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Abstract

In this paper we study the localization problem of periodic orbits of multidimensional continuous-time systems in
the global setting. Our results are based on the solution of the conditional extremum problem and using sign-definite
quadratic and quartic forms. As examples, the Rikitake system and the Lamb’s equations for a three-mode operating
cavity in a laser are considered.
© 2004 Published by Elsevier Ltd.

1. Introduction

The localization problem of periodic orbits of nonlinear multidimensional continuous-time systems has been studied
by many researchers during last years, see papers with analytical methods based on second order extremum conditions
[1,4,6-8], with algebraic methods based on using algebraic dependent polynomials [12], with analytical methods based
on high-order extremum conditions [13,14], see also [10] and others. Now it is well known that possessing of periodic
orbits is one of essential features specifying the global dynamics of chaotical systems especially in domains containing
attractors. For example, the description of a chaotic attractor with help of infinitely many unstable periodic orbits
embedded in it is helpful in studies concerning the Lorenz system, see [3] and references therein.

The main contribution of this paper consists in obtaining ellipsoidal estimates for domains containing all periodic
orbits and for domains having no common points with any of periodic orbits. Our methods are based on the solution of
the conditional extremum problem introduced in [7] and using sign-definite quadratic and quartic forms. As examples,
we consider the Rikitake system and the Lamb’s equations for a three-mode operating cavity in a laser. This paper is the
reworked and enlarged version of the short conference paper [15].
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2. Some preliminaries and notations

We consider a polynomial system
§ = F(x) = b+ Ax + /(v), (1)

where f'is a polynomial vector field of degree d without constant and linear terms; b is a constant vector; A4 is a constant
(n x n)-matrix; x € R" is the state vector. If f'is a homogeneous quadratic vector field then (1) is called a general quad-
ratic system. By ¢(x,7) we denote a solution of a general differentiable right side system

X =o(x) (2)

with ¢(x,0) = x. For any set B in R” we denote by C{B} its complement. For any symmetric matrix 7 we denote by
Amax(7T) its maximal eigenvalue. By diag(4 |, 4, 43) we denote the diagonal (3 x 3)-matrix with elements 4;, 45, 43 on
its principal diagonal.

Let

fx) = (@"Six, ..., x"sx)", (3)

where matrices S;, j=1,...,n, are symmetric.

Let /(x) be a differentiable function such that % is not the first integral of (1) or (2). The function / will be used in the
solution of the localization problem of periodic orbits and will be called localizing. By /|5 we denote the restriction of /1
on a set B C R". By &(v,/) we denote the set {x € R"|Li(x) = 0}.

Let W be a subset in R". Let us define A, W) := inf {h(x) | x € W}; heyp(W) 1= sup{h(x)|x € W}. We shall write Ain¢
and /gy, in case of W =R".

In [7,8] it was proposed to apply numbers /ine(Z1(v, h)); hsup(Z1(v, 1)) for studying a location of periodic orbits of the
system (2). Namely, we have

Proposition 1 ([7,8]). Each periodic orbit I' of (2) is contained in the set
Ky = {hin(E1(0, 1)) < h(x) < hsup (21 (v, 1))} (4)

As it was made in [7,8], hinf(Z1(v,h)) and hgp(E1(v, h)) were computed by using the Lagrange multiplier method in
case of the Lorenz system. We construct the Lagrange function ¥ = h — uL,h. Then corresponding critical points are
found from the system

%‘f:o; s=1,...,n; Lh=0. (5)
By X we denote the set of x, € R” for which (x,, 1) is a solution of (5) for some u. Therefore
hing(Z1(v, 1)) =1nf h(x);  hep(Z1(v, h)) = sup h(x). (6)
xeX xeX

3. Bounds hi,(E1(v,h)) and hep,(Z1(v, h)): main results

Here our goal is to sharpen Proposition 1. Let .oZ be a surface in R”. Suppose that .o has no common points with any
of periodic orbits of the system (2). This assumption will be referred to as Assumption 1.
Let M = 5, N C{</}. We state

Proposition 2. Let M # (. Then each periodic orbit T’ of (2) is contained in the set
Ny = {hing (M) < h(x) < houp(M) }. (7)
If M = () then the system (2) has no periodic orbits.

The proof is made like in [7, Theorem 4].

Let us consider Assumption 1. Suppose that each component o7, of the set .7 is satisfied one of the following con-
ditions: (1) .7, is an invariant surface for the phase flow of the system (2) and the restriction of the system (2) on .oZ has
no periodic orbits; (2) the set <7 is contained in the equilibria set of the system (2).

Clearly, in this case Assumption 1 holds. Here we remark respecting to the case (2) that a few conditions of the non-
existence of periodic orbits for multidimensional systems are proposed in [14].



K. E. Starkov, A.P. Krishchenko | Chaos, Solitons and Fractals 23 (2005) 981-988 983

Example 3. Consider the system
)'Cl = Xl(l — X — SSiH()Q)),
X = fo(x1,x%2),

¢ is a parameter. Let us take the localizing function A(x) = x;. Let .o/ be a straight line x; = 0. Then M # (. We con-
clude that Assumption 1 holds because ./ is invariant and has no common points with periodic orbits. Further, we
obtain that = is described by equations 1 —h — &sin(x,) =0 and x; = 0. Now if 0 <¢ <1 then

0= ]’lm[(El(U,h)) < ]’l;n((M) =1—-¢< ]’lsup(El(U, h)) = hsup(M) =1+e.

So each periodic orbit is contained in the set 1 — ¢ < x; < 1 + ¢. Similarly, one can get a multidimensional version of
this example.

We remind that a surface g = 0 is called semipermeable if L,g|,=o > 0 or L,g|,=o < 0. Suppose now that .o/ = h'(0) is
a semipermeable connected surface by the phase flow of the system (2).

Lemma 4. If Z,(v,h) is a connected set then 0 = hine () < hing(Z1(0, 1)) or heaup(Z1(v, 1)) < houp(A) = 0.

Proof. Indeed, since <7 N Z| (v, h) = O we obtain that Z(v,h) C (0, 00)) or E1(v,h) € h™'((—o0,0)). The latter entails
the desirable conclusion. [J

Lemma 5. Let h;,(Z,(v,h)) = hy,,(Z,(v,h)) = c. Then every periodic orbit is contained in the set (v, h).

Proof. Each periodic orbit has common points with the set Z;(v,/). Assume that I' is a periodic orbit and x € I'. Then
mina(p(x, 1)) = max(p(x,t)) = c. Therefore all points of I" are critical points of the function g(¢) = h(¢(x,t)). Hence,
they are contained in the set Zy(v,h). O

If the system (2) has at least one equilibrium then
(Leh)ine <O < (Loh) -
If the system (2) has no equilibria points then we establish the following:

Proposition 6. If0 < (L h)ine := Inf{L,h(x) | x € Z1(v, L)} or 0> (Lh)sup = sup{LA(x) | x € E1(v, L 1)} then the system

(2) has no periodic orbits.

Proof. Suppose that the system (2) has periodic orbits. Applying Proposition 1 to the function g = L, we get that all
periodic orbits are contained in the set g > 0 or g < 0. Further, applying Proposition 1 to the function 4, we get that each
periodic orbit has common points with the set Z(v,%), see in [7]. This is a contradiction. O

Coming back to systems (2) possibly containing equilibria points, we can state the following property of periodic
orbits.

Proposition 7. If (L,h);uy= 0 or (Lyt)s,, = 0 then all periodic orbits are contained in the set

2 {LEh(x) = 0}. (8)

Proof. Consider the case (L,/1)inr = 0. Let us take any periodic orbit I'. By [7, Theorem 1], there are points x € I" such
that L,h(x) =0. For each of these points the condition (L)i,r=0 implies that L2A(x) > 0. By [7, Theorem 2],
L*h(x) = 0. Now Theorem 4 in [7] entails the fact that I C Z (v, L,h). The latter means (8) because of local analyticity
of a solution. The case (L1)syp = 0 is treated similarly. [

In what follows, we consider only systems (1). Now our goal is to discuss situations when

hing > llrll”f h(x)

or (and)

hwp < sUp h(x).
R
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In this case the localization (4) provides us nontrivial bounds for the localization of all periodic orbits. If each of
these estimates is valid then we get the localization of all periodic orbits in the layer Kj,. If both of boundary sets
h(xX) = hing; h(x) = hg,p are ellipsoids then we get the ellipsoidal localization Kj,.

Assume that the set 5(F, /) is compact, with & be a quadratic form. In addition, let E// be an ellipsoid containing
Z1(F,h). Then

hine > Inf h(x);  hep < suph(x).
Ell £l
This idea will be exploited in the example of the Lamb’s equations for a three-mode operating cavity in a laser.
By # we denote the class of functions of the type

h(x) = e+ Cx +x"Px, 9)
where e € R;C=(cy,...,c,); hpy(x) = xTPx is the nontrivial first integral of the homogeneous quadratic system
X = f(x). Then we notice that the degree of the polynomial L is less or equal 2 if and only if / is contained in #, i.e.

xTPf(x) = 0. (10)

Indeed, it follows from the formula
Lph(x) = 2x"Pf(x) + xT(4"P + PA)x 4+ Cf (x) + CAx + +2b" Px + Cb. (11)

Finding of matrices P satisfying the condition (10) is reduced to a solution of a system of linear homogeneous equa-
tions respecting to coefficients of P.

Example 8. Consider the system (1) with a quadratic f and b =0. Suppose that h(x) = xTPx € #. Let the matrix
ATP + PA be sign-definite. Then it follows from (11) that
h Z\(Fh) — h(O).

Therefore all periodic orbits are contained in the set 4~ '(0). If P is sign-definite then our system has no periodic
orbits.

4. Compactness of the surface Lzh(x) =0

In this section we examine the problem of checking that the surface

g(x):=Lrh(x) =0 (12)
is a compact set. Let g(x) = fzog[s] (x),where g, is a sth homogeneous part of the polynomial g, s > 1; gjoj(x) is a real
number.

By using [7], we remark that (12) defines a compact set if

[lxll=1
Let us consider two cases.
1. Let d =2 in (1). Assume that & taken from (9) is contained in . Then the surface

Lrh(x) = x" <ATP ZEDY c,-S,~>x + CAx +2b"Px+Ch =0 (14)

i=1

is compact if and only if the matrix 4TP 4+ PA + S ¢S, is sign-definite. Here we meet the following problem: when can
we find some symmetric matrix P such that the corresponding / is contained in # and the matrix

M=A"P+PA+ > cS
i=1
is sign-definite?
Suppose that one can find a couple of matrices S; ; S;, (we can consider that /; = 1;/, = 2 after a proper renumeration)
satisfying the Stewart condition [16]: z*(S; + iS»)z # 0 for any nonzero z € C"; here i° = 1. In this case there is 0 such
that (cos0)S; + (sin6)S, is a positive definite matrix where 6 is obtained by the algorithm from [2]. Let us put a;, =

—co0s0; a>, = —sinb; a;, =0, j=3,...,n. Then > a;.S; < 0 and there is x> 0 such that
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AP+ PA+ Y apS; <0. (15)

Indeed, let us solve the inequality
s (AP + PA+ 1Y a,.8;) < 0
with respect to p. By the classical Weil theorem [5],
s (AP 4 PA+ 10> 0108;) < i (A7P + PA) + s (D 1S, )
Hence, if
1> s (ATP 4 PAYLL (S a8,

then (15) is valid.

Soif ¢; = pay., j = 1,...,n, then the corresponding matrix M < 0. As a result, if the Stewart condition is valid for some
pair of matrices from {S,, s =1,...,n} then for any function A € # one can take C such that the surface Lgh =0 is
compact which leads to a nontrivial localization given in Proposition 1.

If there is # € # with P > 0 then this nontrivial localization is ellipsoidal, i.e. the set K}, is located between two ellip-
soids defined by /(x) = hinr and by h(x) = hgyp.

The geometrical consequence of this fact is the dissipativity property of the system (1): each trajectory falls into the
ellipsoid /(x) = &g, and does not leave it.

Suppose now that there is P = PT > 0 such that (10) holds. Ellipsoids /(x) = const have the common center in the
point x, = —0.5P~'CT. Without lost of generality one can suppose that e is chosen in a such way that A(x,) = 0, i.c.
e = CP~'C"/4. If x, is not contained in the surface Lzh(x) =0 then h;,e > 0. Therefore all periodic orbits have no com-
mon points with the interior of the nontrivial ellipsoid 4(x) = hy,r. By computations we establish that the condition
Lgh(x,) # 0 has the form

1 - 1
—C(P'4" + 4P PISPT | CT — ~CAPTICT £ 0.
1 < + + ; ¢ 5 #*
2. Let us take a cubic 3-dimensional system x = F(x) = b + Ax + fi(x) + f3(x), where f{3(x) is the homogeneous

p(%lynomial vector field of the degree i=2; 3. Let fj3(x) = Z?le,-(xTS,-lx, xTSox, xTSax)", SiTj =S, h(x)=x"Px,
P =P
By [7, Assertion 3], if

(Leh)y(x) >0, []x]| =1 (16)
or
(Lrh)y(x) <0, []x]] =1, (17)

holds then the set described by Lzh(x) = 0 is compact. Sufficient conditions for the existence of P with this property can
be derived as follows. Let S;; = (sjxm). We get that

T
(LFh)[4] (x)=2 Zx,-xTP(xTS,-lx,xTSl-Qx,xTS,gx) = ZZX,- Zx,pjk(xTSikx) =2 Z PaSikmXiX X1 X
i i Tk ikl
Suppose that coefficients of quartic monomials
X?va i #J; xfx2x3; X1X§X3; X1X2X§

are eliminated for some choice of the matrix P. It is expressed in terms of the overdetermined linear system of equations
respecting pj. with coefficients depending on s;,,. Then there is a symmetric matrix G = (g); ; = 12,3 such that

(LFh)[4] (x) = J’TGJ’|y,:x‘2. i=123"

Now if G is a sign-definite matrix or g; >0, g; = 0 (g; <0, g; < 0) then one of inequalities (16) and (17) holds.
Hence, in these cases the surface Lzh(x) =0 is a compact set.

We provide computations in the following example. Suppose that S;:= S is a diagonal matrix with elements s;;,
Jj=1,2,3 on its main diagonal. Besides, let S;; = 0 for i # j; 7, j, = 1,2,3. We take h(x) = xTx. By S we denote the matrix
(57)ij = 1,,3. In this case
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3
(Lrh)y(x) =2 (Z st + Y (s + s,-,-)xfxf) =y S+ 8 W, m12s0
i=1

i#]

So if the matrix S+ ST is sign-definite or 5;>0, s; > 0 (s; <0, 5; < 0) then (12) defines a compact set.

5. Application 1: the Rikitake equations

Consider the Rikitake system [11]
X = —pxy + x0x3,
Xy = —oxy — pxy +X1x3,
X3 =1—x1x,,
where o and u are positive parameters.
Firstly, we mention that Hardy and Steeb [4] obtained the following result for the Rikitake system: an ellipsoidal
domain of a general location containing all periodic orbits is not existed. Below in this section we find ellipsoidal do-

mains which have no common points with any periodic orbit of the Rikitake system.
By solving (10), we get P = diag(pi1,p22,p11 + P22) and the set A consists of polynomials

h(x) = pixi +pa¥s + (P1y +P0)%; + Cx + e
Let us compute the function
Lph(x) = x"Mx + (=1t — c20)x1 — eapxy + 2(pyy + pan)xs + €3,
where

=2ppu d/2 )2
M= d/2 =2ppp /2
C2/2 C1/2 0

and d = 72])220(76‘3.
Let us specify coefficients of Lgh:

2 =0; c3==2ppo; p; >0; pp>0.
Then P> 0. As a result,
h(x) :plle +p22x§ + (P11 +Pzz)x§ +exr — 2ppouxs t+e
=pn (i + CI/PH)Z —I—p22x§ + (P11 + P2) (X3 = pyo(py +P22)71)2
with e = ¢2/p,, + p&o2(py, + px) . The surface Lyi(x) =0 is the set given by the equation
2#([’11)‘% +Pzz)fg) — 10Xy + ey — 2(pyy + Pa)xs + 2y = 0. (18)
Surfaces /(x) = const are ellipsoids with centers in the point

1
x. = (—=c1/p1, 0, ppa(p + pr)” ).

The point x, is not contained in the surface (18) because Lrh(x,) = —uc?/p,; # 0. For any x # x, we obtain that
h(x) > 0. Hence h;,r > 0 and all periodic orbits have no common points with the interior of the nontrivial ellipsoid
h(x) = Dt

6. Application 2: the Lamb’s equations for a three-mode operating cavity in a laser

The Lamb’s equations for a three-mode operating cavity in a laser have the form of (1), [9],
. 3 2 2
X = Aixy — ay Xy — dpXx|x; — d;axx;,
. 2 3 2
Xy = )vzxz — A1 X2X] — AxX; — A3X2X3,

: 2 2 3
X3 = 23){?3 — a31x3x1 — 6132X3x2 — a33x3.
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Suppose that all parameters A; a; are positive numbers. We take the localizing function A(x) =1 (x} +x} +x3). By
computations, we obtain that

3 3
Lph = Z stf, — z:amx;1 — (ann + azl)x%xg — (a3 + agl)xfxg — (axn + a32)x§x§.
s=1 s=1
It is clear that Ay,¢ = 0. Further, L1 can be estimated in the following way:

3 3
Lrh < Z )'Sxf - Zassx? = Z(_am(xi - Afas_sl/z)z + ;“Szas_sl/4)'

Now if Lh(x) = 0 then for any j, j = 1,2,3, we obtain that a;(x? — 2,a;!'/2)’ < Y0 2la,! /4. So

s ss

3

§ :~2 —1 -1
/L.s a.s‘s / ajj + )'f ajj / 2

s=1

centered at the origin.

7. Conclusions

In this paper the localization problem of periodic orbits of nonlinear multidimensional continuous-time systems is
examined. We present new results concerning ellipsoidal estimates for domains containing all periodic orbits and for
domains without common points with any of periodic orbits. Previous results concerning ellipsoidal localization con-
tained in [15] have been further improved in this paper in the sense that better bounds for ellipsoidal estimates are ob-
tained here. The key idea of our approach consists in solving the conditional extremum problem described in [7] and
using sign-definite quadratic and quartic forms. Our results are applied to the analysis of the Rikitake system and the
Lamb’s equations for a three-mode operating cavity in a laser. Future researching challenge is to get ellipsoidal esti-
mates for periodic orbits of polynomial systems by using polynomials of even degrees 2d > 4. Also, it is of interest
to apply this approach to the localization of compact invariant domains (attractors or repellers).
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