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Abstract

A general method for estimation of domains with
limit cycles and finding surfaces with traces of all
cycles is proposed. Corresponding estimations of do-
mains with cycles for linear-quadric systems, Van der
Pole equations and equations for auto-oscillations in
spin generator are indicated.

1 Introduction

The qualitative analysis of nonlinear system of dif-
ferential equations

T = f($)7 (1)

requires to know of such objects as limit cycles, sep-
aratrixes and homoclinic structures. It is well-known
that they determine the basis properties of systems
and the behavior of their solutions. In the further
consideration we shall only consider the systems such
that there exists a unique solution of (1) for given
initial condition.

zeR® f(z) e C(R™)

Any T-periodic solution z(t), z(t+T) = z(t), of non-
linear system (1) specifies the mapping R — R",
t = z(t), and its image is called a limit cycle (or a
cycle) of system (1). In present time there is no ana-
lytical method for finding limit cycles of autonomous
dynamic systems. Usually limit cycles are sought by
means of numerical methods. For using these meth-
ods, we need to know two sets. They are a set of
initial states and a set containing all limit cycles.

In the present paper we consider localization problem
of the limit cycles for dynamic systems (1) in the
following settings:

1. For system (1) find a surface S such that any
limit cycle of system (1) either intersects or
touches S. '

2. For system (1) find a set 2 such that all limit
cycles of system (1) are in 2 .
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In section 2 we give an approach [1-3] to the solu-
tion of the above localization problems and develop
it for separatrixes and homoclinic structures [4]. In
section 3 we demonstrate the efficiency of the method
on the example of dynamical system describing auto-
oscillations of spin generator. Further, in section 4 we
also expound the method for excluding some of the
equilibrium points with their neighborhoods from the
localization set of cycles. This method is illustrated
on the example of the Van der Pole equation. And
finally, in section 5 we give some interesting results
obtained for two-dimensional systems with linear-
quadric right-hand sides.

2 Localization Method

For ¢ € C(R™) denote by Ly derivative of the
function ¢ with respect to system (1), i.e.

Lip(z) = Y, fi(z)0p(z)/ 0z,
i=1

where (f1(2),..., fa(2))T = f(2).
Theorem 2.1 For any function ¢ € C'(R"™), any

cycle of system (1) contains at least two points of
the set [1]

Sy ={z: Lyp(z) =0). @)
For the function ¢ € C*(R™) we put
Psup = sup{p(z) : z €S, }, ®)

ping =inf{p(z): z€ S, }.

Theorem 2.2 For any function ¢ € C'(R"), all
limit cycles of system (1) belong to the set [1-2]
(4)
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n'P = {z ¢ Ping < <p(z) S_¢aup}-



Collorary 2.1 All limit cycles of system (1) belong
to the set

Q= {NQy,p € C'(R™)}. ®)

Actually, it appears that sets (4) contain also all sep-
aratrixes, with the ends at finite points, and all ho-
moclinic structures of system (1) [4].

Theorem 2.3 For any function ¢ € CY(R"™), all
separatrizes and homoclinic structures of system (1)
belong to the set (4).

The efficiency of the above results while studying
particular systems depends mainly on the proper
choice of function ¢. That also considerably depends
on the form of the set S, given by (2). f S, = 0
for some function ¢, system (1) has no cycles. The
case in which the set S, is finite is also simple: one
must clarify only the behavior of trajectories that
pass through these points.

The functions ¢ for which the set S, is compact are
useful. In this case, first, the set (2) is bounded, and
this is important for finding periodic solutions by nu-
merical methods, and, secondly, all cycles lie between
the level surfaces of the function ¢. Surely, it is al-
. ways worth finding the function ¢ for which the set
(4) is bounded. ' :

3 The Equations for Spin Generator

Among the variety of different radiophysical devices
there exist so-called spin generators. If constant and
variable magnetic fields are present in the genera-
tor then the system of nuclear spins is characterized
with common magnetization vector. Following some
physical assumptions, the system of nuclear spins can
be represented as an oscillating circuit with nuclear
resonance. To keep precession of the magnetization
vector the circuit is closed with a feedback which is
chosen as simple as possible. Supposing an amplifier
is in the feedback circuit, then we receive the fol-
lowing system of equations that describes the auto-
oscillations in the spin generator [6]:

& = wy-oz,
§y = vkzy—wz-—by, (6)
i = c¢—8z~vky?

where w, 7, k, ¢, 6, and 6, are positive parameters.

Theorem 3.1 For system (6) there erists the two-
degree polynomial : _
o(Z) az? + fy? + 722 + 2\zy + 2uzz+
+ 20yz + 20z + 2ey + 2vz,
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where % = (z,y,2)T such that
1°. deg Lyp(Z) = 2;

2°. second-order terms of the function Lyp(Z) form
a negative definite quadric form,;

3°. second-order terms of the function (%) form a
positive definite quadric form.

If the conditions 1° — 3° are satisfied, the set 2, for
system (6) is bounded with an ellipsoid.

Kweput A = p = =e=v=0a=1,
7 = vka /6, and B = §;7/(vk), we get the function
o(Z) = 2 + y? + 7k2%/6,. Then Lsp(z) = —527% -
8292 — v*k?22%/6, + cykz/é, and the surface S, is
the ellipsoid :
2 _
T 44,6,
of the center 0;(0,0,c/(27k)). It can be easily
checked that @ine =0 and @eyp = 0°, where

_c
29k

722

k
2 2
> +y +6162 (z

™

2 ) R if 82 = vk or 62 > vk/2,

1
¢= ma.x{ ¢ ék__ } otherwise
'61’7’0’ 45162(’716—62) ? )

It is clear that the condition gins < ¢(Z) holds for all
% and implies no restrictions. On the other hand, the
condition ¢(Z) < @eup defines the set 2, bounded
with the ellipsoid

2+’ + ’_;fzz =g 8)
N

of center 0;(0,0,0).

All cycles of system (6) twice intersect the ellip-
soid (7) and belong to the set 2, bounded with the
ellipsoid (8). For example, if we put vy = 2.67-10%,c =
1078, §; = 0.1, &3 = 0.01 and k = 10°, we shall have

S, = {z0.01z% + 0.01y%+
+7.1289 - 10522

Q, = {Z| 2% +y*+
+2.67-10%22 < 2.5-1076}.

—0.267z =0},

4 Excluding" Some Equilibrium Points -

We should notice the following fact. If z° is an equi-
librium point of system (1), i.e. f(z%) = 0, then
Lsp(2°) = 0 for any function ¢. Hence, z° € S,
and the equilibrium point z° belongs to both the set
0, and set {2 (5). But it is possible to exclude some
of the equilibrium points together with some their



neighborhoods from the localization set of limit cy-
cles. We can suggest the following method for exclud-
ing asymptotically stable (in direct or inverse time)
equilibrium points of system (1).

Let’s choose function ¢ € C*(R™) such that it satis-
fies the following conditions:

1°) ¢(z) > 0 for z # z° and p(z°) = 0;

2°) in some neighborhood U of z° Lsy(z) < 0 for
z # 20;

3°) outside of U p(z) >4 > 0.

Then, in this neighborhood U the point z° is an iso-
lated solution of the equation Lsp(z) = 0. Since any
limit cycle of system (1) is not able to pass through
the equilibrium point 2% we may exclude it from
the set S, while finding the values (3). Having done
that, let’s find ¢ in accordance with (3) and the
result will be that @ins > 0. Therefore, set (4) doesn’t
contain the equilibrium point z° with its neighbor-
hood {z € R"|p(z) < @int}. Such a function ¢(z)
is easily built when roots of characteristic equation
for linear part of system (1) in the equilibrium point
z° are of the same sign. In this case as the function
it is possible to take a Liapunov function for this
linear part of system.(1). We can chodse ¢(z) as a
positively definite quadric form with respect to the
variables z — z0.

Example. Consider the Van der Pole equation # +
ez(z? — 1) + z = 0, where € is a positive parameter,
and rewrite the equation as the system

9)

System (9) has the equilibrium point O(0,0). If
0 < € < 2, then the point O is an unstable focus
and if € > 2, O is an unstable knot. Hence, the point
O is asymptotically stable in inverse time. Now we
will try to find such a localization domain for limit
cycles of system (9) that doesn’t contain this equilib-
rium point with its some neighborhood. First, finding

E=y, y=ey(l —z%) —z.

the point O, we obviously obtain

i=y, Y=ey-—=z. (10)
Since the point 0(0,0) is asymptotically stable in
inverse time, for a positively definite quadric form
w(z,y) = (z,y)TW(z,y) > 0 there exists a posi-
tively definite Liapunov function V(z,y) = vn1z? +
voy? + 2u3zy, such that its derivation with respect
to system (10)

= —2u32? + 2(v3 + ev2)y?+

V(a:, y)l(lo)
+ 2(v1 — v2 + evs)zy
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linearization of system (9) in some neighborhood of ~ By Z denote (z,y)

is equal to w(z,y). For

W=( )>m

ie. wp —w} > 0, we get v; = wy + 0.5wp/e +
0.5 (e +1/e), v2 = 0.5wz /e +0.51/¢, v3 = —0.5. Sup-
pose ¢ = V(z,y), then Lsp(z,y) = V(z,)l) and
thus we have

1
wy

wy
w2

Ljp = ex8y — (wp + 1)2%y? + 22 4 way® + 2wy zy.

The point O is an isolated solution of the equation
Lso(z,y) = 0. Since any limit cycle of system (9) is
not able to pass through the equilibrium point, we
may exclude it from the set S,. Consequently, we
obtain S, given as

Se = {Lsp = 0}\{(0,0)}.

Further, solving the extremum problem for the func-
tion ¢ on the set S,, we obtain @inr > 0 and then
the domain Q, = {(z,¥) | ¢(,¥) > @inr}. Thus, we -
succeed to exclude a domain, that doesn’t contain
any points of any cycles.

For € = 2, w; = 0 and w, = 0.5 we obtained

o(z,y) = 1.375z% + 0.375y% — zy,
S, = {22%+(1-1 5y2)a: +0.5y% = 0},
Q, = {1.375z%+0.375y% — zy > 1.1463}.

It should be pointed out that the best results (in
a sense of maximum area of the excluded set) are
reached if w, — w? = 0.

5 Two-dimensional Linear-Quadric Systems.

Consider the general case of two-dimensional linear-
quadric right-hand side dynamic systems given as

{ (11)

where a;, Bi,i = g& are the system’s parameters.
€ R2, Let’s take

= ap + 1T + azy + azz? + agzy + asy?,
¥ = Bo + P1z + Pay + B3z + Pazy + Bsy?,

o(F) =az+by, - a2+B2#£0.  (12)
Then
Lyp(z) =2"Bi +Cz + D,
where
B= aaz +bfs  (aaq +bB4)/2
(aas + bﬂ4)/2 aas + bfs ?
aa; + bﬂl

o= (1),

D=aao+bﬂo.

aaz + bB:



The set S, = {Z|Lsp(Z) = 0} is a curve of second
order and its quadric form defines the curve’s type.
Denote by d(a, b) the determinant of B, i.e.

d(a,d) = detB = a*(azas — as?/4)+
+ 0%(Bsfs — Ba®/4)+
+  ab(asfs + Bsas — asfs/2).

It is obvious that curve {Lg¢(Z) = 0} is an ellipse if
and only if
é(a,b) > 0.

Definition 5.1 Say that system (11) admits an el-
liptic universal section if 3a,b : §(e,b) > 0.

Theorem 5.1 System (11) hasn’t got any elliptic
universal section if and only if the quadric form
of 4(a,b) is negative-definiite or nonpositive one.

Theorem 5.2 If the quadric form of &(a,b) is
positive-definite then the system (11) hasn’t got any
limit cycles.

Theorem 5.3 If system (11) admits an elliptic uni-
versal section then it has an infinite number of ellip-
tic unsversal sections.

Theorem 5.4 If system (11) has two distinguished
elliptic universal sections, corresponding to the func-
tions

a b

o,
b | 7

then all limit cycles of system (11) belong to the com-
pact set

pi=aiz;i + by, i=1,2" and

Q =90, NQy,. (13)
Collorary 5.1 If system (11) admits an elliptic uni-
versal section then all limit cycles of system belong
to the compact set.

Theorem 5.5 If §(a,b) is alternating quadric form
then all limit cycles of system (11) belong to the com-
pact set.

6 Conclusion

The suggested method can be efficiently used for
solving the localization problem for periodic orbits
of ordinary differential systems in various fields of
science and technology. Here we use it for spin gen-
erator, the Van der Pole equation and linear-quadric
systems. :
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