTBO, B KOTOPOM € 3aMeHEHO Ha

€2, mosryuaem

MY DX o2

P{X -MX|>e} =P{(X —MX)?>e?} =P{Y > %} < e L
9TO U JOKA3bIBAET BTOPOE HEPABEHCTBO eOLIIIeBa.
leomeTpurdeckuit cMBICT BTOPOTO HEpABEHCTBA 1e0bI-
IIeBa IMOHATEH U3 puc. 13.2.
Bropoe mepaBencTBo UebbImmeBa uMeeT CoiepKaTE b
HBII CMBICJI JIUIIB TIPU € > 0.
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IIpumep 13.2 IlycTs B yCIOBHSX IPEIBLLYIIErO IPIMEPA H3BECTHO JONONHATENbHO, 410 0 = /DX = 1.
OneHrM MUHUMAJIBHOE 3HAYEHUE T(, IPA KOTOPOM BEPOSTHOCTH OMO3/IAHUS CTYE€HTA HA BPEMs HE MEHee
T( He MpeBbIMaeT 3aannoro 3uadenus: P = 0,1.

st pertennst TOCTABIEHHON 3a/1a9KM BOCIIOIB3YEMCsT BTOPBIM HepaBeHCTBOM ebObimieBa. Torma

0,2

P, <P{X > =P{X-MX2o0—-MX}<P{IX-MX|Z220—-MX} < —————.
3 { Io} { Zo } {| ‘ Zo } ((EO — MX)2

2 2
Bnaunt, (1o —MX)?2 < %3 nrg<MX+,/ %3. IlosicTaBasis KOHKpeTHBIE 3HAYEHU, UMEEM X < 1+ 4 / 0}1 R

4,16. Taxkum 06pa3oM, BEPOSITHOCTD OMO3aHUs CTYJeHTa Ha BpeMs 6osee 4,16 mun He 6osee 0,1.

CpaBHUBAas OJIyYEHHBII PE3YIbTAT ¢ pe3ysibraToM mpuMepa 13.1, BUIMM, 9TO JOMOJHUTEIbLHAST UH-
dopMaIyst 0 JIUCIEPCUH BPEMEHH OI03/IaHuUsl I03BOJIAET JaTh H60jiee TOYHYIO OIEHKY MCKOMOI BEPOSITHO-
CTH.

Paccymorpum HeKoTOpbie GOPMBI 3aKOHA, OOIBITNAX TUCET.
IIycts X1, Xo,...,X,,... — I[0OCJIEI0BATEBHOCTD CJIyYAWHBIX BEJUYNH, UMEIOIUX MaTeMaTHIeCKUe
oxumanus m; = MX;.

Onpenenenue 13.3 IlocnenoBarenbrocts X1, Xo, ..., X, ... ClIy4YallHBIX BEJIUYUH YJIOBJIETBOPSIET
3axony boavwur wucea (caabomy), ecau i Jaodoro € > 0

1 & 1 —

zep — 0

T.€.
n n
1 1 p
=N X - =) "m0,
n n n— oo
i=1 i=1

WubiMu csioBaMu, BBITIOJTHEHNE 3aKOHA OOJIBITUX YUCEST OTPAYKAET IPEJIEIHbHYI0 YCTONIMBOCTD CPEIHUX
apudMeTUIeCKUX CIyYalHbIX BEJIMYMH: [PU OOJIBIIIOM YHCJ/Ie UCIBITAHUN OHU MPAKTUIECKU II€PECTA0T
OBITH CAYYIANHBIMU U COBIAAIOT CO CBOMMU CPEIHUMU 3HAYCHUSIMU.

OueBnyHo, 9TO TOCHEmOBATEbHOCTE X1, Xo, ..., X, ... YJIOBJIETBOPSET 3aKOHY OOJIBIINX YUCEIT
TOTJIa ¥ TOJILKO TOT/IA, KOTJIa CpejiHee apudMeTUIecKoe CyIaiiHbIX Bemuand X1 —m1, Xo — Mo, ..., Xy —
M, CXOIUTCS TI0 BEPOSITHOCTU K HYJIIO IIPU 711 — OO.

Teopema 13.3 Ecau nocaedosamenvrhocmsd X1,Xa, ..., Xn, ... HEBABUCUMDBIT CAYUAUHDIT BEAUNUH TNAKO-

6a, wmo cywecmeyrom MX; =m; u DX; =02, npuuem ducnepcuu o2 ozpanurens, 6 cosorynmocmu (m.e.

27
0? < C < +00), mo das nocaedosamenvrocmu X1, Xo,..., Xy, ... 66NOANEN 3aKOH BONDULUT “HUCEN.
IIpu amom 2060pam maxoice, umo x nocaedosamesvhocmu, X1, Xao, ..., Xn, ... CAYHQTHLLT BCAUMUH,

NPUMEHUM 3aKOH Boavwuxr wucen 8 gopme Hebviwesa.

HOKABATEJBCTBO. Teopema siBIseTCsT 9JI€MEHTAPHBIM CJIEICTBAEM BTOPOI'O HEPABEHCTBA 1eObIIieBa.
JleiicTBUTENIFHO, B CUJTYy CBOMCTB MATEMATHIECKOTO OXKUJIAHUS W JTUCIIEPCUH

1 & 1 — 1 — 1 & C
=1 =1 =1 =1

s1Q

n

[Ipumensis Tenmeph BTOpOE HEPABEHCTBO UeObINeBa K CIAYIANHBIM BEJIUIUHAM Y, = % > X, nomydaem
i=1

st oboro € > 0

1 — 1 & C
P<|— X, —— i| 2 < — > 0.

Takum 06pa3oM, MbI TOKA3aJIH, UTO JIJIs TOCIe10BaTesbHOCTH X1, Xo, ..., X, ... BBIIOJHAETCS 3aKOH
OOJILIIINX YUCE.

CaencrBue 13.1 Ecau cayuatinvie seaunvunv, X;, 1 = 1,2,..., 6 ycaosuar meopemv, 13.8 sasasomces
makoice 00UHAKOBO pacnpedeeHvulMu (6 JMOM cAyuae m; =m u o2 = 02), mo nocaedosamesvHOCmMy
X1, Xo,..., X, ... cAYNATHDT 8eAUNUH YOOBAEMBOPAEN 3AKOHY BOALWUT Hucea 6 caedyrowet dopme:
n
1 P
— X; — m.
n n—o0

i=1

ﬂOKA3ATE.HbCTBO. ﬂOKaBaTeJ'H)CTBO IIpoBeauTe CaMOCTOATEJIbHO.
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Teopema 13.4 IIycmv X1, Xo,..., Xy, ... N0CACO0BAMEALBHOCTD HEZABUCUMDBIT 0OUHAKOB0 PACTPEIesCH-
ol cayuatinne seauun ¢ MX; =m u M| X;| < co. Tozda

ln
n.H

—E X; — m

’n,' n—o0

910 YTBEp2XK/IeHNE Ha3blBalOT YCUJIEHHBIM 3aKOHOM OOJIBIIINX YKCEJI B (bopMe KO.HI\/IOI‘OpOBa.

Teopema 13.5 ITycmwv nposodumcs n ucnuimarut no creme Bepryarsu u'Y, — obuwee wucao ycneros 6
n ucnvimanuax. Toeda nabmodernnas wacmoma Ycneros

rn = —
n
CTOOUMCA NO BEPOAMHOCTIU K BEPOAMHOCTIU P YCNELE 8 00HOM UCTLHIMAHUL
P
Tn —
n—oo
JIOKABATE/ILCTBO. O6o3HaunM X; 9uCIO0 yCIEXOoB B i-M ucnbitanuu beprysm. Torma gacrory ycre-
n
XOB B 7 WCIBITAHUSX MOXKHO OIIPENEJIUTh B BUIE T, = % > X, nupuuem MX; =p u DX, = pq. 3nauur,

i=1
BBIIIOJTHSIIOTCSL BCE YCJIOBHS CJIeACTBHS 13.1, M3 KOTOPOTO BBEITEKAET YTBEPIK/IEHHE TEOPEMBI.

Teopemy 13.5 HazbIBAIOT TaKkXKe Mmeopemoti BepHyaau, wim 3aKoHoMm boavwuxr wucea 8 hopme
Bepryaau. 113 xoma qokazareabcrBa TeopeMbt 13.5 BUIHO, 9TO 3aK0H 60Jbmux duces1 B hopme Bepryrmun
SIBJISIETCs] YACTHBIM CJIyYaeM 3aKOoHa 00Jbiux dnces B (popme Yebbimesa.

ITpumep 13.3 Ilycrb mana mocienoBaTeabHOCTb X1, Xo, ..., Xp, ... X, | —5n 0 on
HE3aBUCUMbBIX CJIyYailHbIX BEJIMYMH, IPUYEM Psill PACIIPEIe/IEHUs CILIy- P BE S T
qaitnoit BemmuuHb X, npejacTtaiaeH B Tabs. 13.1. Tlokakem, uTO K 2n? n? 2n?
3TOI ITOCIEI0BATEIHLHOCTH IPUMEHIM 3aKOH OOJIBIINX Yncel B (hopme Ta6auma 13.1.

Yeboimesa. st sroro Berancanm guctepcuio DX,,. meem

1 1 1

1 1 1
_ 2 2 _ 2 _ 2 2 2 _
DX, = MX2 — (MX,.)* = MXZ = (=5n)% - +0 (1- ﬁ) + (5n)?5 5 = 25.
Urak, mucnepcun DX, orpanudeHbl B COBOKYITHOCTH, U K IOCIeI0BATENIbHOCTH X1, X2,..., Xy, .. IPHU-
MEHHUM 3aKOH 00sibmux unces B popme Hebbimesa.

IlenTpanbHada npeaesibHas TeopeMa

Paccmorpum mocienoBatenbaocTh X1, Xo,y ..., Xy, ... HE3A6UCUMDBLIT OJUHAKOBO PACIPEIECTEHHBIX CAY-
YAUHBLE BEAUWUN, IMEIOIIUX Mamemamuveckoe odcudanue MX, = m. IIpennonoxumM TaKxKe, 4TO CyIe-
ereyer ducnepcua DX, = o2, 3axon 6oamvwuzr wucea (caabuili) JJIst STOl TOCIEIOBATEIHHOCTH MOXKHO
IIPEJICTABUTD B CJenyromiei hopme:

n—oo

1 & 1
=5 (X - MX) = = (8, —nm) - 0,
nn:I n

rie
Sp=> Xi —
i=1

CyMMapHOe 3Ha4YeHUe IIEPBBIX N CJIyYaillHbIX BEJIMYUH II0CIEIOBATEJIbHOCTH, & CXOAUMOCTH MOXKHO IIOHU-
MaTh KaK B CMBICJIE CTOOUMOCTIU NO eepoamuocmu (CIabblil 3aKOH GOJBINNX YHUCEN), TAK M B CMBICIE
CXOIUMOCTH € BEPOATHOCTLIO 1 (YCHUJIEHHBINH 3aKOH GOJIBIIUX IUCET).

OjHaKko cpa3y BO3HUKAET BOIPOC: MOCKOJIBKY CJIyYailHble BeJIMYUHBI X, MUMEIOT HE TOJHKO MaTeMa-
THYECKOe OXKHJIAHWe, HO U JINCIIEPCUIO, TO HEJb3sl JIM JO0Ka3aThb OoJsiee “TOHKYIO  IPEIeJIbHYIO0 TeOpeMYy,
MTO3BOJISIONLYI0 TOYHEE OMUCATH MPeJIeIbHOe TIOBEJIeHNe paciipejesenuit seanann S, —nm? Takas Teope-
Ma CYLIECTBYET, €€ Ha3bIBAIOT IIEHTPAJILHON IIpEe/Ie/IbHON TeOPEeMO.

Teopema 13.6 (ueHTpanbHas npenesbHas teopema) [lyemv X1, Xo, ..., Xp,... — nocaedosa-
MEABHOCTD HEZAGUCUMDLT 00UHAKOGO PACTPEICACHNBT CAYUatinbT ceaudun, MX, =m, DX, = o2. Tozda

S, —nm

20e () — Pynruua cmardapmmo20 HOPMAALHORO PACTPEOCAEHU.
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HenTpasnbHast mpeseibHas TEOPEMa BBISABISIET TY 0CODYIO POJb, KOTOPYIO UTPAaeT HOPMAaJIbHOE Pac-
npejiejieHne Ha npakTuke. HopMabHBIN 3aKOH BCerja MMEeT MeCTO B TeX CUTYAIUSX, KOIJa CJIydailHast
BEJIMYMHA TTOPOXK/IEHA OOJIBIAM KOJMIECTBOM CJIIYyYaWHBIX (DAKTOPOB, HAEHCTBYIONINX HE3ABUCHMO IPYT
oT Jpyra. Y2Ke caMO Ha3BaHUE ‘HOPMAJIbHBINA 3aKOH’ OObSACHSIETCS TeM IMUPOKUM PACIPOCTPAHEHUEM,
KOTOPOE OH HAXOJUT B CAMBIX PA3JIMIHBIX 00JIACTSAX HAYIHBIX UCCJIEIOBAHUI.

CutesicTBIEM U3 TIEHTPAJIBLHON IIPEJIEJIbHON TeOPEMBI SIBJISIeTCsSI HHTerpaJibHas Teopema Myaspa — Jla-
JIaca.

Teopema 13.7 (unrerpasibHasi reopema Myaspa — Jlanmaca) O6osnauum S, cymmaproe “ucao
YCNET08 8 N UCNHIMAHUAT NO creme Bepryasiu ¢ 6eposmmocmvio ycnexa p u 8EPOAMHOCTIBIO Heydauu
g =1—p. Toeda ¢ pocmom n nocaedosamenvrocmv Gynkuul pacnpedesenus caywatinone sesuvun (S, —
np)/\/pq crodumca k GyHEUUL CMAHIAGPMHO20 HOPMANLHOZO PACTPEOEAEHUA, ..

Sn —1p <zpy — O(x).

v/ npq n— 00

HOKABATEJBLCTBO. Ilycrs X; — uncio ycmexoB B i-M ucnubitanuu. Torma MX; = p, DX; = pq. Ilpen-
craBisig S, B Bume S, = X1 + ...+ X, ¥ UCHOIB3yd MEHTPAJBHYIO MPEIACIbHYI0 TEOPEMY, MPUXOIUM K
YTBEP2K/IEHUIO TEOPEMBI.

IIpumep 13.4 [xs onpejiesieHrsI CKOPOCTH U JIBUXKEHUsT OOBHEKTa JICJIAI0T N U3MEPEHUN v1,. .., Vy,, IPU-
YeM {-€ U3MEPEHHE MPOBOJAAT € HOrPEmHOCThI0 X; (T.e. v; = v+ X;), IPH 3TOM HOIPEIHOCTH U3MEPEHUH
SIBJISTFOTCSL HE3ABUCUMBIMU U OJMHAKOBO PACIIPE/IEIEHHBIMU CJIYyIalHBIMU BEJIMINHAMEI C MATEMATHIECKAM
oxugarareM MX; =0 (oTcyTCTBYIOT crCTEMATHIeCKUE IIOMPEITHOCTH HabJoaennit) u guctnepenn DX,; = o2.

OreHrM BEPOSITHOCTD TOTO, UTO CPeJiHsIst HAOJIO/IeHHAS] CKOPOCTh

V1t ...+ U,
vcpzin

OyaeT oTyInYaThCs OT UCTUHHOM CKOPOCTH v He Oosiee 1yeM Ha £. Vmeem

m+...+v, —nv n
< " <e

n
0—2 / ’I’L(72 0-2

CunTast Tenepb, YTO YUCJIO N M3MEPEHUIT BEJINKO, BOCIOJIb3YEeMCs IIEHTPAIBHOM ITPEIeIbHOI TeOPEMOIit,
COIVIACHO KOTOPOM CiIydailHas BEJUINHA

U<5}:P —e

P{lup — o] < e} = P{—e < 2Ol

V1+...+ U, —NnU
2

no

PUOJIMKEHHO PACIIPEIesIeHa [0 CTAHIAPTHOMY HOPMAJIHLHOMY 3aKOHY. SHAYMNT,

P{\vcp—v|<s}m<1>(s %)—@(—s %):2%(5 %)
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Jlekimsa 14

OcHOBHbIE TOHSITHISI BEIOOPOYHOIA
TEOPUN

Onpenenenue 14.1 B maremarndeckoil CTATUCTAKE MHOYKECTBO BO3MOXKHBIX 3HAYEHUI CJIyUIaiHON Be-
JuauHbl X HA3BIBAIOT 2eHEPAALHOU COBOKYNHOCTNDBIO CIIyUaiHON BemanHbl X HJIH IPOCTO MeHEPAJIb-
HOH COBOKYITHOCTBIO X .

Iox 3axorom pacnpedeserus (pacnpedeseruem) zeneparvroti cosokyntocmu X Gyaem 1o-
HUMAaTh 3aKOH PAaCIIPEJIeJIEHNsI BEPOSATHOCTEH CIy4ailHOM BeJIM4YuHbI X .

VcxoqHbIM MaTepUajioM JijIs U3YYeHUs CBOUCTB I'eHepaIbHON COBOKYIHOCTHU (T.€. HEKOTOPOU CJIydaii-
HOI BEJINUUHDBL) SABJISIOTCA IKCNEPUMEHMAAbHBbIE (cmamucmuyeckue) 0aHHbLE, 1107, KOTOPLIMEA 110~
HUAMAIOT 3HAUYCHUA CAydaiHOIl BEJIMYMHBI, HOJIyYCHHBbIC B Pe3yJbTaTe IIOBTOPEHU CJIydailHOI'O dKCIEpHU-
MeHTa (HABIIONEHUH HAJl CIyIaiiHON BEJIMINHON).

IIpenmonaraeM, 9T0 IKCIIEPUMEHT XOTs OBl TEOPETUYECKN MOXKET OBITH IIOBTOPEH CKOJIBKO YI'OJTHO Pa3
B OJIHUX U TeX ke ycaoBusx. [lo ciioBaMu “B OHUX 1 TeX Ke YCJIOBUSIX OyJ/ieM IMOHUMATb, ITO PacCIpe-
JeJeHne CIydainoil Beauuuasl X;, ¢ = 1, 2, ..., 33/ITaHHO# Ha MHOYKECTBE UCXOJOB -TO SKCIEPUMEHTA, He
3aBUCUT OT HOMEPA HCIIBITAHUS U COBIAJAET C PACIIPE/IEEHNEM I'eHepaabHoil coBoKymHOcTH X . B aToMm
Cilydae NPUHSATO [OBOPUTH O HE3ABUCUMDBLL NOBMOPHBLL IKCNEPUMEHMATL (UCTILIMAHUSL) WIH O
HE3aA8UCUMDBLL NOBMOPHHLL HAOAOOEHUAT HAJT CITYIANHON BEJTMIMHOM.

Onpenenenue 14.2 CoBOKYITHOCTh HE3aBUCHUMBIX CJIydailHbIX BesmanH X1, ..., X, Kaxkjaas u3 KOTO-
PBIX MMeeT TO Ke PAaCIpeJeSIeHne, 9TO U CiydaiiHas BeaumdnHa X, Oy/1eM HA3bIBaTh CAYHAUHOU 6bi-
6opKoti U3 reHepasIbHOil COBOKYIHOCTH X U 3allUChiBaTh X, = (X1;...;X,) (usorma mpocro X, ...,
X,,). Ilpu sroM 4dncsio n Ha3bIBAIOT 00BEMOM CAYHATHOU 6bIOOPKU, a CIydaiiHble BeJMIUHbl X; —
INEMEHTNAMU CAYHATUHOT 8blOOPKU.

YacTo ucIoab3yercs u apyrast repmuHosiorust. Tak, eciam F(x) (nm p(x)) — dyHKIMS pacupeeseHust
(WU ILIOTHOCT) CIry9aiinoil Bemaunbl X , TOBOPAT, uTo X, — ciIydaiinas Boibopka w3 F(z) (mm u3 p(z)),
win uro X — ciydaitHast BbIOOpKa u3 pacupenesenus X. Ecim X — HopmasibHas cirydaiiHasi BEIMINHA
¢ MX =y, DX = 02, 10 Gyzmem mucarn, 4To X, — cryJaitnas Beibopka m3 N (u,0?).

Onpenenenne 14.3 Jlio60e BO3MOXKHOE 3HAUEHUE Xy, = (L1;...; Ty ) CAyUaiiHON BEIOOPKH X:;L Oyaem Ha-
3BIBATH 8bLOOPKOT U3 reHepasbHoil coBokynHocTu X (Takke peaaudayuets cay4alinoti 6u60pKy X, n)
Yucno n XxapakTepusyeT 06sem 6bl6opKU, a TNCHIa T;, i = 1,1, IPEJCTABIAIOT cob0il 24eMEHIMDBL Ebl-
bopxru x,,.

BBI60OpKY Z;, MOXKHO MHTEPIIPETUPOBATH KAK COBOKYIHOCTH T GUCEN L1, ..., Ly, HOJIYIEHHBIX B pe-
3yJibTaTe IPOBEJIEHUsI 7 IOBTOPHBIX HE3aBUCUMBIX HAOJIIOJIEHUIN HaJ| CJIyIaiiHON BetmanHOn X .

JlJtst KpaTKOCTH CJIy4YaifiHyI BBIOOPKY YaCTO HA3BIBAIOT IIPOCTO BHIOOPKOi, €CJIM 9TO HEe MPUBOIUT K
Ty TAHUIIE.

MmozxecTBO BO3MOXKHBIX 3HadYeHuit X,, € R™ ciaydaiinoit BBIOOpKHU X, HA3BIBAIOT 8BLOOPOUYHBIM NPO-
cmparcmeom. JIiobyio GyHKITHIO @()(?n) OT CJIyIaiiHoil BHIOOPKHU X, Oy/1leM Ha3bIBATH CTNAMUCTNUKOU.

OHUM U3 caMBIX MIPOCTHIX TPe0OPA30BAHMIT CTATUCTUYECKUX JIAHHBIX SIBJISIETCS UX YIIOPSIOYNBaHUE
no senuuube. Ilycrb (x1;...;T,) — 6vibopka obsema n u3 zenepanvroli cosoxynnocmu X. Ee moxmno

YIIOPSIIOYUTD, PACIOJIOKHIB 3HAYCHHs B HEYOLIBAIOIIEM HOPsIKe:
Ty ST2) - ST S-S T, (14.1)

rje (1) — HAUMEHBINUi, T (,) — HAUOOIbIIUG U3 2AECMENMOE GHOOPKU.
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Onpenenenue 14.4 IlocienoBaTeIbHOCTD YUCETT

56(1), .’[7(2), ...,.’L‘(i), ey x(n),

YAOBJIETBOPSAIOIINX yCa0BuIO (14.1), HA3BIBAIOT BAPUAUUOHHBLM PAJOM 8bLIOOPKU, WIIN, 1JIsi KDATKOCTH,
IIPOCTO 6APUAUUOHHBLM PAJOM; TUCTIO T(;), © = 1,1, HABBIBAIOT i-M YAEHOM 6APUAUUOHHO20 PAOG.

O6osnaunm X (;), 1 = 1,n, ciaydaiiHyio BeJUquHy, KOTOpas NP KaxkJI0# peasusayuu cay4atinot 6vi-

S
bopxu X, UIpUHUMAET 3HAUYEHUE, PABHOE i-My HJIEHY BAPHUAIMOHHOI'O DsJIa.

Onpenenenue 14.5 IlocienoBare/bHOCTD CIyYalHBIX BEJIMUIUH
X(l), X(Q), R X(i)7 R X(n)

Ha3BIBAIOT 6APUAUUOHHBIM PAJOM cay alinot ewvibopru. Ilpu stom X(;), i = 1,n, HaspiBaroT i-Mm
YAEHOM 8APUGUUOHHO20 PAIG CAYHATHOT 6bL160PKU.

Cpenu saemenmos 6vbopKuy Ty, ..., T, (2 3HAYAT U CPEIN UIEHOB BAPHAIMOHHOTO PANA Z(1) < Z(2) <
- < x(n)) MOTYT OBITH OJIMHAKOBLIE. Tak ObIBaeT JinOO KOrjaa HabJ0aeMas ciaydalinas Begudnna X —
JIMCKpeTHast, b0 Korga X — HelpepbliBHAsI, HO ee 3HAUYEeHUs] 1P U3MEPEHUSIX OKPYTJISIFOT.
[IycTb cpemu 371eMEHTOB BBIOOPKU X1, . . ., Ty BBIIEIEHBI 7' < 7 UX PA3JIMYHBIX 3HAYEHUIl, PACITOJIOXKEH-
HBIX B HOpsijiKe BozpacTanus. OOOZHATUM UX Z(1); .- -, 2(r). 1IPE/IOI0OKHUM, UTO, KazKI0e U3 HUX MOBTODS-
T

€TCsl COOTBETCTBEHHO N1, .. .,M, Pa3, IPUYEM, PA3yMeeTcs » . Mg = n.
k=1

Onpepesienne 14.6 Cmamucmuyveckum padom st BBIOOPKH Ha3bIBAIOT | 2(1) | 2(2) | -+ | 2(r)
Tabmiy 14.1, T/ie B IepBoii CTPOKE PACIIONOMKEHbI SJIEMEHTDI Z(1), ..., Z(y) (Ha- ny |ng |...|ngy

IOMHIM, 9TO Z(1) < -+ < z(,.)), a BO BTOPOil — dYucCJa UX HOBTOpeHui. Jucio Tabmuma 14.1.

ng, Kk = 1,r, mOKa3bIBapIlee, CKOJIbKO pPa3  BCTPEYAJCH  JIEMEHT Z(k) B BBIOODKE,
HA3BIBAIOT ACIMOMOU, & OTHOIIEHUE Nj /N — OMHOCUMEALHOT %ACTMOMOT 3TOr0 SHAUEHUS.

IIpumep 14.1 B reuenme cyTOK H3MepsIOT HaIps- | Z(x) | 216 | 217 | 218 | 219 | 220 | 221 | 222 | 223

kerre X TOKa B ajieKTpocerd (B Boabrax). B pe- |ng (1 (3 (4 |6 |9 |4 |2 1
3yJIbTaTe OMBITA MOJIyUYeHa BbIOOpKaA obbema n = 30: P
217, 218, 990, 219, 990, 991, 219, ohgemma b3 917, 218,

219, 220, 218, 217, 220, 219, 221, 221, 220, 219, 222, 223, 220, 216, 220, 219, 220, 218, 222. IlocTpoum
CTATHCTHICCKUIl psjt it JanHoi Boioopku. Hanvenbmiee snauenne B BeiOOpKe 2 (1) = 106, manGosbmmee
— x(g) = 223. [logcunTeiBaeM 9acToTy N, k = 1,8, KazKI0ro 13 BOCbMHU Pa3JIMIHBIX 3HAYCHUI B BHIOOPKeE
u crpouM Tabsuiy 14.2. #

Pacemorpum dysKIIIO n(z,)?,L), KOTOpas JJjIs KaXKJI0ro 3HadeHns T € R u Kaxkmoil peanusanyuu T,
CJIyJaitHOI BHIOOPKH X, [PUHUMAET 3HaYeHue n(x, Ty, ), pABHOE YUCILY JIEMEHTOB B BIGODKE Ty, , MEHBIIUX
T.

Omnpenenenne 14.7 Oyukiuio

Fla, Ry = M@ Xn) g (14.2)
n

e n — o0beM CiIydaiiHol BBIOOPKH, OylleM HA3BIBATH 8b60POuHOU PyHKuuel pacnpedeseHus.

Cornacuo ompenenenuto 14.7, npu J060M chKCHpOBaHHOM x (byHKuHﬂ F (x Xn) €CTb CJIyJaiiHas
BEJTIYMHA, KOTOPasi IPUHIMAET OHO U3 3HadeHmii 0, s "; , = =1 n nmeer GuHOMHUAILHOE Pac-
npejieJieHue ¢ MapaMeTpoM P, PABHBIM 3HAYEHUIO (byHKum/I pacIpejiesieHus] TeHEPATHHON COBOKYITHOCTH

X B TOuKe Z, Te. p= F().

Teopema 14.1 Jlas 24106020 PuKcupos8aHH020 T NOCACIOBAMEALHOCTNG CAYHATHLLT SEAUNUH {F(m,Xn)}
CTOOUMCA MO BEPOAMHOCTIU NPU N — 00 K 3hauenuto F(x) dynxyuu pacnpedeaenus eenepasvnot cogo-
xynnocmu X 6 mouke T.

HOKABATEJBLCTBO. Ilpu mobom dukcupoBannoMm x BbIOOpouHas (yHKIuS pacupenenerus F (x;Xn)
eCTb OTHOCHTENIbHAA dacrora cobbitus {X < z}. B coorBercrBum ¢ 3aKoHOM GoJbIINX Unces B (opme
Bepuysiin, OTHOCHTE/IbHASL YACTOTA LIPH 7 — 0O CXOAUTCS 110 BEPOATHOCTH K BepOsATHOCTH cobbitus {X <
x}. CaenoBaTenbHo,

F(m;Xn) LN P{X<x} F(x

n—0o0
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Eciin Bce BBIGOPOUHDIE 3HAYEHUS L1, . . ., Ly PA3IUIHBL, TO GYyHKIUO F(2, ) MOXKHO 3a11caTh B BUJIE

y T T(1);

F,(z)= y X <T L Tgr), t=1n—1;

0
(2
n
1, x> T(n)s

T.e. B KaxKJI0i TouKe x(;) dynkmusa Fy,(z) nveer ckavox semmaunoit 1/n. I'padbuk dynxmun F, () n306-
paxkeHn Ha puc. 14.1.

ITpu Gosbiux o6bemax BeIGOPKU 7 (n > 50)00bITHO F, (x)
[IPOU3BOJSAT TI'PYIIUPOBAHUE MCXOIHBIX JAHHBIX CJIEJy- 1
formuM obpasom. IIpomexyTox J = [7(1),Z(n)], comepxa-
muit Bce BBIOOPOYHBbIE 3HAUEHUSI, PA30UBAIOT HA, 1M, [TOJIy-
WHTEPBAJIOB J1,...,Jy,, KAK TPABUJIO, OJMHAKOBON JJIH- 3
HbI A W TaKWX, 9TO KAXKJBIA M3 HUX, KPOME IOCJIEI-
HETO, COJIEPXKUT JIEBYIO TPAHUILY, & IIOCJEJIHUI Ccomep-

JKAT 00e IPAHMIIBI, U IIOJICYUTHIBAIOT YHCJIO N; JJIEMEH-
TOB BBIOOPKH, TIOTIABIIUX B {-bIff TPOMEXKYTOK J;, ¢ = 1,m,
n=mny~+- "+ Ny, & PE3YJIbTATHI IIPEICTABJILAIOT B BHUJE
ciemytoreit Tabaumbl 14.2, KOTOPYIO HA3BIBAIOT UHIMED-
8ANBHBIM CMAMUCTIULECKUM DAOOM.

Wnorna B EerHefI crpoke Tabmunpl 14.3 yxaspisaior He uaTepBas, a [ J [ I, [... [ J,,
€ro CepeJINHy X;, & B HUXKHEH CTPOKE BMECTO YaCTOTHI N; 3AIMMCHIBAIOT OT- m
HOCHUTEJILHYIO 9aCTOTY 71; /7. CHECA RN LA DI
Yucao TpoOMEKYyTKOB M, HA KOTOPBIE Da3dbMBAIOT IIPOMEXKYTOK J =
[%(1),%(n)], conepxxauii Bce BEIGOPOUHBIC 3HAUEHUHA, BLIOMPAIOT B 3aBHU-

Tabauna 14.3.

CHMOCTH OT 00beMa BBIOOPKU M. [lJisi OPHEHTUPOBOYHON OIEHKU BEJIMIWHBI 777 MOXKHO ITOJIb30BATHCH
CJIETyTOIIell TPUOJIMKEHHOM (POPMYJITOi.

m ~logyn+1,

Onpenenenue 14.8 I'paduk pyHKIMM

i x € Jy;
polz) = A ) J“ (14.3)
07 :L‘ )

[PEJICTABIISTIONTUN CO00H KYCOUHO IIOCTOSTHHYIO (DYHKIUIO HA3BIBAIOT 2ucmozpammoti (cm. puc. 14.2).

YacTo rucTorpaMMoil Ha3bIBAIOT JUAIPAMMY, COCTABJICH- Pa(X)
HyI0 U3 IPAMOYTOJLHUKOB C OCHOBaHWEM A M BBICOTAMHU b
. 4 =
n;/(nA), i =1,m. Herpyuno yBuiers, 4o cyMMapHasi ILIO- o 1
aJb BCEX UPSMOYTOJbHUKOB, OOPAa3yMOIMNX TAKyIO IIHa- oo o
m m : ' N
ng _ 1 _ ™ ' v nAl
rpaMMy, paBHa 1, Tak Kak E A= E n; = 1. Ilomans A R
=1 i=1 = ] ™
KasKJIOrO TPSIMOYTOJIBHUKA T; /M €CTh YacTOTa IIONaaHMs N 1 T R e S
" - ! ' ] : H H .
3JIEMEHTOB BLIOOPKM B COOTBETCTBYIONIWI MHTEpBaJ J; cra- EE— ; . =
1 2 k m
THCTHYECKOTO PAIA.
Pacemorpum cayvaiiayto sesmuanny n; (X, )/n, Koropas nist Puc. 14.2.
KaxK 101 peanusanun Tn cay4aminon BBIOOPKU X, paBHa Ja-

crore n;/n. B coorsercTBEM ¢ 3aK0HOM Gosbmux uuces B dhopme Beprymm n;(X,)/n npu n — oo Gy-
JIET CXOJIUTLCS MO0 BEPOSITHOCTH K BEPOSATHOCTH IONAJIAHUS COydYailiHON BeJmduHbl X B IPOMEXYTOK .J;,
1 =1,m, Te.

ni(Xn) e P{XeJi}z/p(w)d%
Ji

n n—0o0

rjae p(x) — IUIOTHOCTBb PaclpejesieHns] reHepaJibHOi coBokymHocTu X . Ecim jymaa A mpomMekyTKOB
JIOCTATOYHO MaJia U 00'beM BBIOOPKU 71 BEJIUK, TO ¢ BEPOATHOCTHIO, OJIM3KOI K 1, MOXKHO yTBEPXKIATh, YTO
Uz

— = Ni Av
-~ (Ti)

nJjm N
1 ~
nA Np(xl)?
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rie I; — cepeiuHa HpoMexKyTKa J;, ¢ = 1,m. Takum ob6pa3oM, mpu 6oJIbIIOM obbeMe BLIOOPKU 1 1 JI0-
CTATOYHO MAJIOM A ¢ BEPOSTHOCTHIO, 6M3KO0#H K 1, MOXKHO cuuTaTh, 9To pp(2) & p(x). NHbIMEA coBamy,
dyHKIWs P, (x) siBIsIETCS] CTATHCTHYECKUM AHAJIONOM IUIOTHOCTH pachpejieserus p(x), HabIonaeMoil B
9KCIIEPUMEHTE CJIyJaifHON BeJMYuHBl X, & TUCTOIPAMMAa, BBIIVISIAT TPUOJIU3UTEHHO KaK IpaduK II0T-
HOCTH CJIyIAHON BeJTUInHBI X .

IIycts X, — city4daiinas BBIOOPKaA U3 reHepasibHoll coBokynHocT X ¢ (byHKuueil pacupejesenus F(x)
(1 MIOTHOCTBIO pactpe/iesienns p(x) B Cilydae HENPEPHIBHON CTATUCTUIECKON MOJEIH).

Ciry4daiiHyro BeJIMYMHY

. 1
,uk(Xn) = szzk (144)
=1

Ha3bIBAIOT 8bIOOPOUHBIM HAYAALHBIM MOMEHMOM k-20 nopadka. B gactrOCTH, BHIOOPOYHBIN Ha-
JaJIBHBIN MOMEHT IIepBoro nopsnka X = fiq(X,,) Ha3bIBaIOT 6bl60POUHBIM CPEFHUM.

CitygaiiHyto BeTUIHHY
n

Op(Xn) = lZ(Xi—y)k (14.5)

n -
i=1

HA3BIBAIOT B8bLOOPOUHBIM UEHMPAALHBIM MOMEHMOM k-20 nopsadra. B dacTHOCTH, BRIOOPOUIHBI

HeHTPaIbHbIH MOMeHT 2-To Topsika 02 (X, ) = U2 (X,,) HazbBAIOT 66160POuHOT ducnepcued.
Bei6opounyto xapaktepuctuky (X, ) = 1/02(X,,) HA3BIBAIOT 86L60POUHBIM CPEIHUM KEaIPaAMU -
HBM OMKAOHEHUEM.
Ciy4aiiHyro BeJIMYUHY

n

R Vo) = 23 (X = X) (¥~ V) (14.6)

Ha3bIBAIOT 8bL00POUHBIM KOPPEAAUUOHHBIM MOMEHTTLOM.
Boibopounyio xapaKTepucTuKy

o, (14.7)

rie
n

BR)= 1Y% BT = LY w7
i=1 i=1
HA3BIBAIOT 8bLOOPOUHBIM KOIPPHUUUEHMOM KOPPEAAUUU.
3Ha‘-IeHI/ISI BbI60pO‘IHbIX MOMEHTOB (HeCJIy‘-IafIHI)Ie LII/IC.Ha) 6y,aeM JJIsd KPAaTKOCTU Ha3bIBaThb TEMU 2Ke
TepMI/IHaI\/II/I, 9TO U CaMUd MOMEHTBI (Cﬂy‘{aﬁHbIe Be.HI/I‘{I/IHLI).
OcHOBHOE CBOWCTBO BBIDOPOYHBIX MOMEHTOB COCTOUT B TOM, 9TO IIPHU yBEJUIECHUU 00beMa BHIDODKH 1
OHHU CXOOATCHA II0 BepOHTHOCTI/I K COOTBGTCTByIOIHI/IM TeOpeTI/I‘IeCKI/Il\/I MOMEHTAM. B tIaCTHOCTI/I7 HpI/I n— o

—~ P o,y P
meem X — MX, a 02(X,) — DX.
n—oo n—oo
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Jlekims 15

Touyeunnle OLHEHKN

OsHOIT U3 3389 MaTeMaTUIECKON CTATUCTUKU SBJISIETCS OUeHK( HEM3BECTHBIX MApaMeTPOB BLIOpAHHOI
NAPAMEMPUECKOT MOJEAU.

[Ipeamookum, 9T0 3aKOH PACHPEIEICHUS 2€HEePAAbHOT COBOKYNHOCTU TTPUHAJIEKUT MHOXKECTBY
{F(x; 5) A= ©}, e Bug GYHKIUE pACTIpeIeieHns 3aJ1aH, 4 BEKTOP apaMeTPOB 6= (61;...;0,) HensBe-
cred. Tpebyercst HAWTH ONEHKY J1JTsT 0w HEKOTOPOi (DyHKIMU OT HEro (HAIPUMED, MATEMATHIECKOIO
OXKUJIaHWsl, AUCTIEpCHH) 1o cayyatinot ewbopxe (X1;...; Xp) U3 reHepasbHOl coBoKymHOCTH X .

Hampumep, npeamosouM, 9ro Macca X JIeTaji UMEET HOPMAJIbHBIN 3aKOH paclipejie/ieHus, HO ero
mapamerpbl 81 = MX u 0, = DX neuszBecrnl. Hy)HO HaliTy npubiimzkeHHOE 3HAYEHUE IMapaMeTpoB II0
pesyibraraM HabJIOJEHUH X1, . . ., Ty, HOJYUYEHHBIM B IKCIepUMeHTe (0 Peaau3aIuu cJlydaitHoii BeI6op-

IIycrs )?n = (X1;...;X,) — cayuatinas ewbopka u3 zenepasvroli cosokynrocmu X, GyHKIUS pacupe-
neyenust F' (x;@) KOTOPO# U3BeCTHA, & ) — HEU3BECTHBIN MApaAMETP, T.e. PACCMATPUBAECTCH NAPAMEMPUYE-

cxasn modeav {F(x;0) : 0 € O} (st mpocToThl M310KeHusl OyIeM CIUTATh MOKa, ITO § — CKassp).

Tpebyercsa nocrpouts crnamucmuky 0(X,,), KOTOPYIO MOXKHO GbLIO Obl IIPUHATDL B KAYECTBE MOYeuHol
ouenkuy apamerpa 6.

Onpenenenue 15.1 Toueunoti ouenkot napamerpa f € © Haz0BeM JIIOOYIO0 DYHKIUIO OT HAOJIIOIEHIIT

N

(r.e. mobyro craructuky) 0(X,,).

~

Ounpeznesnenne 15.2 Crarucruky 0(X,,) Ha3pIBAIOT cOCMOAMEALHOU 0ueHkol napamerpa § € O, eciiun
C POCTOM 00BEMA 8bI6OPKU N OHA CXOJMUTCSI TI0 BEPOSITHOCTH K OIEHUBAEMOMY Tlapamerpy 6, T.e.

i(X,) = 0.

n—oo

~

Ounpenesnenne 15.3 Crarucruky 6(X,,) HasbBaioT HecmeweHHoU ouenkoy napaverpa 6, eciu ee
MaTeMaTHIecKoe oxkujaHue copnajaer ¢ 6, r.e. MO(X,,) = 0 nyst m060ro bUKCHPOBAHHOTO 7.

3ameuanune 15.1 MoxKHO TOKa3aTh, 9TO CTATHCTHKA
n

§2= 13 (x,-X)?

n—1~4
=1

SIBJISIETCsl HECMEITIEHHON M COCTOsITeNIbHOU oreHkoit nucrepcun DX renepasbHOil coBokymHOocTH. Ee Ha-
3BIBAIOT UCNPABAEHHOU 8bLlO0POUHOT ducnepcuet.

3ameuanue 15.2 MoxKHO H0Ka3aTh, 9TO 8b00POUHBLE HAYGALHBIE T UEHMPAALHBIE MOMEHMbL ABIISAIOTCS
COCTOSATEIbHBIMU OIEHKAMU COOTBETCTBYIONINX TEOPETUYECKUX MOMEHTOB, €CJIU TOJIBKO OHU CYIIECTBYIOT.
O1HaKO 3TU OIEHKHU, KpoMe X, SIBJISIFOTCSI CMENeHHBIMU.

ITpumep 15.1 Ilycts Xy, ..., X,, — caydaiinas BeIOOpKa U3 N€HEPAJBbHON COBOKYIMHOCTH X , UMEOIIEi
HOPMAJIbHOE PACIIPe/ie/IeHIe ¢ HEM3BECTHBIM CPEHIM 3HaueHueM ) 1 M3BecTHOI mucnepcueii o2.
Ounenka 0 = 0(Xy,...,X,,) = X1 aBuasgerca HecMmereHHo# st 6, 160 MX; = MX = 6, Ho e aBisercs

COCTOSATEJILHOM, TaK KaK, BO-IIEPBBIX, X1 HE 3aBUCUT OT 00beMa BLIOODKHU U, CJIEIOBATELHO, €€ PacIpe-
JieJieHue He MEHSETCS C POCTOM 7, & BO-BTODPBIX,

£ t2
2 v
P{\X170|<5}:7/e 202 dt #1.
V2
g 7T0
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MeToa MOMEHTOB

Memod momenmos ObLI IpejIoyKeH aHraniickuMm craructukoM K. IlupcoHoM u sIBiIsieTcst OJHUM 13
MEePBBIX OOIMUX MeTom0B oneHnBanua. OH COCTOUT B CJIELYIOIIEM.

IIycts numeerca cayvaitHas BeIOOPKa X, = =(X1;...;Xp) us reHepaﬂbHoﬁ COBOKYTHOCTH X, pacipe/ie-
JieHue KOTOPOit p T 5) U3BECTHO C TOYHOCTBIO JI0 BEKTOPA IIapaMeTpPOB - (61;...;0,.). Tpebyercsa naiitu

ouenky TmapaMeTpa 0 o CaydaitHoll BEIGOPKE X
O60o3HaIIM

—

1 (8) = M(X)¥, 1, (8) = M(X — MX)*
HaYaJbHBIN U IEHTPAJIBHBIA MOMEHTHI opsiaka k, k= 1,2,.... B Merome MOMEHTOB B Ka4ecTBE TOUECIHOM

ouenku 6(X,) = (51 (Xn);.. s b, (X,)) BekTOpa napaMerpos  6epyT PELICHHE CHCTEMEI 7 yPABHCHIL

= o

Ai )_("n M4 )
N )

«
ﬁjﬁ<)?n)zyjﬁ( )a B=1,,

OTHOCHUTETTbHO HEW3BECTHBIX 01, ...,0,. IHAEKCH i, U j3 BHIOMPAIOT TaK,9TOOBI CHCTEMa ypaBHEHWU pe-
maJiach Kak MOXKHO mporrne. MOoXKHO TOKa3aTh,9TO NP YCJIOBUHM HEIPEPHIBHON 3aBUCUMOCTU PEIICHUS
3TOil CHCTEMBI OT [i;, W Vj,, OUeHKa, HOTydeHHas MEeTOJOM MOMEHTOB, ABJISETCH COCTOATEIBHON U MMe-
eT GCUMNMOMUNECKU HOPMAABHOE DAcTnpedenetue, T.e. ee PACIpPEIeSeHIe IPH 1 — 00 CTPEMUTCS
K HOpMabHOMY. IIpu sroM ypasuenus (15.1) BO MHOrUX CjIydasgx MPOCTHI M UX PEIICHHUE He BHI3bIBAET
GOJIBIINX BBIYUCIUTETHHBIX CJIOKHOCTEH.

HOHHTHO, 9TO MEeTOJ MOMEHTOB He HpI/IMeHI/’H\l, KOorjga MOMEHTBI FeHepaﬂbHOﬁ COBOKYITHOCTH HY2KHO-
ro NopsiKa He CYMECTBYIOT (Hampumep, IJjid pacnpedeachus Kowu, y KOTOPOro He CYIIECTBYET JIaiKe
HAYAJIBHBIA MOMEHT [EPBOrO MOPAIKA — MATEMATHIECKOE OKUIAHHUE).

ITpumep 15.2 Ilycre nana ciyuaiinas Beibopka (X1;...;X,) o0beMa 1 U3 TeHEPAITBHON COBOKYITHOCTH
X, nMerorieil paBHOMEPHBIN 3aKOH PACIPE/IeIEHIST

pa) =4 b—a’ z € (a,b);

0, z¢(ab),

C HEeU3BECTHLIMHU MMapamerpaMu a u b. Haiigem MeTogoM MOMEHTOB TOYEYHbBIE OIEHKU TUX MAapaMeTpPOB.
W3BecTHO, YTO JI/Isi PABHOMEDPHO PACIIPEICICHHON CIydaiiHoi Bemauabl X

b b—a)?
mx =2t px— (-9
2 12
Bribopounoe cpeuee X 1 BbIGopounas mucnepcust 52(X,,) BBIMUCIAIOTCH 10 hopMyIam

n

PR OEE) SEE

i=1

3\>—‘

CocraBiisieM CUCTEMY JIBYX ypaBHEHUM

Pemras cucremy, mosryuaem

OKoHYATEeIbHO UMeEeM

Metoa MakcuMaJIbHOTO HpaBa0IIo 00us

OtauM u3 HanboJiee YHUBEPCATBHBIX METOJOB OIIEHUBAHUS IAPAMETPOB ABJIAETC METMO0d MAKCUMAAD-
1020 npasdonodobus (upemnoxennsiii P. @uinepom), cyTh KOTOPOTO COCTOUT B CJIE/IYTOMIEM.

Pacemorpum dyrryuro npasdonodobus ciydaiiHo BHIOOPKH X, us reHepayIbHOM coBoKynHocTH X,
IJIOTHOCTB pacipezenenus p(; 5) KOTOPOH H3BECTHA ¢ TOYHOCTBIO 10 Hapamerpa 0 € ©:

L(X1,....Xn,0) = [[p(X::0).
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Ilo omnpenesennto, oueHKOU MAKCUMAALHO20 Npasdonodobus napaverpa  HA3BIBAIOT CTATUCTHUKY

0(X,,), sHavenust 6 KOTOPO#i st JIFOGON BBIGOPKU &y, YIIOBIETBODSIIOT YCIOBUIO

L(Z,;0) = max L(Z,;0), (15.2)

T.€. JJId BbI60pKI/I (byHKLLI/IH HpaB,ZLOHO,HO6I/IH KaK (byHKLLI/IH apryMeHTa 9 JAO0CTUTaCT MaKCUMyMa.

Eciun byuxius L(Z,;0 ) muddepeniupyeMa Kak (QYHKIWS apryMeHTa, 6 npu JiroOOM 3HAYEHUU Ty,
U3 MHOXKECTBa, X, 3HAUYEHWIl CJIyJaillHONl BHIOOPKH X, u MakcuMyMm L mn,é) JIOCTUTAETCSI BO BHYTPEH-
Hell Touke u3 O, TO 3HAaYEHWE TOYEYHON OIEHKU MAaKCHMAJBLHOTO MPABIONON00Us B CIydae CKaaspPHOrO
apamerpa yJ0BJIETBOPAET YPABHEHUIO (HEOOXOAUMOMY YCJIOBHIO SKCTPEMYMA)

8L(fn;9) B 81nL(fn;9) B
a0 =0, wm 0 =0, (15.3)

TaK KakK [pu JIorapudMUPOBAHNN TOYKH IKCTPEMYMa OCTAIOTCS TEMHU 2Ke, a ypaBHEHHe, KaK IIPaBHUJIO,
yIpoIaercs.

Ecmn pacupenesnenne ciryvaifHOil BesmuuHbl X 3aBUCUT OT BEKTODPa I1apaMeTPOB = (01;...;0,), To
BTOpOe n3 ypapHenuii (15.3) 3aMeHsieTcs cucTeMoil ypaBHeHMit

81nL(:E'n;9) _
e S Al =1.r. 15.4
06, 0, k T (15.4)

Vpasuenus (15.3) u (15.4) HaspiBaioT ypasHeruamu npasdonodobus. s nanbosee BaXKHBIX Ce-

MefICTB pacupeeeHnii p(x;é) YPaBHEHUe IIPAaBIOIOI00Us UMEET eINHCTBEeHHOe pernenne § = 601;...;0,.
Bo muorux ciydasx pertenue cucrembl (15.4), sBiisiomeiicst, KaK OPaBUIO, HEJIMHENRHON, IIPUXOIUTCS
WCKATH YUCJIEHHBIMA METO/IAMU.

IIpumep 15.3 Ilycts )?n — cryuvaitnast Boi6opka u3 N (01,603). MeTooM MaKCHMAILHOTO TPaBIOTojo-

Ous HaliZeM OLEHKY BEKTOpa IapaMeTPOB 6= (61;062).
B sToM ciayuae gpyHKIUST IpaBIonomnoons

. B 1 1 - Y
L(X"’el’QZ)_(e)Qm)”eXp( 202 Zizl(Xl 91))
u, KaK CJIe/ICTBUE,

lnL(fn;Hl,Gg) = —nInv2r —nlnby — ;2 Z(xz
2 =1

ITocKOJIbKY IMCJIO HEU3BECTHBIX NApaMeTpoB T = 2, cucTeMa ypaBHeHUi npaszononobust (15.4) Gymer
COCTOSATDH U3 JABYX ypPaBHEHUII:

n

Pemrasg cucremy, momyuaem

CremoBaTe/IbHO, OIEHKAMH MAKCHMAJLHOTO IMPaBIONoI00us s MaTeMaTndeckKoro oxkuganus MX = 6
u gucnepenn DX = 02 ciyqaiinoil BeIMIHHBI, PACTPEIETEHHON 0 HOPMATBHOMY 3aKOHY, ABIATOTCS CO-
OTBETCTBEHHO BHIOOPOYHOE CpeJIHEee

U 8u00poUHAA JUCTEPCUS
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Jlekims 16

I/IHTepBaﬂbeIe OLH€EHKN
n JO0BEpUTEJIbHbIE NHTEPBAJIbI

HeKOTOpre BaXKHbI€ pacIiipeaejieHmnsl

O6osuaunm I'(p) — ramma-dyHKImI0, oupezensgeMyio GopMyJIoii
o0
I'(p) :/t”_le—tdt,
0

a B(x,y) — 6era-dyHKIMIO, onpeenseMyo GopMyIIoi

B(p,q) = 1;((];)5_(5)) = /up_l(l —u)? ! du.
0

Omnpenenenne 16.1 CiyuaiiHyio BeJUIHHY C IJIOTHOCTHIO

1
m/2—1_—xz/2
x e ,
p(x) = 2m/2T (m/2)
0, <0,

x>0,

HA3BIBAIOT ~CJIydafiHofl BeJMYMHON, uMeromelt pacnpedeaenue X2 (ru-weadpam) wm x2-

pacnpedeseHue ¢ m CTEIEHSIMIA CBOOOIDI.

Onpenenenue 16.2 CiaydailHyio BeJTUIUHY C IJIOTHOCTHIO

(2)= L D(m+1)/2) 1
PO VEm T T2 (et fmyr T

—00 < 2 < 00,

HA3BIBAIOT CJIyYaiiHOM BeandIuHOM, nmeromeil pacnpedeaenue Cmuvrodenma ¢ n cTenieHsiMU CBOOOIBI.

IIpu n — oo mnorHOCTDL pacupeaencans CThIOJEHTa CTPEMUTCH K IJIOTHOCTH CTAHAAPTHOTO HOPMAJIb-
noro pacupeaenerns N (0,1). st ksanruieit t,(m) pacupenencans CTbIOIECHTA YPOBHS P C 1M CTEICHBIO
CBOGOIBI CIIPABEJIMBO COOTHOIICHIE

tp(m) = _tlfp(m)7

KOTOPOE CjIeAyeT U3 YeTHOCTU IIJIOTHOCTU PaCIIpeae/ICHUA CTbIO,ILeHTa.

Omnpenenenne 16.3 CiyvaiiHyio BEJUIUHY C IIJIOTHOCTHIO

()" o
pla) =1 B(3.%) (1+20)

0, x <0,

HA30BEM CJIy4ailHON BequuuHol, uMeoeil pacnpedeaenue Puwepa (F-pacupenenenne, paciupeeiie-
uue CHeZEKOpa) ¢ YUCJIOM CTerneneii cBOOOIbI 1 U M.
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s xsanTuieit F,(n,m) pacupenenenus Quiepa ypoBHSI P ¢ N U 1M CTEIEHIMI CBOOOIBI IMEeT MECTO
COOTHOIIIEHNE

1
Fy(n,m) = ———.
e Fl*p(mvn)
CHpaBe,ZLIH/IB])I cieayrmue TeOpeMEbl.

Teopema 16.1 ITycmo (X1,...,X,) — ewbopka u3 pacnpede/LeHu.ﬂ N(u,a ). Tozda ewibopounoe cpednee
_ 1
X = =5 X, u ucnpasaernas 6v160pounas oucnepcus SQ( n) =

- V(X = )

IMOM CAYHATHGA BEAUNUNG ————— UMEEM CMAHIAPMHOE HOPMANDHOE PACNPedeneHue, CAYHATHAA
o

X —

B8EAUNUHA, \/Z((X)M) — pacnpedeserue Cmwvrodenma ¢ n—1 cmenenvro 60600, @ CAYUATHAA BEAUNUHG
n

(n—1)5%(X,)

o2

n
Z (X; — X)? nesasucumol; npu

— x2-pacnpedenenue ¢ n— 1 cmenenvio c60600vL.

Teopema 16.2 ITycmoe X = (X1,...,X,) v Y =(Y1,...,Y,,) — dse nezasucumoie svi60pku u3 pacnpede-
neruti N (p1,03) u N(p2,03) coomsememeenio,

n 4 n—14
1=1 =1
1 m 1 m
VoD )= iy YTy
i=1 i=1
2(X.
Toz0a cny%aﬁnaﬂ BEAUYUHA 2((}_}71)) umeem pacnpe@e/zeﬁue (_Duwepa ¢ wucaom cmeneneti ceobodv, n — 1
n

um—1.

Iloasarns I/IHTepBaﬂbHOﬁ OII€HKU 1 JOBEPUTEJIbHOI'O MHTEepBaJia

IIpu oreHMBAHNN HEM3BECTHBIX TAPAMETPOB HAPSILY C PACCMOTPEHHBIMU BBIIIE TMOUEYHOIMY OUEHKAMU
HCITO/IB3YIOTC TaK¥XKe UHMEPSasvHble oueHky. B OTmYne OT TOYEYUHON OIEHKW WHTEPBAJIbHAS OIEHKA
[TO3BOJISIET IIOJIYYUTh BEPOSITHOCTHYIO XapaKTEPUCTUKY TOYHOCTHU OIEHUBAHMS HEU3BECTHOTO IapaMerpa.

IIycrn X, — CAYHatTHaA 8vb0OpKa 0bsema n U3 2eHepasvbroti cosoxyntocmu X ¢ pyHKIumeid pacmpe-
nenenns F (x;@), 3aBuUCHIIEil oT mapaMerpa 6, 3HaUeHHe KOTOPOro Hem3BeCTHO. [IpemmnoioxkumM, 9ro st

mapameTpa f IOCTpOeH HHTEPBAaJ (Q()_('n), g(fn)), rae 0(X,,) u 0(X,,) aprsmorcs yHKIuaMI CIyaiinoi

BBIOODKH Xn, TaKUMH, YTO BBIIOJIHAETCH PABEHCTBO
P{Q(X’n) <9<§()Z’n)} = 1. (16.1)

B sTom ciryuae maTepBa (Q()Zn), 5()@)) HA3LIBAIOT UHMEPEAAbHOU OUeHKOU Ijid mapameTpa 0 ¢
roapPuyuenmom dosepus v (NN, COKPAIIEHHO, ¥ -008€pUMEAbHOT UHMEP8ALbHOT 0UueHKol), a
Q()_('n) u g(fn) COOTBETCTBEHHO HUMCHET N 6epITHet 2PAHUUAMU HHTEPBAILHON OIEHKH.
NurepBasbHas oreHKa (Q(Xn), @()_('n)) npejcTaBisier coboil MHTEPBAJ CO CJIYYalHBIMU TPAHUIAMIY,
KOTOPBIHI C 3aJaHHOII BEpOSTHOCTBIO Y HAKPBIBAET HEM3BECTHOE NCTUHHOE 3HaueHue mapamerpa 0. Takum
06pa3OM, JUIst PASIHIHBIX PEAAUSAUUT CAYNATiHOT 6WB0PKU Xy, T.€. 115 PASIMIHDIX SJIEMEHTOB 6b60P0t-
no2o npocmpancmsa Xy, cmamucmuky 6(X _'n) u O(X _’n) MOTYT NIPUHUMATH PA3JUYHbIC 3HAYEHHUA. BoJee
Toro, corsacto (16.1), cymecrsyer nogmuorxkecrso K C X,, Takoe, uro eciu T, € K, To 0 ¢ (0(Z,,), 6(Z,)).
BeposiTHOCTHOI XapaKTepUCTHKOI TOYHOCTHU OLleHUBAaHN HapaMeTpa ) aBjisgeTcs ciydaiinas BeJTuauHa,

KOTOpast [yIsl J06oil peaslusaiuu &, CIIydaiHol BHIGOPKU X, €CTb JUIMHA HHTEpBAJIA (0(Zn), 6(z)).

Unrepsan (Q(fn), g(fn)) HA3BIBAIOT J06EPUMEALHBLM UHIMEPEAAOM s TTapameTpa § ¢ Koaddu-
[IMEHTOM JIOBEPHS 7Y UJIU Y -008EPUMEALHBIM UHTNEDPBAAOM.

Hapsiny ¢ repmunOM “K03DpuLMeHT 1oBepus’ IMIUPOKO UCIOJIb3YIOT TaKXKe TEPMHUHBI d08EPUMENL-
HASA BEPOATMHOCTS U Ypo8erb dosepus. Ilpu srom KoaduimeHT T0BEPUS Y JaIle BCErO BHIOMPAIOT
pasubiM 0,9, 0,95 nm 0,99, T.e. 6u3KUM K 1.

B nekoTopbix curyalmax (HapuMmep, IPU PACCMOTPEHUU JUCKPETHBIX CJLyYalHbIX BEJIMIUH) BMECTO
pasencrBa (16.1) ymaercs obecrieunTs JIUITh HEPABEHCTBO

P{O(X.) <0 <8(X.)} >,

T.e. IOCTPOUTH MHTEPBAJIBHYIO OIEHKY JiJisl mapameTpa 6 ¢ KoabdHUIMEeHTOM JT0BepHsi, He MEHBIIUM 7.
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IIpumepsl TOCTpOEHUST WHTEPBAJbHBIX OIEHOK [Jid MapaMeTpOB
HOPMAJIBHOM CJIyYalHON BeJIMYUHbI

JloBepuresibHasA OIlEHKA JIJIsI MATEMATUIYECKOTO OXKUJaHUS IIPU U3BECTHOM JAucC-
nepcun

Iycrs X, = (X1,...,X,) — caydaitaast BBIGOpKa o6beMa 1 13 TeHEPAITBHON COBOKYIHOCTH X , Pacipe/ie-
JIGHHO}! 110 HOPMAJIBHOMY 3aKOHY C IapaMeTPAMH /i U 02, 02 U3BECTHA.

B namnOoM cirygae craTmcTrka
X—p
—n
o
nMeeT CTaHIapTHOe HopMasbHoe pactpenenenune N (0,1). Tlostomy

X —
P{—u1a< M\/ﬁ<u1a}:1—2a,
o

e U]—o — KBAHTUJIb YPOBHS 1 — (v CTAHIAPTHOIO HOPMAJILHOTO PACIPEIEICHUA. Y MHOXKAS BCE JACTH
o

JBOMHOTO HEPABEHCTBA HA ———, & 3aTeM IpuOaBysist X , TOJIYInM

NG

P{X— iul_a <M<X+Uu1_a} =1-2aq,
n

Vi Vi

T.e. CIy4aliHBIIl NHTEePBaJ (X — ﬁM—mX + ﬁul_a> HAKPBbIBaeT HEU3BECTHOE MATEMaTUUECKOe OXKU-

JaHue [ ¢ HeOOXOIUMO TOBEPUTEIBHON BEPOATHOCTHIO 1 — 2ar.

JloBepuresibHasi OMEHKA JIJIsI MAaTEMAaTUYECKOTO OXKWU/IaHWS ITPU HEM3BECTHOM
JUCIiepcun

IIpu Hem3BeCTHOH AUCHEPCHH 02 CTATHCTHKA

X—p
S(Xn) v

nmeeT pacnpedesenue Cmuvroderma ¢ n— 1 crenensimu cBoboibl. [ToaTomy

X —
Pta(n—1)<

 n<tiialn—1)%=1-2a,
n)
rae tq(n—1) — xkBanTHIL YpoBHs ¢ pacupeertenust CreiogenTa ¢ n — 1 crenensmu ¢cBoGoasl. Iockonbky
IUIOTHOCTD pactpeneenns CTeiomenTa — deTHas GYHKIUA, T0 tq(n — 1) = —t1_4(n — 1). YMHOXKasT BCce
S5(Xn)
N
I'DAHUIBI HHTEPBAJILHOI OleHKH ¢ KoddduuenToM gosepus v = 1 — 2a0 1y mapaMerpa (i B CIydae ¢
HEeN3BECTHOMN JIUCIIePCHei MOYKHO OIPEIesUTh 110 (hopMyJIam

4aCTHU JIBOIHOIO HEpaBEHCTBa Ha — , a 3aTeM mpubaBiiss X, 3aKII0YAEM, YTO HUXKHSS U BePXHSIS

Sij%)tl_am—m u()?n>=x+5<f;>

w(Xn) =X — ti_a(n—1).

,Z[OBepI/ITeJ'IbHaH OIl€HKa JId Pa3HOCTU MaTeMaTu4deCKUux O)KI/II[aHI/Iﬁ HOpMaJIb-
HbIX CJ'[y‘-IEifIHbIX BE€JIMYYH C U3BECTHBIMU JUCIIEPCHUAMMN

Ilyctn X, = (X1,...,X,) m Y, = (Y1,...,Y) — JBe HezaBucuMBIe BLIGOPKY U3 pactpeenenuit N (uy,07)

u N (p2,03) cooTBeTCTBEHHO,
n n
YX, ==YV
i=1 i=1

Herpynmno nokasarh, 4T0 ciydaiiHas BEIMINHA

Y:

S|
3=

(X =Y) = (g1 —p2)

2
91
n

+

38
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umeer pacupegesenue N(0,1). Tlostomy

X-V) - (11—
P _ul—a/2<( )2 (,u12 /2) <Up_q2 ¢ =1-q,
91, %2
n - m

Ie Uj_o — KBAHTWIb YPOBHHA 1 — v CTAHIAPTHOIO HOPMAJIBHOI'O PACIIPe/esieHns. Y MHOXKas BCE YaCTU

2
o. —

—2, a 3areM npubasyisga X — Y, nmomyanm
m

o o2 o2 o o2 o2
P{X-Y - qufma<ﬂlﬁm<xfy+ 91, %, Vo192,
n n m
T.€. CJIy4ailHblii MHTEpBaJI (X Y - \/ Ul —ul a,X Y + \/ — + ful a) HaKpbIBACT HEU3BECT-

HYIO Pa3HOCTb MaTEeMaTHICCKUX O}KI/I,ILaHI/II/I M1 — U2 C H606XO,ZLI/IMOI/I rZLOBepI/ITGJ'H)HOI/I BEPOATHOCTBIO 1—2a.

2
o

JBOMHOIO HEpaBeHCTBA Ha — L4
n

,Z[OBepI/ITe.TIbHaSI OIl€eHKa JJId Pa3HOCTHU MaTeMaTUu4YeCKHUX O}KI/I,Z[aHI/Iﬁ HOpMaJIb-
HbIX CJ'Iy‘IZlfIHbIX Be€JINIVH C HEU3BECTHbBIMHM, HO PaBHbIMU AUCIIEPCUAMN

Hycrs X, = (X4,...,Xp) u Y, = (Y1,...,Y,,) — aBe HesaBucHMbIe BRIGOPKH n3 pactpeaenennit N(uy,0?)
u N (uz2,0?) coorBercrBenno, py 1 02 HemspecTHb. OGO3HAIUM

n

1 . 1 _
Y:ag Vo) = g 2=

Mozxno IIOKa3aTb, YTO CJIy‘{aﬁHaH BeJIMYMHa

[mn(m+n—2 (X - Y)( — p2)
m+n \/

—1)52(X,) + (m —1)S2(Y,,)

uMeer pacipeseserne CTbiojeHTa ¢ M + n — 2 creneHssMu cBooosl. [TosTomy

2) X-V
Pty alm4n—2) <y — n(m+n - ) = (1 — piz) <ta(mtn—2)%=1-2a,
m-+n \/

n) +(m— 1)52(?“

rae t1_o(m+n—2) — kBauTWwIb ypoBHA 1 — o pacupeesnenus CrbiogeHTa ¢ m + n — 2 CTeleHsIMEI CBO-
060/1bI. Y MHOKaS BCE YaCTH JBOWHOTO HEPABEHCTBA Ha

B wmm)((nl)sain)ﬂm1>s2<?n>>

mn(m+n—2)

a 3ateM npubapias X — Y, 3akmouaeM, uro muxuas 0(X,,Y,) u sepxuaa 0(X,,,Y,) rpaHunb uHTEP-
BaJIbHOII OIIEHKY ¢ KO3 durmeHToM goBepusi ¥ = 1 — 2 JIJ1st pA3HOCTH fi1 — flo B CJIyYIae C HEU3BECTHBIMU,
HO PaBHBIMU JUCIIEPCUSAME MOXKHO OIPEIETUTD M0 (hOpMyJIamM

1

0(X,.,Y,) :

X T timan_2) \/ (m+n)((n _sm)rin(j—(kv)z + (27?— 1)52(V.)

—

5()&, ) :X—Y+t1_a(m+n—2)\/

(m 4 1)((n— D) + (m— DS (Vo)
mn(m+mn—2) '

3ameuanue 16.1 Moxno IIOKa3aTh, YTO BCE€ Ye€ThbIp€ MHTEPBAJIbHBIX OIIEHKUN ABJIAIOTCA CaMbIMU KOPOT-
KUMU CPEJIN BCEX MHTEPBaJIbHBIX OIIEHOK C TaKUM K€ YPOBHEM JTO0BEPULI.
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,Z[OBepI/ITeJIbHaH OIl€eHKa JId AUCIIepCHUuMn IIPpM HEen3BECTHOM MaTeMaTm4IeCKOM
O2KMNJaHNN

Crarucruka .
(n—1)5*(X,)

o2

mveer 2-pacipesenenne ¢ n— 1 crenenbio cobowl. ITosTomy

n—1)S2(X
P{Xi(n 1)< % <x?_ . (n— 1)} =1-2aq,
rie Xg(n —1) — KBaHTHJIb ypOBHS ¢ X>-pacrpeiesenns ¢ n — 1 cTemenbio cBoboapl. Jleas Bce gacTw

nBoitHoTO HepaserncTsa Ha (n — 1)S%(X,,), a 3aTeM mepexojist K HEPABEHCTBY I OOPATHBIX BEJMHHH,
HOJTY IUM

(n-1SK) _ o _-0S(K)
P{ Vam-1) 7S am-1 }‘1 o

T.€.

<(n ~1)52(X,) (n— 1)32()Zn)>

Xian=1) 7 xi(n—1

HHTepBaJbHAS OIEHKa JJI TUCIIePCHN 02 ypoBHs Aosepusa 1 — 2a.

IIpubnnrkenHble WHTEPBAJIbHbIE OIEHKHN /JJId MaTeMaTUYeCKOTO
OXKIJIaHUdA CJIy4YalHON BeJIMYUHBI

Iycrs X,, = (X1,...,X,) — ciaydaitnag BeIGOpKa oObeMa n U3 pacIpejeeHus caydaiinoil Beaumaunbr X
¢ MareMaTHYeCKnM oxkuianmeM i = MX u aucnepcueit o2 = DX.

B cooTBercTBUE C TIEHTpAIBHOI TIPEAEIBHON TeOPEeMOil (DYHKIINsT PACIIPEIE/ICHUsT CIIyJaliHON BeJIndn-
HBI

X —
ATK \/ﬁ
o
crpeMuTC K (DYHKIMH PACIIPEIEICHUS @(x) CTaHJaPTHON HOPMAaJIbHOHR ciydailHON BeIMYUHBI N (0,1).

[Tosromy
X

P{—ula < _'u\/ﬁ<u1a} ~1-2a,

g

TIe U]—q — KBAHTUJIb YPOBHS 1 — (v CTAHIAPTHOIO HOPMAJIBHOTO PACIPEEICHU. Y MHOXKAs BCE JACTU
o
NG
= O - O
PiX——u_o<pu<X+—
NG NG

3amensist HEU3BECTHYIO BEJIMYUHY O €€ OL[eHKOfI, HallpuMep, C.J'Iy‘laﬁHOfI BEJIMINHON

JBOWHOI'O HepaBEHCTBa Ha, — , & 3aTeM npubaBsgs X, MOy IUM

ula} ~1-—2a.

S(Xa) = || — 3 (X, - X2,

[TOJTYIMM TTPUOJIMKEHHYIO0 HHTEPBAJIBHYIO OIEHKY

v S 5 S,
(X Jn 1o X + Jn 1a>

MaTeMaTUIeCKOro OXKUJIaHU [, C JOBEPUTEIBLHON BepOSTHOCTBIO 1 — 2ar.

,Z[OBepI/ITe.TIbHaH OIl€HKa BEPOsiTHOCTU YCIIEXa B CXeMe BepHy.TI.TII/I

Ilycrs X; 9uca0 yCHEexoB B 9-OM, 4 = 1,7, HCHBITAHUH Mo creme Bepnyasu ¢ BepOATHOCTHIO yclexa p U
BeposaTHOCTBIO Heylauu ¢ = 1 — p. Torna MX; = p, DX; = pq. Ouenxoit qucnepcun DX; Gyner ciyuafinas
BesmmanHa pg, tae p= X u § =1 —p — moym ycriexoB u Heymad COOTBeTCTBeHHO. [loaromy

<A N Vi ) B

P— —=Ul—q,P+ NG Ul—a

vn

IpuOJIMKEeHHAsT NHTEePBaJIbHAs OIEHKA BEPOSTHOCTH YCIIEXa P C JIOBEPUTEJIBHON BEPOSATHOCTHIO 1 — 2av.
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loBepuresibHas olleHKa mmapamerpa pacrpeaesenuns llyaccona

IIyctn X, = (X1,...,X,) — cayuaiinas BbIGOPKa [1yaCCOHOBCKO CJIy4YailHOW BeJIMIMHBI X C IapaMeTpoM
A. Tak kak MX = X\, DX = A, To qucnepcuro DX MOXKHO OIleHUTD Kak 1 MareMarndeckoe oxujganue MX
CIIyJalfHOI BeJIMINHON X. [TosTromy pubJimzKeHHOH MHTEPBAIBLHOM OIEHKON apaMeTpa A ¢ JTOBEPUTEIb-
HOIT BEpOSTHOCTHIO 1 — 2cx OyAeT HHTEpBaJs

- [ X — | X
X_ulfa 7aX+u17a D
n n

JloBepurejibHas OlleHKAa BBIOOPOYHOTO KO3 (DUIIMEHTA KOPPEJadIun

Iycrs (X;,Y;), i = 1,n — BoibopKa u3 pacipe/iejieHus HOpMaJIbHOro cirydaiinoro sekropa (X,Y). O6o-
3HAYUM

(X - X)(¥i - T)

Z;(;g:17§%1) = -

\/i<xi—x>2\/§m—y>2

=1

L07=

BBIOOPOYHBIN KO3 MUIINEHT KOPPEJIAINHT, SABJIAONINNACT COCTOATENBHON OleHKON Ko3dduimenTa Koppe-
Jganun p Mexxay X m Y.
P. ®umep nokazast, 9To ciaydaiinas BeJUInHA

1. 1+95X,.,Y
Z:,IHM
2 1*P(XmYn)

yoKe JIJIsi HeOOJIBIIX 3HAYCHUN 1 MPHOIM3NTEIbHO PACIPE/IesIeHa 110 HOPMAJIbHOMY 3aKOHY C IIapaMeT-
pamu

1.1 1
MZ~ Py P pyp—_—1_
2 1-p 2(n-1) n—3
Orcioza cresyer, 4ro MHTEpBajbHadA ONEHKa (p,p) A1 p ypOBHS JoBepus 1 — a nMeer Buj
(p,p) = (thz,thz), (16.2)
riue
1. 1+p p Ul —a/2
= =] — — ; 16.3
= 2 1= T am=1) Va3 (16.3)
_ 1. 1+p P Ul )2
- “m? : 16.4
: 2 M 1= m=1)  Vn=3 (16.4)

& U)_q/2 — KBAHTHJIb YPOBHA 1 — /2 cTamapTHOrO HOPMAJIBLHOTrO pacnpeenenns. Papencrsamu (16.3),
(16.4) MOXKHO TIOJIB30BATHCH U B TeX cJIydasX, Korja sekrop (X,Y) He spiserca nopmaiababiv. Ho B aTOM
cIlyuae yBeJnauBaeTcs JUTnHa nHTepBatia (thz,thz), a sHaunT, yxyamaercst TOTHOCTD OIEHUBAHUS.

Homep Ha- 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15
OJIIOJICHUST

Pocr, e | 165 | 171 | 182 | 165 | 183 | 180 | 183 | 166 | 173 | 172 | 174 | 170 | 164 | 168 | 184
Macca, kr | 72,9 | 48,4 | 66,3 | 64,1 | 62,7 | 76,0 | 73,8 | 50,6 | 52,3 | 56,5 | 66,8 | 61,6 | 72,8 | 52,6 | 68,6

Tabauna 16.1.

ITpumep 16.1 Berumcaum 3HaveHne p juist naphl caydaiiubix seanand (X,Y), tne X — pocr (B cM), a
Y — macca Tesa (B Kr) Hayraj BBIOPAHHOIO CTYJEHTA-IEPBOKYypCHUKA. Bbibopka obbema n = 15 npes-
crasjeHa B Tada. 16.1. Umeem

15 15
1 2620 1 945
T = — 227:1 195 Y = — = —— = ’]_.
Tl Ty I Ui gy =%
15 15 15

S (@i—7)?=T74733% Y (yi—9)’=1TL4 D (:—7)(y;i —7) =2933.

i=1 i=1 i=1
Takum obpazom,
293
93,3 =0,313.

P= 33 14

7



Haiinem snavenus p u p npu 1 —a =0,9. Oupeesnus 1o Tadiuie KBaHTHIEH HOPMaJIbHOIO PACIIpe e/ IeHIsT
(em. 16.1) 3Hauenue uy_q /2 = Ug,05 = 1,65 m Bocnosb3oBaBIICH Gopmy:ioit (16.2), moryaum

p=thz~—0,162,  p=thz~0,658.
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Jlekmms 17

IIpoBepka runores. llapamerpuyeckue
MOJdeJIN

OCHOBHBIE IOHATUA

[Iycrs umeercst 6vibopka Ty, ABISIOMASICT peaiu3ayuet, caywatinot eubopku X, n3 2enepasvnoti cogo-
rxynnocmu X, GYHKINS pacupeaeseHns KoTopoit F (t;@) 3aBUCUT OT HEU3BECTHOI'O Iapamerpa .

Onpenenenue 17.1 Cmamucmuyueckoti 2unome3oti Ha3bIBalOT JI000e yTBEPXKIEHUE O (DYHKIII
pacupeiesieHus CayJIailHOl BeIUIUHBI X, IPU TOM CJIOBO “‘CTATHCTHYECKas I KPATKOCTUA OOBITHO
onyckaior. Ilapamempuyeckot 2unome3doti Ha3bIBAIOT JII000E YTBEPKAeHUE O mapamerpe § dyHKIun
pacipeiejieHust F(t-@) cay4vaiinoit Besmunubl X. Ilpu srom eciu 6 — ckansp, To pedb uier 06 0dHOo-
NAPAMEMPUNECKUT 2UNOMEIAT, & €CII BEKTOP, — TO O MHO20NAPAMEMPUNECKUL 2UNOMESAT.
Cmamucmuueckyro 2unomedy H Ha3bBalOT Npocmod, ecjiiu oHa uMmeer Buj H : 0= 90, rie 90 —
HEKOTOpOe 33/IaHHOe 3HadeHue HapaMerpa. Cmamucmuyeckyro 2unome3y Ha3bIBAIOT CAOHCHOU, €C-
st oHa nmeer Bux H : e D, rne D — HeKoTOpOE MHOXKECTBO 3HAUEHMI mapamerpa #, cocrosimee bostee
9eM M3 OJJHOTO DJIEMEHTA.

IIpumep 17.1 Ilycrs )Zn — cayuatinas 6vbopka 06sema n U3 reHepasIbHON COBOKyIHOCTH X , pacipeie-
JIEHHOH TI0 HOPMAJIbHOMY 3aKOHY C HEHM3BECTHBIM MaTEeMATHIECKUM OXKUJIAHWEM fi U U3BECTHON IucIep-
cueit 02. Torma rumoresa H: i = g, TIe jlg — HEKOTOPOe 3aJaHHOe 3HAYeHHe HapaMeTpa (i, SBJISeTCS
OPOCTOM.

Tunoressr Hy: p 2 po; Ho: po < po; H: po < < 41 ABIISIOTCH CIOXKHBIMU.

ITpumep 17.2 Ilycre B npumepe 17.1 oba mapamerpa u U ¢ HEM3BECTHBI. B 3TOM cilydyae THIIOTE3a
H: p= pp cTaHoBUTCS CJIOKHOHM, TaK KakK €l COOTBETCTBYET MHOXKECTBO 3HAYEHUN JTBYMEPHOI'O BEKTOPA
0 = (;0), A1 KOTOPBIX 4 = pg, 0 < 0 < o0.

IIpoBepka ABYX HPOCTBHIX TUHOTE3

PacemorpuMm cnagasa ciryyail, Koria IpoBEepsIOTCA ABE NPOCMbLE CMAMUCTNUYECKUE 2UN0Me3b. BIUIA,
)
110: 6 603 121: 6_617

rae 6y, 01 — nBa 3amaHHBIX (pa3MMYHBIX) 3HAUEHUs mapameTpa. llepeyio eunomesdy Hy oObruHO Ha-
3BIBAIOT OCHOBHOU, W HYaesol, a Bropyio Hi — anvmeprnamueHol, Wi KOHKYPUPYIOULET, 2U-
nome3aot. [lo JaHHbIM 6L00PKY Ty UCCIIEOBATENIO HY?KHO PEIAThH, MOYKHO JIU TPUHATH BBIIBUHYTYIO
TUIIOTE3Y WK €€ HYKHO OTKJIOHUTH KaK [MIPOTHBOPEYAIYIO Pe3yJIbTaTaM IKCIIEPUMEHTa U MPUHSITH HEKO-
TOPYIO aJIbTePHATUBHYIO TUIoTe3y (Haupumep, 0 # 6y).

Kpumepuem, Wi CmMamucmu4eckum Kpumepuem, IIPOBEPKY I'MIIOTe3 HA3bIBAIOT IPABUJIO, 110
KOTOPOMY TIO JIAHHBIM BBIOOPKHU T, IPUHUMAETCS PENIeHne O CIIPaBEeJINBOCTY JIMOO TIePBOiA, OO0 BTOPOIA
TUTIOTE3BI.

Kpurepuii 3a/1a10T ¢ HOMOIIBIO KPUMUYECK020 MmHoxHcecmea W € R™, ABJISIONIErocs MOJAMHOMXKE-
CTBOM B8b00p04H020 NPOCMPAHCMEa Xy, CAYHatHot 6b60pKU X,,. Pemenue IPUHUMAIOT CJIETYIONIAM 00-
pasom:

® eCJI BBIOOPKA T, MPUHAJJICXKUT KPUTUIECKOMY MHOXKecTBY W, TO OTBEpraioT OCHOBHYIO THIIOTE3Y
Hy n mpuHUMAIOT aJIbTepHATUBHYIO rurore3y Hi;
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e eciu BBIOOPKA Ty, HE IPUHAJJIEIKUT KPUTHIECKOMY MHO)KecTBY W (T.e. IPUHAIJIEXKUT JOIOJIHEHUIO
W muoxkectBa W 710 BBIGOPOYHOrO MpOCTpaHCTBa X)), TO OTBEPraloT AJIbTEPHATUBHYIO [HIOTE3Y

H, u npunumaror ocHoBHYO runoresy Hy. MHOxkecTBO W Ha3bIBalOT d06EPUMEADBHBIM MHOHCE-
cmeom.

HpI/I HNCITIOJIb30BaHUN JIIO6OFO KpuUuTepunusa BO3MO2KHbBI OH_H/I6KI/I CJIEAYIOIUX BUJIOB:
e npuHSATH runoresy Hi, korna BepHa Hy — owubka nepsozo poda;
e npuHATHL runoresy Hy, korga BepHa Hy — owubka emopozo poda.

BepositHocTn coBepierust ommbOK IIepBOro M BTOPOTO Pojia, 0003HAYAI0T v U [3:
a=P{X,eW|Hy}, pB=P{X,eW|H}.

31ech P{A | H j} — BEPOATHOCTH COOBbITHA A IPH yCIOBUH, 4TO clpaBeijuba runoresa H;, j =0, 1.
VKazaHHBIE BEPOSITHOCTU BBIYUCJISIOT C HCIOJb30BAHMEM (DYHKIIAU IIJIOTHOCTH p(t;@) pacIpeiesieHust

CJIyJaiiHO# BBIOOPKH X,
a:/../Hp(tk;ﬂo)dtl...dtn, ﬂ:/../Hp(tk;ﬁl)dtl...dtn.
w’ k=1 . k=1

BeposiTHOCTE cOBepIIIeHNs OMNOKY IIEPBOTO POJa (v HA3BIBAIOT TAKXKE YPOBHEM 3HAUUMOCTU KpUme-
pua.

Bemuuumy 1 — 3, paBHYIO BEpOSTHOCTH OTBEPIHYTH OCHOBHYyIO rumore3y Hy, KOrja oHa HeBepHA, Ha-
3BIBAIOT MOULHOCTNBIO KPUTNEPUSL.

Kpurepuit Heiimana — Ilupcona

IIpu nocTpoennn kpumepus Ayt IPOBEPKHU CMAMUCMUYECKUT 2unome3, KAK IPABIIIO, UCXOJST U3 HE0OXO-
JIUMOCTH MAaKCHUMU3AINHN er0 MowHocmy 1 — [ (MUHIMA3AIMA BEPOSTHOCTH COBEPIIEHUST 0WUOKU 8MOPO20
poda) 1ipu (PUKCUPOBAHHOM YPOGHE SHAMUMOCTNY (¢ Kpumepus (BEPOATHOCTH COBEPINEHUS 0WubKY nep-
6020 poda). g yupomenus NadbHEAIINX paccyKAeHuii Oy1eM cauTaTh, IT0 X, — CAYHATIHAA BLLOOPKG
00BeMa N U3 26HEPAALHOT COBOKYNHOCTAU HETIPEPHIBHON CJIyIalHONW BEJUIUHBI X , TJIOTHOCTD pacIpeje-
JIEHUST BEPOSITHOCTEN KOTOPOiA p(t; 9) 3aBHUCUT OT HEU3BECTHOI'O IApaMeTpa §, 1 paCCMOTPUM JIBE NPOCMbLE
2unomesv. Hy: 0 =0g u Hy: 0 = 0.
Beemem dynKImio ciryuaitHoil BBIDOPKHT )?,L:

L(X,;61) , -
= 7 L(X,:0)= X::6).
(%) (Xns0) gp( )

o(X,) =

—

Cmamucmura ¢(X,,) upezacrasiser coboil orHoleHre Gyrkyul npasdonodobus NPU UCTUHHOCTH GAb-
MEPHAMUBHOT, U 0CHOBHOT 2UNOME3 COOTBETCTBEHHO. Ee Ha3bIBAIOT OmMHoweHUeM npasdonodobus.
Jlist mocTpoeHus onmMuMaabHo20 (HauboJiee MOIIHOTO) IPU 33JAHHOM YPOBHE 3HAYMMOCTH (¢ KPUume-
pus Helimana — ITupcona B xpumuueckoe mmosicecmso W BKITIOUAIOT T JIEMEHTHI Ly, 6bl00P0uH020
npocmparcmea X, clyaaiiHoil BBIGOPKH X, A5l KOTOPBIX BBIIOJIHIETCS HEPABEHCTBO

e KOHCTaHTy C’w BBIOMPAIOT U3 YCJIOBUS
P{p(X,)>Cy | Ho} = a,
KOTOpoe 06ecneqHBaeT 3a/IaHHOE 3HaY€HHE YPOBHA 3HAYUMOCTU (x 1 MOXKET 6I>ITI> 3alliCaHO B BHJIC
L(t1,....tn;00) dty ...dt, = a.
AP(tl 7~~-»tn)>cnp

IIpu 3TOM BEpOSITHOCTH OMMOKU BTOPOrO POJIA HE MOYXKET ObITh YMEHBIEHA [IPU JAHHOM 3HAYEHUU BEPO-
SITHOCTH OITHOKY [IEPBOrO POja (.

Paccvorpum mpumeps! moctpoennst ontuMaabHoro kputepust Hefimama — Ilupcona mpu mposepxke
[IPOCTBHIX TUITOTE3 OTHOCUTEIHFHO [TAPAMETPOB OCHOBHBIX, HANOOJIEE YACTO MCIIOJIb3yEMbIX PACIIPE/IeIeHNIA.
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ITpumep 17.3 Ilocrpoenne ormrumasnbroro kpurepust Helimana — [lupcona nyis mapamerpa (1 HOpMaJsib-
HOT'O 3aKOHA PACIPEIeJCHNs C U3BECTHOMN JUCIepcreil o2 mpoBeieM I CIydas JABYX MPOCTBIX TUIIOTE3

Ho: p=po,  Hi: p=p,

IJie 4o U (i1 — HEKOTOpbIe 33/jaHHble 3HAYCHUA, CBA3aHHbIe HEPABEHCTBOM [ig < [i].
B paccmarpuBaemom cityuae byHKIUsI TTPABIOINOI00US UMeeT BH]

1 \" 1 «
LX1, .o Xpp= | —— Y (X;—p)?),
1, ) /J‘ <O’ /7271') exp( 20_2 ;( lu’) )

a OTHOIIIEHNE IIPABIOIOI00MST —

o L(Xy,. Xpim) [11 — 1o n(pf — pg)
w(X”)_L(X17-.~,Xn;Mo) _eXp< o ;XQ eXp<_ 207 )

B mannom ciyvae HepaBeHCTBO

L 11— fo - n(pi — p1g)
o(Zy) = eXP(Ug Z»’Cz) exp (W = C,

i=1

PaBHOCUJIBHO HEPABEHCTBY
n
> wi=C, (17.1)
i=1

rje KoHcTaHTy C' BBIOHPAIOT U3 YCJIOBHUs 00€CIeYeH sl 33 JAHHOTO YPOBHST 3HAIMMOCTH (X
n
P{ZXi>C|u:uo}:a. (17.2)
i=1

HeiicTBuTeapHo,

M1 — Ho = n(pf — pg) M1 — Ho S n(p1 — pio)*
In exp(QZ%) exp(— = ) = 5 in—T2lnC¢,
o o o o

i=1 i=1

OTKYZIa CJIEJIYET, ITO
n 2 2 2
g n —
Sowiz——— (mqo - W) e
g

i1 H1— Mo

Coyuaiinast Beqimannaa X1 + - + X, ©UMeeT HOPMAJIbHOE PACIIPEJIEJICHIEe C MATEeMATHIECKUM OXKW A~
HueM nj u aucnepcueit no?. Iostomy yemosue (17.2) MoXkHO 3amucaTh B BUJE

1—@(00_\;%”0) = a, (17.3)

nJjm
C—npo

Ul—q-
U\/ﬁ -«

Taxkum o6pazom, KoHcTanTa C, 3aa0mas KpuTHIecKyto obaacts B (17.1), onpesessiercs: paBeHCTBOM
C =npug +U1_QU\/E. (174)

HpI/I 9TOM BEPOATHOCTH COBEPIICHUA OIINOKMI BTOPOIr'o poaa

6:P{iXi<C‘M:M1}:q’(C;\;%“) (17.5)
=1

SIBJISIETCS MUHUMAJIbHO BO3MOXKHOU opu JaHHOM 3HAYCHUH (.

ITpumep 17.4 Ecnu B yciaoBusix npumepa 17.3 HepaBeHCTBO [y < (i1 3aMEHUTH HEPABEHCTBOM (11 < Uo,
TO B 9TOM CJIydae KpUTUIECKoe MHOXKecTBO W 3ajiaercss HEpaBeHCTBOM

n
Sm<e
=1
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rJie KOHCTaHTY C BbI6I/IpaIOT "3 yCJjioBuAd

P{zn:Xi <C|/~L:M0}:Oé~
i=1

C—nuo\
o)
C—npog _

= Uy = —Ul—q-
U\/ﬁ a l-a

U3 nmocnenaero pasencrsa HaxomuMm C' = Ny — U1 q04/N.

Takum obpaszom,

W, YTO TO JKe CaMoe,

CJioxHbBIE IIapaMeTpn4iecKue rurore3bl

Ipeanoao:KuM, 9To TpebyeTcs IPOBEPUTD JIBE CAOJICHBLE 2UNOMEe3bl
Hy: 0660, H,: §e0Oy, (176)

rme Oy, ©1 — HEKOTOpbIe HellepeceKaroImecs obacTn 3Hadennit mapamerpa . Hampumep, obmactu O,
©1 moryT ObITh 3ajaHbl HepaBencTBamu 0 < 0y u 6 > 601, toe 6y u 6 — HeKOTOpBIE (DUKCHPOBAHHBIE
3HAYEHUsI TApaAMETPa, YI0BJIETBOPSIONIE HeEpaBeHCTBY Oy < ;.

Kpumepuidi npoBepkHu CJIOKHBIX TumoTe3 (17.6) mMO-IpeskHEMY 3aJaeTCs ¢ MOMOIIBI0 KPUMUYECKO20

mmootcecmea W peanrusayuti cay4atinot 6vbopru X, Ha OCHOBE KOTOPOT'O PEIIeHNE IPUHUMAIOT CJIeTy-
TOIIIM 00pa30oM:

® €CJIM peasu3anys T, CaydaitHoil BRIOOpKU X, MPUHAJJICYKUT KPUTUICCKOMY MHOXKecTBY W, Torma
ochosHY1o 2unomedy Hy oTBepraioT u NpuHUMAIOT aavmepHamustyto eunomesy Hi;

® eCJIM peajiM3aIusl I, CAydaiiHo# BHIOOpKU X, He MPUHAIJIEKUT KPUTHIECKOMY MHOXKecTBY W,
TOTJIA OTBEPraloT AJbTEPHATUBHYIO TUIOTe3y Hp W IPUHUMAIOT OCHOBHYIO rumnoresy H.

BepositHoCTH cOBepItieHUsT 0w uboK Nepeozo u 6Mopozo poda B CIyUdae CJIOKHBIX TUIIOTE3 UMEIOT TTPEeK-
HUI CMBICJI U OIPEJIEJISIOTCS BbIPAXKEHUSAMU

a(0) =P{(X1;...;Xn) €W [0}, 0€0O; pB(0)=P{(X1;...;X,)eW |0}, 0cO.

B orimaue ot ciaydas npocmor eunomes, senuaunbl «(6), 5(0) aBagioTcs HeKOTOPHIMEU (DYHKIMAMU OT
mapamerpa 6.
MaxkcuMaabHO BO3MOXKHOE 3HAYEHUE BEPOSTHOCTU COBEPIIEHNUsI OIMMMOKN IIEPBOrO POJIA

o = max a(f)
[ASSH)
Ha3bIBAIOT PA3MEPOM KPUMEPUA.
DYHKITIIO
M(0) =P{(X1;...; X,) e W | 6},

OTIPEJIEIISTIONTY 0 3HAMEHNE BEPOATHOCTH OTKJIOHEHHUs] OCHOBHOI TUMOTe36I H() B 3aBUCUMOCTH OT HCTHHHOTO
3HAYEeHUs IapaMerpa 0, HasbBalOT GYHKUUET MOUuLHOCTY KpUumepus. Bcim cylmecTByeT KpuTepuii,
KOTOPBIil Ipu JIaHHOM (PUKCUPOBAHHOM pasMepe o MakcuMusupyer gynkuumio moraoctu M (6) o seem
BO3MOYKHBIM KPUTEPUSM OJHOBPEMEHHO TpH Beex § u3 MHoxKecTBa ©1, TO Takoil Kpumepuli Ha3bIBAIOT
PasHOMEPHO Hauboaee MmouLHbim. PaBHOMEPHO HamboJee MOIIHBIE KPUTEPUH CYIIECTBYIOT JIHIIb B
HEKOTOPBIX YACTHBIX CJIy9asxX MPH MPOBEPKe MUIIOTE3 OTHOCUTEIHHO OJHOMEPHBIX TTAPDAMETPOB (CM. TIpH-
Mepsbl 17.5-17.7).

BeposiTHocTH cOBeplieHns: oMUOGOK MEPBOr0 M BTOPOTO POJia CBA3AHBI ¢ (DYHKIMEH MOIHOCTH CJIE/Ty-
IONIUMU COOTHOIIEHUSIMHU:

a(f)=M(0), 6e€0By;
B(0)=1—M(9), 6cO;.

Tem caMbIM paBHOMEPHO HamboOJiee MONIHBIN KPUTEPUH, €CJU OH CYIIECTBYET, MUHUMU3UPYET BEPO-
SITHOCTH COBEPIIIeHNsT ommuOKu BToporo poga ((0) (npu dbuKcHpoBaHHOM pa3Mepe () OJHOBPEMEHHO IPU
Beex 0 € ©4.

ITocTpoenne Kpurepres JJist HIPOBEPKM CI0KHBIX IIapaMeTPHYECKUX ITUIIOTE3 IPOUJLIIOCTPUPYEM JaJIee
JJIA CJTydasl HOPMAJIbHOM MOZIEJIN.
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ITpumep 17.5 Paccmorpum mpoBepKy mpocToit runore3bl Hy: (1 = fip IPOTUB CJIOXKHO# rumoTe3sr Hy: >
JLo OTHOCHTEJILHO TIAPAMETPA, — CPEIHEro /i HOPMAJIHLHOIO PACIIPE/ICICHIS IPU U3BECTHON JUCIEPCHI 072,

[Ipu m060M pr1 > pg KpuTHdecKasi 006JIacTh ONTUMAJIBHOTO HanboJiee MOITHOrO Kpurepusi Heiimana —
ITupcona pasmepa « jist IPOCTBIX IHIIOTE3 [t = [ig UPOTHB [ = (7 uMmeeT Bux (17.1), rae koucranry C
BbIOUpatoT u3 yeaopus (17.2) mwm (17.3). TlosToMy OHa HE 3aBHCHT OT fi1. DTO O3HAUAET, ITO TOCTPOECH-
HBIIl y2Ke BBIIIE JIJIsi YKA3aHHBIX IIPOCTHIX MUIOTE3 KPUTEPHUil ¢ KPUTHIECKUM MHOYKECTBOM, 33/1aBA€MbIM
HepaseHcTBoM (17.1)

in >C =npo+ui_aovn, (17.9)
i=1

SIBJISIETCSl PABHOMEPHO HamnboJjiee MOITHBIM KPUTEPHEM pas3Mepa (v I JAHHON 3a/adi CO CJIOXKHOMN ajib-
TepHATHBHON runore3oit Hy: p > pp.

IIpumep 17.6 B ycioBusX npenblIyInero npuMepa pacCMOTPUM IPOBEPKY IIPOcToil runoressl Hy: 1= pg
IIPOTUB CJIOKHOM runore3nl Hi: 1 < .

B sroMm ciaydae, HCIIOMB3ys PE3yIbTATEI, MOJIyYeHHBIE DU PACCMOTPEHNN IpuMepa 17.4, IpuxoauM K
BBIBOJLY, UTO PABHOMEPHO HanboJsIee MOIIHBII KPUTEPHiT pa3Mepa o JIJIsl JAHHON 3a/1a491 33/1aeTCsl KPUTHU-
YECKHUM MHOYKECTBOM, OIIPEJIe/IsIEMbIM HEPABEHCTBOM

n
in < C =npy —u_qoyV/n.
i=1

IIpumep 17.7 B ycmoBusx mpumepa 17.5 paccMOTpUM TPOBEPKY JBYX CJOKHBIX THUIIOTE3 BHUIA
H()Z ,U,gﬂo, Hll u}ul, (1710)

Tae fo < -
3amMeTuM, UTO Jyisi KPUTEPHsl ¢ KPUTUIECKUM MHOXKeCTBOM (17.9) BEpOATHOCTDL cOBepIeHUs OMMOKI
IIEPBOr'0 POJIA

) =P{3 %> 0} =10 (st (1o -2
=1

€CTh BO3pacTaomast QyHKIUs IEPEMEHHOrO (. TeM caMbIM MaKCUMAaJIbHOE 3HAYEHIE BEPOSITHOCTU COBEP-
IIEHUsT OMMUOKU MEPBOTO POJIA, OIPEJIesieMoe KaK

a = max a(u),
HS Ho
JIOCTUTAETCSA B TOYKE f4 = [lg, OTKYJA CJIEJIYeT, 9TO JAHHBIA KPUTEPHil, IPUMEHACMBIN K CJIOKHBIM I'HIO-
resam (17.10), umeer pasmep o = a(fo)-
Paccyxast janee Tax ke, Kak B IpuMepe 17.5, ToJydaeM, 9To yKa3aHHbBIA KPATEPHil ¢ KPUTHIECKOL
obnacteio (17.9) siByisieTcst paBHOMEPHO HanboJiee MOIIHBIM KPUTEPHEM JJIsl JAHHON 3aJ1a41 CO CJIOXKHBIMU
HIOTE3aMH.

ITpumep 17.8 PaccMmorpum mpoBepKy HIOTE3 OTHOCUTEIHHO IIapaMeTpa HOPMAJIbHOTO PACIIPeIesIeHUsT
[t CJIEJTYIOIIErO BHIA:

Ho: p=po,  Hi: p#po

(TO-ITperKHeMy TIpeJIIoIaraeM, 9To JUCTIepPCHs 02 U3BECTHA).
B srom cirygae ocnoBuast runoresa H( sBisieTcs TPOCTOil, a ajJbTepHATUBHAs runore3a Hi saBisercs
caoxnoit. IIpu p = pg pacecmorpum cmamucmury

Y_IUO\/’E

g

KOTOpast UMEET CTMAHIGPMHOE HOPMAAbHOE pacnpedeserue. KpuTrudeckoe MHOXKECTBO JJIs TPOBEPKH yKa-
3aHHBIX Tunore3 Hy, Hi ompemennmM CIIeIyomuM 00pa3oM:

T — o
|07u|\/772 U —q )2

CoOTBETCTBYIOIMUI KPUTEPHIT TIO TOCTPOEHUIO UMEET BEPOSITHOCTH COBEPIIIEHUsI OITUOKHU TIEPBOTO POJIA (.

IIpumep 17.9 PaccmoTpum mpoBepKy JABYX CIOKHBIX THIIOTE3

Hy: M= Lo, Hiy: > o (1711)
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OTHOCHUTEJIbHO IIapaMeTpa ( HOPMaJIbHOI'O 3aKOHa pacCIIpejJe/IeHusd B Cay4dae, KOra JUCIIePpCUd 0'2 HEens3-

BECTHA.
B ornmune ot npumepa 17.5 runoresa Hy Tak:ke sBisierca caokuoil. IIpn p = pg crarucruxa

X — o
m\/ﬁ (17.12)

umMeer pacnpedeserue Cmurodenma c n— 1 cmenenamu c6060dvi. VIcXoms U3 9TOTO MOJIydaeM, 9TO KpUTe-
puii ¢ ypoBHEM 3HAYMMOCTH ¢ jyid runore3 (17.11) 3amaerca KpUTHYECKUM MHOYKECTBOM

T — o
74\/7; = tl—a(n - 1)7
S(&n)
rae t1—o(n—1) — kBanTmwiIb yposus 1 — « pacupegenenus CrbiofenTa ¢ 1 — 1 creneHsgMu cBOGOIbI.
Amnasiornuno Ha ocHoBe craructuku (17.12) crpost Kpurepuil st HIPOBEPKU CJIOXKHBIX TUIIOTE3

Hy: = po, Hy: p<pg (17.13)

NI
H()Z M= o, H1: /1,75,[1,0. (1714)

Mot runores (17.13) kpurepuii pazmepa « 3a7aercs KPUTHIECKUM MHOXKECTBOM, OIIpeJesisieMbIM Hepa-
BEHCTBOM _

T — Ko

LM < —ty—a(n—1).

S(%n)
Hast runores suna (17.14) kpurepuil pasmepa « 33Jaf0T KPUTUIECKUM MHOXKECTBOM, OIIPeIeJIsSeMbIM
HEPABEHCTBOM

|7 — pol

57_,\/771 > tlfa/Z(n - 1)-

(Zn)

IIpumep 17.10 PaccMoTpuM IpOBEPKY THIOTES O PABEHCTBE MATEMATUIeCKIX OXKUIAHUI JJIs IBYX pas-
JINYHBIX HOPMAaJILHBIX PaclpeieIeHuii.

ITycrs onpenesens ape cayvaiinbie Bei6opru (Xi;...;X,) u (Yi;...;Y,,) o6beMoB n 1 m u3 2enepass-
NHIT CO6OKYNHOCM el HE3aBUCUMbIX cIydaiiHbixX Beman X ~ N (u1,02) n' Y ~ N(u2,032) cOOTBETCTBEHHO.
PaccMoTpuM cilefiylolie 3aJa49y IIPOBepKU CI0YKHBIX I'MIIOTE3 OTHOCHTEILHO MapaMeTpoB i1, fo B CJIy-

Jae, KO/l JIUCIIePCHH 07, 053 U3BECTHDI:

Ho: p1 = pe, Hy: pg > po; (17.15)
Ho: pr=p2,  Hi: pr < po; (17.16)
Ho: M1 = U2, Hli 1251 7& Mo (1717)

Paznoctsb 6vibopounnir cpednuxr X —Y umeer HOPMAJIBLHOE PACIIPE/IETIEHNAE C MATEMATHIECKAM OXKUIa~
HUEM fi — ji U Jucepeneit o2 /n+ o2 /m. OTciofa cieLyeT, 9To TpH CIPaBeTMBOCTH OCHOBHO THITOTESHI,
T.e. IPHU (4] = 2, CTATUCTUKA

X-Y
= (17.18)
o _ 9
n m

nMeeT CTaHAapTHOE HOPMaJIbHOE pacCIipeae/IeHue. I/ICXO,&H u3 9TOro, 3akKJ/iro4aeM, 9YTO KpUTEpUU pa3Mepa
« IJId YKa3aHHBIX 33139 3aJal0TCA KPUTUICCKUMN MHOXKECTBaMH

77 Ty 1z -7

> 5 ZUl—a] —F5——s N Ul 5 = 2 Ul—a/2- #
01 | 93 01 _|_Uz 0] +U2

nom nom nom

Pacemorpum Takzke 3amady nposepku runores (17.15)—(17.16) o paBeHCTBe CpelHNX JIByX HOPMAJIb-
HBIX PAaCIpEIeIeHUil B TPEIMOI0KEHNN, ITO WX AWCIEPCHH He M3BECTHLI, HO PaBHBI MEKIY CODOIi:
01 = 09 = 0. Obo3HAYUM Yepe3

S2( _’n): 1 Z(Xi*Y)Z’ 52(_'m):%2(m7?)2

COOTBETCTBYIOMAE WCTpaBaennbie onenkn suctepcenn. Crarmeruxu  (n — 1)S%(X,)/0? u (m —
1)S%(Y,,)/0? umeror x2-pacnpedesenus ¢ n—1 um — 1 crenensvu cBobompl. TeM caMbIM CTATHCTHKA

(n—1)5*(X,) 4 m= 1)5%(Yin)

2 2

g g
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HMeeT TaK¥Ke X2-pacipejiesieHue ¢ i+ m — 2 CTeIeHsIME CBOOOIbI . YUHTHIBAS, UTO CIIydaiHas BeJIMIHHA,
(17.18) tpu 11 = o MMEET CTAHAAPTHOE HOPMAJIBHOE PACIIPEJIE/ICHUE, TOJYIAEM, 9TO CTATUCTHKA

F Ty (X-Y)Vn+m—2
(XmYm)_
Yoo T TR

umMeer pacupejeserne CrbrojeHTa ¢ 1+ m — 2 creneHsMu cBoOOjbI . [losToMy Kpurepuu pasmepa «
Juis mpoBepku rumore3 (17.15)—(17.16) 3amaiorcsa ¢ MOMOIIBIO KPUTUYECKUX MHOMKECTB, OLPEIe/ISTeMbIX
CJIETYIONINMY HEPABEHCTBAMU:

T(Zpy§m) = t1—a(n+m—2), (17.19)
T(Zn,Gm) < —t1—a(n+m—2), (17.20)
I T(& 0, Gm)| = t1—aja(n+m—2). (17.21)
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Jlekims 18

IIpoBepKka HenmapamMeTpudecKuX T'UIIOTE3

Kpurepuii corsnacus x2. IIpocTtasi runoresa

IIycre HabiroaeTCst AUCKpeTHAsT CitydaiiHas BejudauHa X , IPUHAMAIONIAS I PA3IMIHbIX 3HAYCHWHA U7, . . . ,

Uy C IIOJIOZKUTEIbHBIMUA BEPOATHOCTAMHA D1, .. ., Dy!

P{X=ur}=pr, k=1, Zpk =1
k=1

Homyctum, 910 B BBIGOPKE Ty = (T1;...;Tp) YUCIO U BCTPETHIOCH Nk (Ty) pas, k= 1,r. Ormernm,
T — —
a1o Y ng(Z,) =n, T.e. caydaiinsle Beauaunsl nq(Xy,), ..., n.(X,,) 3aBuCHMBIL.
k=1

Teopema 18.1 (Teopema ITupcona) Pacnpedeserue cay ainol 6eAuuHbl

r —

3 (nk(Xn) — npy)?
k=1 Pk
npu n — 0o cxodumea k X2-pacnpedeseruro ¢ v — 1 cmenenamu c60600v.  #

DTOit TEOPEMOil MOXKHO BOCIIOJIB30BATHCS JIJIsl IPOBEPKU NPOCMoti 2unomesot
Ho: p1=pio, .-y pr="pro;
rjie piog, - - -, Pro — U3BECTHBIE BEJIMYMHBI, IPOTUB AJIbTEPHATHBHON MUIIOTE3BI
H,: cymecrByior Takue k, 94To pi, # pro, k = 1,7.

Ecau uctunnoit ssaserca runoreza Hy, TO 10 3aK0HY OOIBITAX THCET
Nk (Xn)

——~ =P —0, k=1Lr,
n

a ecyit BepHa Hy, TO

ne(Xn)
n

— Do — Pk — Pro £ 0,  JUid HEKOTOpBIX k = 1,7.

Ilostomy npu H; ciyuaiiHas BeJTHYIHHA

—

T

. e 2
XQ(Xn) = Z (nk(Xn) - npk0)2 ( 3 n _pko)

=N
npro Pko

k=1 k=1

(18.1)

(18.2)

(18.3)

CTPEeMUTCS K OECKOHEYHOCTH U, CJIEJIOBATE/ILHO, B SKCIEPUMEHTE, KAK IIPABUJIO,IPUHUMAET OOJIbIne 3HA-
venus, geM npu Hy, KOTIia ee pacIpe iesieHre CTPEMUTCA K PACIIPEIENIEHIIO X2 ¢ 7 — 1 cTeneHsaMu CBOGOIEL.

TakuM 06pa3oM, CTAHOBHTCSI €CTECTBEHHBIM CJIe/TyTOTIee OlIpe/ie/IeHIe Kpumepus co2aacus X2 (xu-
Bazpar). DToT KpUTepuil 1pu GOJBIINX 7 HA YPOBHE 3HAYMMOCTH ( OTKJIOHsieT runoresy Ho B 10Jb3Y

aJIbTePHATUBHOM runoressl Hi, eciu
2/ = 2
X (an) >X17a(r_1)7

re x5, (r —1) — xBamTHab ypopua 1 — a x2-pactpenenenus ¢ r — 1 cremensayu cobomsl, a X2 (&) —

peanm3anus ciydaitHoil Besmuanner (18.3).
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Ecan xe
X (En) < Xioalr—1),

TO JeJIaeTCsl BBIBOJ, O TOM, 4TO rurore3a Hy He IPOTUBOPEYHUT CTATUCTUYECKUM JAHHBIM U €€ CJeIyeT
[IPUHSTh.

Kpurepuenm x? mpu HeGOILITHX 06beMaX BEIGOPKHE 1 IIOJIb30BATHCA HeIb3s. Ha IpakTuKe IpH HeOOIb-
MIUX 7 HEOOXOIMMO, YTOOBI BBITIOMHSIUCH yeoBus npy = 10, k = 1,7, a ecyu r Besuko (r > 20), jlocTaTouHo,
9TO6BI OBITTO NPy = 5, k=1,7.

Kpurepnii x? MOXKHO HCIOIB30BATE U TOTJIA, KOT/IA CyUdaiiHas BemanHa X HelrpephIBHA MJIH JICKPeT-
Ha, HO IIPUHUMAaET CUYETHOe MHOXKECTBO 3HAYEHUU C IOJIOXKUTEJbHBIMUA BEPOSITHOCTSIMHU. B 9TOM cirydae
MHOKecTBO M BO3MOXKHLIX 3Hadenmit X pasOUBaIOT Ha 7 HellepeCeKaloIImXcs HoaMHoxKecTs My, k= 1,7,
TaKuM 006pPa3oM, 9TOOBI BEPOATHOCTD Pk, k = 1,7, momamanms caydaifioil semmaunnl X B k HomMmozKe-
cTBO M), yIOBIIETBODSIA YCIOBUIO Npy, = 5 i npy = 10, k =1,r. Ecim X — HenpepblBHad CIydaiiHast
BeJIMYNHA, TO B KadecTse My, k= 1,r, 06bI9HO GepyT MHOMKECTBa BUIA

(700751)3 [51752)7 [ERE} [57‘—2557”—1)’ [57"—17oo)a

rme $1 < Sp < -+ < 8._1, Sy ER, k=1,r—1.

OmnpeieuM IMCKPETHYIO CIyIaiiHyto Beauaniy X', IpUHIMAIONIYIO 3HAYEHHE k TOT/Ia | TOJBKO TOT/IA,
xorma X € My, k=1,r. B aToM ciryuae ncxomnas 3aiada IIPOBEPKH CTATHCTHIECKIX IHIOTE3 CBOIUTCS K
[IpOBEpKe OCHOBHO{1 runoressl (18.1) npu anprepHarusHoil runorese (18.2), rie B ciyvae HEIPEPHIBHOCTU
ciy4daitnoit BeuauHbl X

pkoZ/po(t)dt -

My,

BEPOSITHOCTD IOaaHUs CJydaiiHoil Beauauabl X B MHOXKecTBO My, a po(t) — mrornocrs X upu Hy.
Ecim X — nuckperHasi ciydaiiHass BeJIMYNHA, UMEMOIIAs CUETHOE MHOYKECTBO BO3MOXKHBIX 3HAYEHUN
21, 22, ..., u P{X =2;}=¢;>0,7=1,2,..., To BMECTO IIPOBEPKHU TUMIOTE3LIL

HO: q5 = 450, j:1727"'7
riae gjo, j = 1,2, ..., — U3BECTHLIE YHCJA, IPU aJbTePHATUBHONR TUIOTe3e
H,: cymecrByor Takue j, 9To ¢; # gjo, Jj=1,2,...,

nposepsitoT runoresy (18.1) npu ambrepHaTHBHOM rumorese (18.2), rie BEPOSITHOCTH Pio, k = 1,7, BBIUMC-
JISTEOT 110 (DOpMYyJIaM

o= Y ¢Go, k=Tr.
z; €My

HaJstee jiy1st BBIGOPKY Ty, HAXOJAT YUCIO Ny (Ty,) €€ 3JIeMeHTOB, IPUHAIeXKAITUX MHOXKeCTBY My, k =
1,7. Barem, noxcrasiss &, BMeCTO X, B GOpMyYILy (18.3), onpemensmior peammuzanmio x> (I, ) caydaitHoi
semmanunt x2(X,). Tunoresa Hy oTkmonsiercss B nombsy runoressr Hy, ecmn x2(Z,) > X2, (r—1) n
IPUHAMAETCA B IPOTUBHOM CJIydae.

HemocTaTKOM HCIOIBL30BAHMS KPUTEPUs Y2 IS CIIydalHBIX BEIMUMH, TPHHIMAIOIINX OECKOHETHOe
MHOKECTBO 3HAYEHMUI, SIBJIAETCS HEKOTOpas 1moTepst nHMOpMaK Mpu mepexoge oT X K CIydaiHo# Be-
smanae X' ¢ KOHEYHBIM YUCIOM 3HAYCHHI.

ITpumep 18.1 IIpu 4040 Gpocanusax Mmonersl dpaniy3ckuil ecrecrBoucnsitaTens 2K.JI.JI. Brodbdon
(1707-1788) mosyunsn 2048 Buimaaenuii “repba’ u 1992 soimagenuit “pemkn’. COBMECTUMO JIX 9TO C TH-
[OTE30i 0 TOM, YTO BEPOSATHOCTD BbIlajeHus “repba’ npu ofgHoM Gpocanun pasaa 1/27

3aecs n = 4040, r =2, ny (Z,,) = 2048, na (&, ) = 1992, p19 = p2o = 0,5, uucio creneneii cBoboapl  — 1 =
1, u npu o = 0,05 maxomum X3 g5(1) = 3,841.

ITposepum runoresy Hy 0 TOM, 9TO BEPOATHOCTH P1 U Po BbiNajeHus “repba’ u “pemkn’ pasHbl 1/2.
Ha ocuosanuu (18.3) mosywaem

(2048 —4040-0,5)% (1992 — 4040 - 0,5)?
4040-0,5 4040-0,5

X2 (&) = =0,776.

Tak kak 0,776 < 3,841, To craTucTUYecKue JaHHbIE He IPOTHBOpeYaT rumnorede Hy.
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Kpurepuii x2 1jig cJI0¥KHOii TUIIOTE3bI

[Iycts dyHKIINSA pacipeseeHust JUCKPETHON CIyaifHol BeTUIHbI X , TPHHUMAIONIEH KOHEIHOEe MHOXKEe-

CTBO 3HAYEHUHN U7y, ..., U, 3ABACAT OT HEU3BECTHOI'O d-MEPHOTO BeKTopa mnapamerpos 6. Torma Beposit-
HOCTb Py, TOrO, 9T0 X IIPUMET BO3MOXKHOE 3HAYEHUE Uy, 3aBUCHUT OT O, T.e. pr, = p(0), k=1,7. A tak kax
BepositHOCTH P1(6), ..., pr(f) TOMHOCTBIO ONpeIEsOT DYHKIMIO PACHPEIEIEHAs CIIy YaifHON BEJIMINHbI

X, TO B pacCMaTpPUBAEMOM CJIyIae OCHOBHAA 2UNOME3a TPUHUMAET CJIETYIONINI BUI:

Hy: P{X=w}=p(0), k=1, 0cOCR™

DTy CIIOXKHYIO TUIIOTE3Y MOYKHO IIPOBEPUTH IIPY HOMOIIH MOAH(UKALNN KpuTepus X2 Ilupcomna.
IIycrs 0(%,) — 3mauenne onenku 0(X,,) MAKCUMAJILHOIO IpaBIononodust s 0, a ng(Z,) — Koxmde-
)

CTBO 9JIEMEHTOB BBIOODKU Ty, PABHBIX Uy, k = 1,7. Ouenky 6(X,,) mosydaor B pe3yJbrare MUHUMU3AIIN
Jiorapudma Pyrruuu npasdonodobus

. D nn(® N
L(X,;0) = ﬁ [Tr* %0, S ni(X.)=n,
" k=1 i=1

KaK pellleHre CUCTEMbl YpaBHEHMI

"y (X,) Opr(0) . —

=0, j=1,d.
= pr(0) 00;

—

MozkHO 1OKa3aTh, YTO [IPH HEKOTOPBIX [IPEIIOJIOKEHUX 0 TiiajrocTu Myukuwuii pi(6), k = 1,r, pacupe-
JleJIeHre CIIy4ailHOM BeIUYUHBI IIPU 1L — 00

~ -

()z:n) _ i (nZ(XTL) - npz(a(Xn)))

=

i=1 npl(H()Zn))

CXOIUTCS K X2 -pacnpedesenuto ¢ v —d — 1 cremeHsMu cBOGOIBL.
Eciun X — HenpepbiBHas ciryuaiiHast BeandanHa ¢ dbyHKIuel pacupenenenust F(t), To, pasbusas MHO-
JKECTBO BO3MOXKHBIX 3HA4eHMII X HA KOHEYHOE YUHCJIO HEIEPECEKAIOIINXCs MOIMHOXKECTB U IEePEeXOis K

X2

JINCKPETHOIl ciiy4daiinoit Besnunne X', MOYKHO HPOBEPUTD CJIOKHYIO THUIIOTE3Y
Hy: F(t) € {F(t;0), 0 €0 CR}.

Heo6x01uM0 TOMBLKO IIOMHUTD, YTO ONEHKY MAKCHMAJILHOTO MPaBIonoao6ust @\(X'n) cJleJlyeT CTPOUTHL He
no HabmogeHusM Xi, ..., X, ClaydailHoil Bejmumebl X, a 0 3HaYeHUAM 9actor ny (L), ..., n. (L))
ctyqaiiHoil BemuuHbl X', 94TO, KaK IpaBuIo, ropasno rpyamee. [locTpoenne Takoil ONEHKYU JJIs HAKOO-
Jiee PACIIPOCTPAHEHHBIX APAMETPUICCKUX CEMEHCTB pacipeiesieHnil (HOPMaIbHOIO, SKCIIOHEHIIUAILHOTO,
I[IyACCOHOBCKOI'O ¥ T.JI.) MOXKHO Hajitu B crenuasibaoil sureparype (Cum. I'. Kpamep ).

Kpurepuii He3aBUCMMOCTU, OCHOBAHHBII HAa BLIOOPOYHOM KO3 puiimeHTe KOp-
pesnuu

Iycrs (X;,Y;), i = 1,n — BoiGOpKa u3 pacipejiejieHus HOpMaJbHOro ciydaiinoro sekropa (X,Y). O6o-
BHAYUM

ﬁ()?na?n) = =

BBIOOPOYHBI KOIDMUITUEHT KOPPEJISIIIHH.
ITpu nposepke crarucrudeckoii ruore3sl Hy: p =0 (T.e. THIOTE3bI O TOM, YTO HOPMAJILHO pacipeie-
JIEHHBIE CJIydYaiiHble BEJMUYMHBI HE3ABUCUMBI) UCHOJIB3YIOT CIMAMUCMUKY

(X0, Yo )vV/n—2

\/ 1 _b\Q()?na?n)

KOTOpas umeer pacnpedesenue Cmurodenma ¢ n— 2 crenensimu ¢cBoboibl. Ecu okazxkercsi, 910

t= (18.4)

(Tl*?),

TO runoTesy Hy IpUHAMAIOT IPH YposHe 3HAMUMOCTRU Oy TAE T1_ o /2 (n —2) — kBanTWIb ypoBHA 1 — v/2
pacmpepesierust CTBIOJEHTA € N — 2 CTEHEHsIMU CBOOO/IBI.
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IIpumep 18.2 B npumepe 16.1 jexum 15 Haiigeno 3Hauenune todeunoit onenku p = 0,313. IIpoBepum
runoresy Hy: p =0 Ha yposHe 3HaunMoctu o = 0,1.

ITo Tabuuie kBanTmIelt pacupenenaenns CTbIOLEHTa HAXOAUM KBaHTIIIb b 95(13) = 1,77 u cpaBHuBaeM
CO 3HaYEHUEM

vn—-2 V13
NS 0,313 =1,19.
i 2 0,902

ITockonbky 1,19 < 1,77, To runore3y p = 0 mpuHIMaEM.

Tab/mMubl CONPAXKEHHOCTH TPU3HAKOB U KpUTepuii 2

IIycts umeeTcs ciydaitnass BEIOOpKa

(X0; V) = (X1, Y1) (X, V)

U3 T'€HEPAJbHOI COBOKYHHOCTH JABYMEPHOI IUCKPETHON CJIy- X Y

vaitnoit Besmunnbl (X;Y), rae caydaiinas sesmauna X Mo- v Vg Vs

KeT NPUHUMATD 3HAYCHUSA UL, . .., Uy, & CIyIaiiHag BOIMIHHA | 17 | nyq | nys | ... | his | ™1
Y — sHavuenns vy, ..., v,. Onpesennm ciayqafinyio BeIMIMRY [y | 1oy | nos | ... | nhas | 7o
n;;(X,,Y,), peamusanust n;; KOTOPOil paBHA KOIHYECTBY dJIe-

I

MEHTOB BBIOOPKH (T, ¥n) = ((Z1,41)i- -3 (Tn,yn)), coBnmamato- [ = = o7 [ " [ 7,
IMuX ¢ meMeHToM (u;;v;), ¢ =1,r, j=1,s. " .. Ty n

Beenem ciaywaitunte Benmunnst n;(X,,,Y,,) n n;i(X,,,Y,), 3na-
YeHUS N; U N; KOTOPBIX OLPEIEIUM IO (hOpMyJIaM

n
n; = E Nij, n; = E Tij-
i=1

ITpu 5TOM 7N; — KOJIXYECTBO SJIEMEHTOB BLIGOPKU (T ¥y, ), B KOTOPBIX BCTPETIIIOCH 3HAYEHHUE U;, & M, —
KOJIMYIECTBO 9JIEMEHTOB BBIOOPKH (Z;%r), B KOTOPBIX BCTPETHJIOCH 3HadeHHe v;. Kpome Toro, mmeror

MECTO OYeBU/IHbIC PaBCHCTBA
T S T S
E ni:E nj:E E Ni; =mn.
i=1 j=1

i=1j=1

Tabauna 18.1.

B paccmarpuBaemoM citydae pe3ysibrarhl HAOIOIEHUH yI00HO 0POPMIISTD B BUIE TAOIUITHI, HA3BIBAEMOI
mabauueli conpasrcenrnocmu npusnaxos (18.1). Ilycrs nanee

pij :P{X:U,Z, Y:’Uj}, pzzp{XZUz}, pj :P{Y:Uj}, Z: ,T, ]Z 5 S.
,ZLI/ICerTHLIe cnyqaﬁﬁme BesmunHabl X 1 Y He3aBUCHUMBI TOrga 1 TOJIBKO TOrga, KOorjia
P{X:u“Y:’UJ}:P{X:’LLZ}P{Y:'UJ}, Z:W, jzl,is

ITo3TOMY OCHOBHYIO THIIOTE3y O HE3aBHCUMOCTH JUCKPETHBIX CJIyYailHbIX BeawmauH X W Y MOXKHO Ipe/i-
CTaBUTL B CJICAYIOMEM BHIE:
Hy: pij=pip;, i=1r, j=1,s. (18.5)

IIpu sTOM, Kak mpaBmjo, B KadecTBe ajbTepPHATUBHON HCIOJIL3YIOT TUIIOTE3Y
Hy: pij # pip; mist HEeKOTOpBIX ¢ = 1,7, j =1,5. (18.6)

st mpoBepku ocHOBHOU rumotessl (18.5) npu amprepHaTusHO rumorese (18.6) K. Ilupcon mpen-
JIOXKUJT UCHOJTBb30BaTh cTatuctuky X2(X,,Y,), HaseBaemylo cmamucmuxoti Puwepa — IMupcona,
peamuzarus X2 (T, 7, ) KOTOpoii onpeensercs hopMyJIoit

) nmj 2
s nij — n

(@) =nd Y A (18.7)

n;n
i=11i=1 v
3 3akona 6o/bIMX Yncest cJeayeT, 4To upu n — oo
— Dij, n — Di, n — Dy, t=L1Lr, J=1L4s.

Tlosromy npu ucruaHOCTH TUNOTE3bl Ho 1 6O/bIIMX 06beMax BLIOOPKU (I, Yy ) MOJKHO BBIIOJHATHCH
MPUOJIMKEHHOE PABEHCTBO
anzn'Ln.ﬁ Z:1>T7 ]:1787
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u, citeoBareabuo, snadenns (18.7) crarucruxn X2(X,,Y, ) D0mKHb 661Th “He cumkoM Besmkn”. “Crum-
KoM Gosibinue” 3HAYUEHUs JTOJKHBI CBUIETETHLCTBOBATDL O TOM, UTO H(y HeBepHa.

OTBer Ha BOIPOC O TOM, KAKHe 3HAYEHHUs] HY?KHO CUATATH CJMIIKOM GOJIBIIMME, & KAKME — HET, aeT
CIIelyoIas TeopeMa.

Teopema 18.2 Ecau ucmunna eunomesa Hy, mo pacnpedesenue cmamucmury X2 (X, Yy) npu n — 0o
crodumes % cayuatinoti eeaunune, umeroweti x2-pacnpedesenue ¢ wucaom cmeneneti c60600v k = (r —

1)(s—1):

n— oo

N — t
lim P{\*(X,,Y,) <z} = / Ta2dt, z>0. #
22r

B coorBercTBHu ¢ Teopemoil 18.2 xpumeputi Hesasucumocmu x? oTkoHseT rumoresy Hy Ha
YPOBHE 3HaYUMOCTH 1 — v, ecm

5(\2(3_7'717?771) > Xffa((T - 1)(8 - 1))7

re x7_,((r—1)(s — 1)) — KBaHTHIb YPOBHs 3HAUUMOCTH 1 — v Y2-pacipesie/leHust ¢ TUCIOM CTereHedt
cBoGozbt (r—1)(s—1). Ilpu sToM cuuTaercs, 9T0 KpUTepHii Y? MOXKHO HCIOJIBb30BATh, €CJU 1N /1 = 5.
IIpasyio qacTs paBencrsa (18.7) MoxKHO IpeobpazoBars K (opme, Gostee yIo6HOM [JIst IPAKTUIECKOTO

HCIIOJIb30OBAHU A r s 2
POV "5
X <xnyn>n(Z;Z;MJ1) 18:5)
1=1 5=

B ugacTHOM, HO OY€Hb PACHPOCTPAHEHHOM CJIydae TabJIUI COLPsIKeHHOCTH 1pH 7 = s = 2 ¢dbopmysa (18.7)
JUIS BBIMHCTCHHs X 2 (T, Uy ) WMeeT erme Gojiee TPOCTOM BUT:

_ 2
R (Fn, ) = 122 ~ T10T) (18.9)
nina2mnin2

J1yist TaGIUI COTPSKEHHOCTH TIPH 7' = § = 2, KaK MPaBUJIO, UCIOMb3YIOT cTaTucTuky X2 (X,,Y,) ¢ peanu-
3aIsMI
2
(n|niinge —nianoi| —n/2)

~2/ 5 o
_ 18.10
X T, Un) T ha s , ( )

Ha3bIBaeMylo cmamucmuroti Puwepa — ITupcona ¢ nonpaskoli Uetimca na HenpepwvieHOCTb,
pacIIpeeIeHIe KOTOPOil JIytIe COIVIACYETCs C Y >-PACIIPEIeTCHIEM.

IIpumep 18.3 B T1abu. 18.2 npusenensl jamusie o | LBer 6poseii | Lser Bostoc Ha ronose | Cymma
pacipesieJieHUH I[BeTa BOJIOC Ha TroJioBe U OpOBeil y CBETJIbIE | TEMHBIE

46542 wenosek. IIposepum Ha yposHe 3HaumMocTn | CBeTsible 30472 3238 33710
a = 0,05 rumoresy O HE3aBUCUMOCTH 3TUX NPHU3HA- | TeMHbIE 3364 9468 12832
KOB. 31ech n = 46592, r = s =2, ny; = 30472, n;s = |Cymma 33836 12706 46542
3238, no1 = 3364, ngy = 9468, ny = 33710, ne = 12832,

n1 = 33836, No = 12706, 17 (h) (6) Taﬁ%%e aeII{%i?Iz : CcBOOOILI

(r—1)(s— 1) =1. Uz (18.9) nomyuaem Y2(Z,,7,) = 19,288. [lo Tabiure kBanTuel x2-pacupe/eneHus

H&)(()O,ILI/IM Xo 95(1) = 3,84. Tak kak 19,288 > 3,84, To runoresy o HE3aBUCHMOCTH IPH3HAKOB CJIELyeT OT-
KJI
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Jlekmms 19

Metoa HauMeHbINNX KBaJIpPaToB

Paccemorpum 3amady o mogbope byHKIIUU OJHOIO IIEPEMEHHOTO - MO00pe IO HETOYHBIM HADJIFOIEHUSIM
(m3mepenusam). IIpesnonoKuM, ITO MEPEMEHHEIE Y U 1, ..., T, CBI3AHDI JIMHEHHBIM COOTHOIICHIEM

y=0121+ 020+ - + 0,1,

rae xkoaddunuentst 0 = (61,...,6,) HensBecTHbI. IIpH HEKOTOPBIX BHAYEHHIX T;1,Ti2,...,Lip, © = 1,0,
HEePEMEHHBIX Z1,...,%p (Ha3bIBAEMBIX OOBIYHO (PaKTOpPaMu) OBLIH IIPOU3BEIEHBI H3MEPEHHsI [ePEeMEHHOM
y (Ha3BpIBAEMOll OTKIMKOM) €O CaydaiiHOM OMMOKOMH &;, TAK UTO BMECTO HECJIyUANHBIX BEJMINH

yi = 0121 + Oswio + - + Opzipy, i=1,n,

HAOJIIO/IAJINCEH CITyJailHble BEJTMINHDI

Y;‘:913%‘1—|—92$Z‘2+-“+9p$ip+8i, 1=1,n. (19.1)

BosHukaer 3a1ava OleHHBAHNS HEU3BeCTHBIX K0ddduuentos 6 = (61,...,0,) no Habmonenusm Y =
(V1,925 -+, Yn) T 1 smemenTanm z;; MaTpuipl X pasmepa n X m.

OcHOBHOE TIPEJIIIOJIOKEHNE 00 OMMOKAX COCTOUT B TOM, YTO CAyYalHBIE BEJIMYUHBI £1,E2,...,E, CIU-

TaroTCsd He3aBUCHUMBbIMU U Fe; = 0, T.e. cucreMarniecKux OMUOOK IIPU M3MEpPeHun OTKJInKa HeT. Menee
BayKHbBIE IIPEJIIOIOKEHNS 3aKJII0YaI0TCd B TOM, YTO €; PAaCIPEJeSIeHbl OJUHAKOBO U II0 HOPMAJIBHOMY
sakony N(0,0?). Bermanna o 06BIYHO cUMTaeTCsa Hem3BecTHOH. OHa YHMCIEHHO BHIPayKaeT HeTOTHOCTD
(u3MeHYnBOCTH) U3MepeHuii, T.e. MacmTab CaydaiHbIX omubOoK.

Cucremy (19.1) MOXKHO 3aIUCaTh B MATPUIHOM BUJIE

Y=X0+e¢. (19.2)

Omum u3 cnoco6os orennBanus Kodddunuentos 6 = (61,...,60,), Ha3plBaeMblil METOIOM HAMMEHDLIIIX
KBaJ[PaTOB COCTOUT B CJIEJIYIOIIEM.

Omnpeaenenune 19.1 Onenkoii = (él, . 7ép) napamerpa 6 = (61,...,0,) 10 METOY HAMMEHBIIHX KB/

PpaTOB Ha3bIBa€TCA TOYKa MUHHUMYMa (l)yHKLLI/II/I

SO) = Iy = X0|* = (Y = X0)" (Y = X0) = > (Vi — b1 zi16pmin + - + Opip)*.
i=1

Teopema 19.1 IIpednonooicum, wmo pane mampuuysbs X pasen p. Toeda ouenka naumenvwuxr K6adpamos
umeem euod R
0=(XTx)"'xTy. (19.3)

Teopema 19.2 ITycmo £1,€9,...,6, — HE3a6UCUMbBLE 00UHAKOBO PACNPEIEAEHHDIE CAYUATIHBLE BEAUYUNDL
¢ Me; = 0 u xoneunoti ducnepcueti De; = 0. Tozda ouenka HaumenvwWUT K6adpamos

6= (XTX)"1xTy
ABAAENCA HECMEULLHHOT U COCTNOAMEALYHOT 0UeHK0T napamempa 0 = (91, .. ,HP).

O6o3na4uM

S) = (Y -X0)T (Y — X6),

(d1,dz,...,d,) — nuaronasnbuble s1ementsl MaTpuip (X7 X) 7t
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Teopema 19.3 ITycmo €1,62,...,6, — HE3AEUCUMDBLE 00UHAKOBO PACTPEICACHHDBIE HOPMAALHBLE CAYUAT-
note seaununs, ¢ Me; =0 u konewnot ducnepcuet De; = o2, Tozda ouenxa HaumervwWUL K6a0pamos

0=(XTX)"'xTy

ABAACTNCA HECMEWEHHOU, COCNOAMEAbHOT ouyenkol napamempa 0 = (01,...,0,) U HOPMAALHOM CAY-
WaAHOM BEKMOPOM € Mamemamuveckum oxcudarnuem 0 = (01,...,0,) u Ko8apUAUUOHHOT Mmampuyed

o?(XTX)~1. Hnumepsarvrasn oyenra dan 0; yposns dosepus 1 — o umeem 6ud (éj — A,éj +A), 2de

A=t1_o(n—0p)

ati_o(n—p) — xeanmuav pacnpedeaenus, Cmvrodenma yposus 1 —a ¢ n—p cmenenamu c60600bi.

PaCCMOTpI/IM Tenepb 3aJa9y OIlCeHNBaHUA 3aBUCUMOCTU

Y =0101(t) + O2p2(t) + ... Oppp (1),

cunrasg GYHKIUA @1, P2, ..., Py U3BeCTHBIME, 0 u3MepenusM Y = (Y1,Ys,...,Y,,) BequuHbl y B HecIy-
JafHbIX TOYKAX t1,t2,...,t, CO CHAYIANHBIMU OIIUOKAMU € = (51,52, ceyEn)t
O6o3HauMB

Lij :@](tl)a 7/:1,771,]:17[)7

cBegeM Mojiedtb (19.4) x mozenn (19.2).
ITpumep 19.1 B “Ocnosax xumun’ t;| O 4 10 | 15 | 21 | 29 | 36 51 68
. . MenneneeB MpUBOIUT CJIETY- y; | 66,7 71,0 | 76,3 | 80,6 | 85,7 |1 92,9 | 99,4 | 113,6 125,1
IOIYe JAHHBbIE O KOJUYIECTBE Y a30T-

. GW a 19.1.
HOHATPHUEBOH cosn alNOs, KOTOpOe
MOKHO pacTBopuTh B 100 1 Bogbl B 3aBucuMocTu or temieparypsl ¢ (cm. tab. 19.1). ITocrpoum 1o s1um
JAHHBIM IPHUOJIMKEHHYIO SMINPUIECKyIo (DOPMYILy BHIIA

2
y =01 + 02t + 051,
OHI/IC])IBaIOHlyIO 3aBUCHUMOCTD l\de}Kﬂy paCCManI/IBaeMbIMI/I BeJIMYUHaAMMU.

Ouennm koapdunuenter (61,02,03) mo n =9 wabmonenusm (Y1,Y2,...,Yn) CILyUIalHBIX BEJUYUH
(Y1,Y2,...,Y,,). B aTom ciyuae

1 1 1 1 1 1 1 1 1
XT=10 4 10 15 21 29 36 o1 68 |,
0 16 100 225 441 841 1296 2601 4624

9 234 10144
XTXx = 234 10144 531828 ,
10144 531828 30788836

0.4878864808 —0.0299495315  0.0003565864
(XTX)"' = —0.0299495315  0.0028828545 —0.0000399292 |,
0.0003565864 —0.0000399292  0.0000006047

6 = (66.71,0.9604, —0.001359),
y ~ 66.71 + 0.9604t — 0.001359¢2.
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OrJjiaB/ieHue

1 Cuayuaiiable coObITUS

2 BeposiTHOCTB

3 VYciioBHasi BEPOSITHOCTDH

4 ®opmysa nosHo BepositHocTu. @opmyna Baiieca. Cxema Bepuynnu
5 OpgHoMepHBIE cilydaliHble BEJIUINHbBI

6 YuncsoBble XapaKTEPUCTUKU CJIYyYalHBbIX BEeJINYUH

7 OcCHOBHBIE 3aKOHbBI PAaCIIPEIEI€HUS] CILyYaWHbIX BEJIMYUNH

8 CuayuaiiHble BEKTOPbI

9 @OYHKIMH OT CJIy4YalHbIX BEJIUINH

10 KoBapuarnusa u k03 UIUEHT KOPPEJISIUN CIIy YalHbIX BEeJININH
11 VYciaoBHBIE XapaKTEPUCTUKU CJIyYANHBIX BEJIAIUH

12 MHOromepHoOe HOPMAJILHOE PacIIipeaesieHue

13 IIpenenbHble TEOPEMBI TEOPUU BEPOSITHOCTEM

14 OcHOBHBIE MOHSTUS BHIOOPOYHOII Teopuu

15 ToyeuHble OLIEHKU

16 NurepBaJjibHBbIE OLEHKU U JOBEPUTEJIbHbIE NHTEPBAJIbI

17 IIposepka runore3. Ilapamerpuieckue mojaesiu

18 IIpoBepka HenmapaMeTpPUYECKUX TUIOTEe3

19 MeToa HauMMEHBINNX KBaJApPaTOB
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