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A knotoid (V. Turaev) is a knot diagram with two ends.
The ends can be in different regions of the diagram.

We study knotoids up to Reidemeister moves.
The moves do not move arcs across the ends of 

the diagrams.







An embeded arc in R^3 becomes a knotoid on 
taking a generic projection to a plane.

Restricting isotopies of the arc to endpoint motions on 
the parallel lines (perpendicular to the plane) and 

otheswise in the complement of the two lines, preserves 
the knotoid type of the projection.



Descending Knotoid 
diagrams are unknotted.



Bowline as knotoid and an “underclosure” of the 
knotoid.



We will be writing a paper on 
protein folding topology with

these authors.



Parity is
a 

Fundamental
Property 

of
Knotoids





Recall virtual knot 
theory.

We can have virtual 
knotoids

AND
we consider the 
virtual closure 

of knotoids as method 
to study them.



Figure 4: Surfaces and Virtuals

We have the

Theorem 1 [17, 24, 19, 3]. Two virtual link diagrams are isotopic if and only if their

corresponding surface embeddings are stably equivalent.

In Figure 4 we illustrate some points about this association of virtual diagrams and knot

and link diagrams on surfaces. Note the projection of the knot diagram on the torus to

a diagram in the plane (in the center of the figure) has a virtual crossing in the planar

diagram where two arcs that do not form a crossing in the thickened surface project to

the same point in the plane. In this way, virtual crossings can be regarded as artifacts of

projection. The same figure shows a virtual diagram on the left and an “abstract knot

diagram” [38, 3] on the right. The abstract knot diagram is a realization of the knot

on the left in a thickened surface with boundary and it is obtained by making a neigh-

borhood of the virtual diagram that resolves the virtual crossing into arcs that travel

on separate bands. The virtual crossing appears as an artifact of the projection of this

surface to the plane. The reader will find more information about this correspondence

[17, 24] in other papers by the author and in the literature of virtual knot theory.

4 Flat Virtual Knots and Links

Every classical knot or link diagram can be regarded as a 4-regular plane graph with ex-
tra structure at the nodes. This extra structure is usually indicated by the over and under

crossing conventions that give instructions for constructing an embedding of the link in

three dimensional space from the diagram. If we take the flat diagramwithout this extra

structure then the diagram is the shadow of some link in three dimensional space, but

the weaving of that link is not specified. It is well known that if one is allowed to apply

the Reidemeister moves to such a shadow (without regard to the types of crossing since

they are not specified) then the shadow can be reduced to a disjoint union of circles.
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Virtual Knot Theory
 studies stabilized knots in thickened surfaces.







to the handling of classical knot diagrams. Many structures in classical knot theory

generalize to the virtual domain.

In the diagrammatic theory of virtual knots one adds a virtual crossing (see Figure

1) that is neither an over-crossing nor an under-crossing. A virtual crossing is repre-

sented by two crossing segments with a small circle placed around the crossing point.

Moves on virtual diagrams generalize the Reidemeister moves for classical knot

and link diagrams. See Figure 1. One can summarize the moves on virtual diagrams by

saying that the classical crossings interact with one another according to the usual Rei-

demeister moves while virtual crossings are artifacts of the attempt to draw the virtual

structure in the plane. A segment of diagram consisting of a sequence of consecutive

virtual crossings can be excised and a new connection made between the resulting free

ends. If the new connecting segment intersects the remaining diagram (transversally)

then each new intersection is taken to be virtual. Such an excision and reconnection

is called a detour move. Adding the global detour move to the Reidemeister moves

completes the description of moves on virtual diagrams. In Figure 1 we illustrate a set

of local moves involving virtual crossings. The global detour move is a consequence

of moves (B) and (C) in Figure 1. The detour move is illustrated in Figure 2. Virtual

knot and link diagrams that can be connected by a finite sequence of these moves are

said to be equivalent or virtually isotopic.
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Figure 1: Moves

Another way to understand virtual diagrams is to regard them as representatives

for oriented Gauss codes [8], [17, 18] (Gauss diagrams). Such codes do not always

have planar realizations. An attempt to embed such a code in the plane leads to the

production of the virtual crossings. The detour move makes the particular choice of
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Generalized Reidemeister Moves for 
Virtual Knots and Links



Detour Move



VKT 

= Virtual Knot Theory

= Virtual Diagrams up to Virtual Equivalence

= Oriented Gauss Codes up to Reidemeister Moves

= Links in Thickened Surfaces up to 1-handle stabilization





The virtual closure of a knotoid is supported 
in genus one (add a handle to the 2-sphere).
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Two Distinct Knotoids with the same Virtual Closure



The virtual knot represented on the torus in the 
figure below is NOT in the image of the virtual 

closure map.

The virtual closure map is not surjective.







The states contradict the needs of the Lemma if the 
knot were in the image of the closure map.



Bracket Polynomial for Knotoids



Bracket Calculation



Conjecture: The bracket polynomial detects the 
unknotted knotoid.

Discussion: This conjecture includes the well-known 
conjecture that the Jones polynomial detects the unknot.

Note that the corresponding conjecture for virtual knots
is false. There are non-trivial non-classical virtual knots

with unit Jones polynomial. And there are examples of such 
virtual knots of genus one. This means that we conjecture 
that such virtual knots are not in the image of the closure 

map from knotoids.



We can prove that this virtual knot is not in the 
image of the closure map by examining isotopy 

classes of state loops on the torus.



Bracket Polynomial is Unchanged 
when smoothing flanking virtuals.
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<Virt(K)> = <Switch(K)>
and

IQ(Virt(K)) = IQ(K).

There exist infinitely many non-trivial 
Virt(K) with unit Jones polynomial.

K’ = Virt(K)

K



Nevertheless, we still hold to the 

Conjecture: The bracket polynomial detects the 
unknotted knotoid.



The Affine Index Polynomial is defined by knotoids
both via virtual closure AND on its own grounds.

This invariant depends upon labeling a flat diagram with 
integers using the convention below.

Affine Index Polynomial for Knotoids

w+ = a - b-1 w- = b -a+1 = -w+



(related versions due to Henrich, Cheng, Dye for 
virtual knots and links)

Affine Index Polynomial











These give examples of heights n for any natural 
number n.



Arrow Polynomial for Knotoids



Cusp Rules for Arrow
Polynomial





Is the height of this knotoid 1 or 2?



Next: Topological Invariants of Folded Protein Knotoids

(Expand folding vertex and evaluate a convenient invariant 
of knotoids. e.g. knotoid bracket.)



QUESTIONS





THANK YOU FOR YOUR ATTENTION!


